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QUADRATIC SPLINE DIFFERENCE SCHEME 
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Abstract 


The uniformly convergent quadratic spline difference scheme is 
derived for the problem: Ly = -єу"+ q(x)y = f(x), O« x < 1, q(x) = q » 0, 
у(0)= а, у(1)= а. A non-uniform mesh which provides for the location of 
a larger number of points in the boundary layers is used. 


1. Introduced 


An exponentially fitted quadric spline difference scheme for the 


problem: 


Ly = -єу" + q(x)y = f(x), 0<х<1, 
(1) 
у(0) =a, У(1) =а, (х) &9>0, 


оп а uniform mesh is derived in [3]. In this paper we shall generalize 
those result on a non-uniform mesh. Since spline difference schemes have 


the same order of accuracy and the same matrix structures on a uniform and 


AMS Mathematics Classification (1980): 65L10 
Key words: Spline difference scheme, fitting factor, singular perturbation 
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a non-uniform grid, we wanted to transfer this characteristic on to an 
exponentially fitted quadratic spline difference scheme. But, there were 
some difficulties in determining the fitting factor. Namely, in [2] the 
fitting factor is determined from the requirement that the truncation 


<> 


error for the boundary layer functions ‘should be equal to zero. 
Simultaneously, we obtain that the corresponding matrix has an iverse 
monotone form, and the obtained fitting factor approximates € with the 
error olh). For this purpose, in the case of a non-uniform mesh, we must 
solve a system of 3 non-linear equations with 3 unknowns, which leads to 
very complicated and unuseful expressions. 

So, we decided to put some conditions on the grid (natural for 
singular perturbation problems) in order to achieve a second order 


accuracy as on a uniform mesh. 


a 
<. 


2. Derivation of the scheme 


Let us substitute differential equation (1) by the equation: 


(2) -e(x)y" + а(х)у = f(x) , 


where o(x) is the fitting factor which will be determined subsequently. 
The approximate solution of equation (2) should be sought in the form of 
the quadratic spline v(x) є C` [0,1]: 


(x - x)? А 
(1) J (2) 
v(x) =v + (x- x )v, + —— 
gos 12% 2 0 
\ 
l 
хє - = < = 
ix), х 119 0 x x oda x < X a 1. 


Тһе ints of coll = = -х. 
ро ollocation are points Х i72 х th (2, where ex Xa х, 


(1 
Constants У, у, ) and Y Ј=101)п, are determined from the system of 
equat ions: 
2 
h h 
(2) y (1) ) (2) 
-0 V zs mU z 
3) 3, | 2 M + 8 M | }+1/2 
9 y (1) )-1 (2) 


(1). (1) (1) 
= + v 
J j-1 J-1 J-1 


By the elimination of v and ae from the above equations, we get 
the difference scheme: 
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ON Co UR ees 


= c + 
3) гу +гу *ry z * 
( J-1 J J*1 d, 15-172 CI J*1/2 
3 
Г 17а n [ E zd 
ЕЯ № 4 'j-172] ' 
1-1 
1 20) 1 
L Ww De a Ad. , 
n h 3+1/2 
J 
- + 1 1 
) = ~ - — 
г re b 45.172 ban Ч -1у2 , 
20, 
Бүт “hy га 31.172 Sioa 
- 1 1 
q- b , я = b. 
\ 2-1 1 
4 


In determining the fitting factor Om we use the following lemma: 


Lemma i. [1] Let ye c [0,1]. Let q'(00 = q'(1) = 0. Then the solution of 


problem (1) has the form: 


y(x) = u(x) + w(x) + g(x), where: 
u(x) = p, exp (-x Yq(0)7e , 
w(x) = p, exp (-(1-х) Уд(1)/Е , 


py and p, are bounded functions of = independent of x and: 


TELE suas 21-91299), 00104 


~ 


М is a constant independent of =. 
The local truncation error of scheme (3) for an arbit 
function ф has the form: 
= - L where: 
т, (2) Re, 9, ( Ф), 
Е $ trv 5 
RY, А + г, У, а 
+ 
=q f . 
0.2, q f -172 EEV 


Lema 2. Let, in scheme (3), 95 


са 1 
[ 
> 
D 
- 
A 
0 
- 
< 
N 
- 
[os 
О 
- 
M 
ю 
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NN a EE 


4( +В ) 
3-1 
5,00 mit А, 
' X 
= 17е) - (h +h + РА 
s(t) һ, exp(h, , yt/£ ) - ( 3 а) 
hy i exp(-h, Vive) for ]= 0(1)1, and 
= = - (В. +h + 
s(t) h, ехр( hy, УЕ ) - ( ; T 
D exp(h, Vt/e) for j= 1 (1)n81, Lsi 
For rs J< 1, in the previous expressions we put ha h = const. 
Then: 
a) т, (u) =0, j= 0(1)1, for q(x) = q = const. 
b) tw) 20, j= 1,(1)ntl. for q(x) = 4 = const. Y 
4 ~ : ү 
с) т, (и) = <, (w) o for d jè i, - 


d) The matrix of system (3) is an inverse monotone. 


Proof. a) By the direct substitution of OF and ore 17 іп the expression 
R CH we obtain zero. Since Lu = 0, we have that c (и) = 
In the same way we obtain that b) and c) CR 


d) Since rs 0, r'5 0, r^» (-r +r’) the proof follows. 
Throughout the paper M and ó denote different constants independent 
of є and o 


Lemma 3. Let: 


h 
Osh - ELE T 
т һ=һ_, ан = мон, є), 15] 54, 


> 


о < - =) я в 
hi. chi я Mis min(M oh, =), 4. s Js ntl, 


h/h +, * M, һу = h= const., 1, <j<i 
M <M, 4 = 0(1)п+1, N < М. 


Then: 
вах( |е, -=|, le; -=|) з мт, J = 1(1)n*1. 


Proof. Let Е 5 nm . Then: ^ \ 


h +h 

1 -1 

| Ig | = М ежр(-в,_, УЕ), |s,(t)| м, 
| J 
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шах( los], [от |) = М and le -e| s юй 
Let £ = "mn. After some Taylor expansions we have: 


4(h +h .) 8 = 
eS е Pea = 
q +2 


hh 
J J-172 33-1157172 J J-1 Я, -1у2 


TUN 


IN s M, and from (4) we obtain le; - e| som. 
obtain le; -e€|s Mn 


In the same manner we 


3. Proof of uniform convergence 


Lemma 4. Let у(х) є с^ [0,1] and 49'(0) = q’(1) = О. Let " and е, $ in 
(3) be determined by Lemma 2. Let Lemma 3 hold. Then: 


3 


> 


a>, Mont, se or MM sc, 
lz Gn [= J 


2 Cy 
im, Hoh == or hy N žE, 
Proof. According to Lemma 1 we have: 

т, (у) = т, (и) + т, (м) + т, (8) 5 


We shall estimate separately the truncation error for each function 
u, w, and g. We shall start with u - u(x). Denote by т, (u) the truncation 


error т, (и) in the case q(x) = q, = q(0) = const. Since т, (u) = 0, we have 
that: 
(5) тубш) = туби) - #00), J = O(1)4,-1. 


After some Taylor developments we have: 


= 4 
Es us 
(6) т, (у) = Ту, + TS + ty KE ) + y (22) + 

+ h ТУ - в, = )- 
‹[я gI (&)-4« = ee РУ" G 

4 
шв , i= 1006. 
Ч seg У (6), x, 35, * 3 
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6 
2 2 na E 
Baar ae(qi)-d-g--4 в, 
qc cor RM eid 8 8 
3 
3 3 К › 
ħi 3-1 J )-1 
т arr tar *°СЧ 5*9 2) *Ч 4,5, 48 f 
n $ 
* =. th se 
q 45,172 48 га j-1 0 
Taking into account (6) and (5), we obtain that: 
3 
gee 2 = 1(1)1,-1 
[sana oae ЫШЫ cet J 2U 


According to Lemma 1, from (6) and (4) we have: 


3 - 
max (qe, 02], [= (8) |) s МН, /е , j= 1(1)1/-1. 


ee 


For 1,5] 5 п+1 and An 5 є we have: 

q(x, )-q(0) - 
hw 
JJ 


= 3 
|=, (w)| = |t (w) - т, (м) | sM s Mh /с , 


3 
вах( |т (и) |, Ie, (8) | = Mh\/e. Thus, Lemma 4 holds for h, „Ня e, or h H5 


In the opposite case we use a truncation error in the form: 
ne ru р 
(7) т, (у) t mp OY Gs 521007 (6) ао Уу-у/2 * 
2 2 è 


h 
)-q dy epa gy. 


> 


* м 
q Ўу»у/2 


х_,5&,4х ‚ d s 1(1)4. ! 


J-1 J*1 


Since |r*| = m and |q'| = м, we have that: 


max (|r, (w) |, |=, (u) |) аш, J= 101)1,-1, 
and from T w) = т, (u)-7 (u) we obtain that the same holds for function u. 


For 1, 3] s ni ме have that t (w) = T (w) - т, (w) and from (7) we 
can conclude that: 


вах (|, (з) |, |=, G2], |v, (a) |) s Mh. Thus, Lemma 4 holds. 


| Theorem 1. Let у(х) є C* [0,1]. Let q'(0) = q'(1) = 0. 
Let the mesh points satisfy condition (4). Let у, J = 0(1)n+1, be the | 
approximation to the solution yx) obtained by using (3). 
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Then: 


2 . 
ly(x,)-v, | = Mn, ]=0(1)п+1, where M is a constant independent of є and В. 
J 


Proof. Since: 
Me/h., f 
j or HE Se or Hoh, se 


Mh, H 
Й Ғог mne ze ог Рой zeg, 


from the inequalities: 


R, (£(yGr - v) + № 2) =0, f= max (hoh) = const. we obtain the 
statement of Theorem 1 (the inverse monotony of the corresponding matrix 


and Lemma 4). 


Remark 1. For hz h = const, j= 0(1)п, scheme (3) reduces to the one 


given in [3]. 


For ое = = 1 scheme (3) reduces to the one corresponding to the 


collocation spline given in [2]. 


5. Numerical results 


Scheme (3) was used to obtain the approximate solution of problem [1]: 
-ey" + (1 + x(1-x))y = f(x), 


y(1) =0. 


y(0) 


Its exact solution is: 


y(x)21- (1-х) exp(-x/Ve) - x exp ((x-1)/V6). 
Here, we shall present the numerical results which suggest the choice 
of the grid. 


Tables 1, 2 and 3 contain the maxima 


approximate solution at the points of the grid, for different є and n. 


Tabel 1 contains the results on an equidistant grid. 
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Tabie 1. 


1/2 | 0. 17-04 0. 42-05 0. 10-05 0. 26-06 0.66-07 
1/4 0. 29-04 0. 73-05 0. 18-05 0. 43-06 0. 11-06 
1/8 | 0.40-04 0. 10-04 0. 25-05 0.62-06 О. 16-06 
1/16 0. 43-04 0. 11-04 0. 27-05 О. 67-05 0. 17-05 
1/32 0.49-04 0.12-04 0. 31-05 О. 77-05 0. 19-06 
1/64 | 0.66-04 0. 16-04 0.41-05 O. 10-05 0. 26-06 
1/128 0.93-04 0.23-04 0.57-05 0. 14-05 0.36-08 
1/256 0. 12-03 0.33-04 0.81-05 0. 20-05 0. 51-06 
1/512 | 0.19-03 0.46-04 0. 11-04 0. 24-05 0. 72-06 
1/1024 | 0.26-03 0.63-04 0. 16-04 0.41-05 0.10-05 


A non-equidistant grid is formed in such a way that more of points are found 
in layers than outside them. 


On the interval (0,c,1, СА is a constant which is given in advance, the 


grid is non-equidistant and obtained according to the formula: 


h 
h = ћ Jal hi? = = 
hi=zth ИМ = min(hy ., =), J 1(1)n, 15 


- 


n 
h = Qh, Q-cj/ó, о-у h, хех ches = 16191, 

Jei 
х= 0, hy, M and c, are given, M = М =Q 
On the interval с, 1-с!» the grid is equidistant: 
hz (1-2c)/n,, Ј = п, (1)n, *n,-1, 


п+1 = 2п, + n, xx xc Со БИИ ГЕ п, +1, п, + n,-1i. 


On the interval [176,1], the grid is symmetric to the grid on 
interval [0, c]. This is a starting mesh. In each next spet the intervals 
are halved. 


/ 


СС-0. п Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


An exponentially fitted quadratic spline difference sheme ... 


Table 2 


c = 0.05, 
о 


32 


ho 0.01, M-46, n, (nei) = 3/15 


max|v, - убх) | 


J 
64 


128 


256 


512 


1/16 
1/32 
1/64 
1/128 
1/256 
1/512 
1/1024 
1/2048 
1/216 


Table 3 


.21-04 
. 59-04 
. 99-04 
. 15-03 
. 25-03 
38-03 
. 50-03 
57-03 
52-03 
38-03 
.28-03 
43-03 


ооо оо со ооо O Q 


32 


оооооооооооо 


.54-05 
.15-04 
.25-04 


39-04 
67-04 
10-03 
13-03 
15-03 
12-03 
78-04 


-77-04 
. 25-03 


пах | у, = y(x,)| 


J 
64 


14-05 
. 37-05 
64-05 
. 99-05 
17-04 
26-04 
35-04 
38-04 
31-04 
18-04 
15-04 
11-03 


оооооооооооо 


128 


.34-06 
.94-06 
.16-05 
.25-05 
. 44-05 
.67-05 
89-05 
95-05 
79-05 
. 45-05 
50-05 
.41-04 


оооооооооо ообо 


(37% points in the layers) 


256 


86-07 
24-06 
40-06 
63-06 
11-05 
17-05 
.22-05 
. 24-05 
. 20-05 
11-05 
. 13-05 
. 13-04 


оооооооооооо 


с = 0.05, hy 0.01, M-7,5, n /(п+1) = 5/16 


512 


1/16 
1/32 
1/64 
1/128 
1/256 
1/512 
1/1024 
1/216 
1/219 


0. 55-04 
0. 16-03 
0.27-03 
0. 39-03 
0.64-03 


0.91-03 , 


0.11-02 
0. 11-02 
0. 12-02 
0. 78-03 
0.23-03 
0.64-04 


о 


ооооооо о о о о 


0.37-05 
0.10-04 
0. 18-04 
0. 28-04 
0.47-04 
0.71-04 
0. 32-04 
0. 99-04 
0. 84-04 
0.44-04 
0. 22-04 
0.71-05 


.93-06 
26-05 
45-05 
70-05 
12-04 
18-04 
. 24-04 
- 26-04 
0. 22-04 
0. 11-04 
0.64-05 
0.36-05 


ооооо о о 0 


(62,5% points in the layers) 


0. 23-06 
0.66-06 
0.11-05 
0. 12-05 
0.31-05 
0.47-05 
0.62-05 
0. 69-05 
0. 58-05 
0. 23-05 
0. 18-05 
0. 14-05 
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Rezime 


EKSPONENCIJALNO FITOVANA SPLAJN DIFERENCNA SEMA SA KVADRATNIM SPLAJNOVIMA 
NA NERAVNOMERNOJ MREŻI 


Izvedena Је uniformno konvergentna splajn diferencna Sema sa 
kvadratnim splajnovima za problem Ly = -єу" + q(x)y = f(x), O<x<1, 


q(x) =q > О, y(0) =a y(1) = «,. Korisċena je neravnomerna mre2a koja 
omogućuje smeStanje većeg broja tačaka u granične slojeve. 


Recelwed by the editors june 23, 1988. 
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ON NUMERICAL SOLUTION OF A TURNING POINT 
PROBLEM 


Relja Vulanovic 
Institute of Mathematics, Dr Ilije Duricica 4, 21000 Novi Sad, Yugoslavia 


Abstract 

A numerical method for a singular perturbation problem with a turning 
point is considered. The method uses non-equidistant discretization meshes. 
The first order accuracy, uniform in the perturbation parameter 1$ proved in 


the discrete L! norm. 
1. Introduction 


In this paper we consider a numerical method for the following 
singularly perturbed boundary value problem with a turning point: 


(1a) e?u" + xb(u)u'- f 09, xe I= [а,1], 
(1b) u(a) = A, u(1) =B 
with а=0 or а=-1. Ву є we denote the perturbation parameter: O< £ 5 1 


(usually = << 1). The functions b, fe and numbers A, B are given. Our basic 


assumptions are: 


(2a) b, Г C (1), 
(2b) B:= min b(x) > O, 
хЕТ 
(2c) [2.00 | 3 |x| + F9), x € Г, 
(24) |00 | s X1 + (e? |x| + e) FD. хе Г, 


AMS Mathematics Subject Classification (1980): 651.10. 
Key words and phrases: Singular perturbations, boundary value problem, 
turning point, finite differences. 
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where 


x 
F(x) = exp- [o{t)dt7e*), с(х):= xb(x). 
о 
Неге and throughout the paper М denotes апу positive constant, independent 
of =. For simplicity, in the rest of the paper the dependence of f. and F 


on Е will not be denoted. Furthermore, we require: 
(3) b’(x) > -3В/2, х є I. 


We shall begin our investigation with the case a=0, which will be 
considered in Section 2. In Section 3 we shall give necessary modifications 
concerning the case а=-1. 

Section 2 contains several parts. In the first part we investigate 
problem (1) and we give estimates for the derivatives of its solution, u. We 
use the assumption (2) to prove the appropriate estimates. For instance, 
(2b,c) guarantee that u is bounded uniformly in e. Note that (2c,d) allow 
the case fO, for which the asymptotic behaviour of the solution has usually 
been investigated, [8]. Since и has an 0(=) boundary layer at x=0, a special 
numerical method should be applied. We shall use finite-differenc schemes on 
a special non-equidistant mesh which is dense in the layer. The mesh, I, 
(with the mesh points O-x «x €...«x -1, n € N), is generated by a suitable 
function А (1.е. x= A(ih), h=1/n). A depends on = in such a way that the 
smaller = becomes, the more the mesh is condensed in the layer. Essentially, 
à is a certain modification of the inverse of the boundary layer function. 
The finite-difference discretization and its stability are discussed in the 
second part of Section 2. The stability is proved in the discrete L' norm. 
The assumption (3) is important for our stability result. In the third part 
of Section 2 we deal with the -consistency error using the derivative 
estimates from the first part and properties of function à. In this part 
constants M are independent of h as well. Our basic result is 


(4) A КЫ h. 


Here and throughout the paper we use the following notation: 


Rae 


LAC [®› УУЛ у ЛУИ. € is the numerical solution, 


1A п-1 
а = (ибх, ), ux), ux, уе R 


solution, 


i is the discretization of the continuous 
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n-1 
= = M T n-1 
АЫ) h, |2, |, 22 (z.2,...z ] €R А 


- 


1 
ћ = Ch, + h 1272 ; h, XT Ху" We can think of (4) as а first order соп- 


vergences uniform in = (which is the final aim of all numerical methods for 


singular perturbation problems) even though 1-1, depends оп = since В, '5 
depend оп it. Still, HR is the usual discrete L’ norm on the non- 
-equidistant mesh, cf. [1]. We end Section 2 by presenting some numerical 
results. 

Up till now, numerical methods for linear turning point problems have 
usually been considered in the case when the left hand side of (1a) contains 
the additional term d(x)u, where d(x)>0, x є I, or at least d(0)>0, see [3], 
[4], [5], [7]. In the first three of these papers equidistant 
discretizations only are considered and upwind or exponentially fitted 
schemes are used. Paper [7] uses mesh generation - the approach which we 
shall apply here. This approach dates from 1969, [2], where а self-adjoint 
singularly perturbed boundary value problem was considered, and 1t has been 
modified and applied to other types of problems with a small parameter, see 
(7], [9], [10], [11], for instance. In [12], the authors deal with problems 
of type (1), among others, investigating the 111 conditioning of the 
corresponding exponentially fitted discretization on the equidistant mesh. 


2. Case a=0. 


Throughout this Section we shall consider problem (1) with a=0, 
assuming that (2) holds. 
2.1 Analysis of the Continuous Problem 

For the proof of the following lemma we do not need the assumption 


(2d): 


Lemma 1. Problem (1) has а unique solution и є ÊU) which is bounded 


uniformly іп Е: 
Ju(x)| = M, хе I. 


Proof. Consider the operators 
(5) Lu:= -e°u" - xb(x)u’ , Ru:= (u(0), u(1)). 


Since (L,R) is inverse monotone, uniqueness of the solution is guaranteed. 
Existence and boundedness uniform in = follow because there exist unifomly 
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bounded upper and lower solutions to the problem (1). To show that use 
v(x) = М, (2-х) + M F(x) 

with appropriate constants м, M, (independent of & ), such that 

v(0) = |A|, v(1) = |B| and 


(6) Lv(x) = M, xb( x) * M c’ (x) F(x) = |f(x) |. 


The inequality in (6) can be achieved because of (2b,c). To see this, note 
that there exists a number e (0,1] (independent of =), such that 
c’(x) = y > O for хе [0,5]. Then, if 0 5х x s 6 use 


Lv x) = M Вх + M aF( x) = |f(x) |. 
On the other hand, if 6s x31: 


Lv(x) = M Вх + Hc’ (x) F(x) = |ЕСх) |. 


Hence, the upper solution is v(x) and the lowe one is -v(x). п 


Lemma 2. |u''(0)| s №‘, 1=1,2. 


Proof. In the case 1=2, the proof follows from (1a). For i-1 rewrite (1a) in 


the form 


eu" + (cu)’= f + c'u 


and integrate this equation from О to x,, where хє (0,=) is such а point 
that u'(x,) = (u(e) - u(0))/e (hence |u’ Сх.) | s Me). п 
Lemma 3. |u'(x)| s M1 + (xc +; 1) Ех), хе I. 
Proof. For the technique cf. [6]. Rewrite (1a) as follows: 
c?(u' /F)’= £/F 


and express u’ by integration. Then because of (2c) and Lemma 2 we have: 


ju’(x) | = KS + © FOO), 


where 


S= | (t + F(t)) (FOO/FCt))at. 
о 
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И ABA hl MM nue ue up LLL LL 
Since 


t 
f sb(s)ds = В(#?-х2)/2, 0st s x, 


x 


it follows 


x 
S < xe ?F(x) + exl t exp(0.5B( t?-x")/e*)dt s хе *F(x) + и.о 


o 
Lemma 4. |xu"(x)| = М1 + e ‘ехр(-Вх?/(4=^))) , x eI 


Proof. Differentiate (1a) and obtain 
£^ (u"/F)' = (f’-c’u’)/F . 


Then because of (2d) and Lemmas 2 and 3: 


ju") | s ЖЕ? [Fo FC) at + GP c ** xe ?) х) + © 7F(x)) . 


о 
Since 
x x 
xe? J (Е(х) /F(t)) dt s xe? [ ехр(0.58( t-x) x/? )dt s M , 
i o o 
and 


xc I py) = Мє ехр(-Вх?/(4=?)) , К=1,2,3 , 


the lemma is proved. п 


Using previous lemmas, we can obtain the following estimates which will 


be used in 2.3 in the analysis of the consistency error. 


Theorem 1. For x € I we have 


(7a) |(cu)"(x) | s Ж1+е yx), 
(7b) jw | s Mite yx(GOD , 
(7с) є? [и"(х) | s X|x| + уб), 
(та) [Сси)’ Сю | s м, 


where у(х) = exp(-|x|/e) . 
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Proof. Note that for any 0>0 independent of = it holds that 


exp( ох? /c?) 5 M y(x) 
Then the inequalities (7a) and (7d) follow easily from Lemmas 3 and 4, while 
(7c) follows directly from (1a). Finally, differentiate (1a) and use 
Lemmas 3 and 4 to obtain (7b). a 


2.2 The Discretization and Its Stability 


Note that 


Iz, l, = 1, 1, 


мһеге Н= diag(h,, h Енды 


"EE h) 


and 1-1, is the usual vector norm in 


R°}, The corresponding matrix norm is: 


I4 l, = МАН, , 
where A, is a matrix in Rant 
space. 

The discrete operator on the mesh I, 15: 


and |:|, is the usual matrix norm in that 


2 
:m -e°D"z - D’ z + c'(x.)z 
DA S eh Dix, ) 1 ( D 1 


and it corresponds to L from (5) which is rewritten in the conservative form 


Lu = -e7u" - (cu)'* с’и . 
Неге 
i ES BY = 
Dizia Chii ARES h Z, I n hi ih z 
and 
R Му дА Дүп 


cf. [1]. Thus, the discrete problem reads: 


(8) LY -f(x ) i=l 2; 17-1, 


w74 5 w =B 5 
Rewrite (8) in the matrix form: 
(9) ANE = a И 


т 
where dim (а, ‚а, 55 .d, 41 


eR", d,--f(x,) , 122,3,...m2 , 
2 + a 2 = z 
d,--f(x,) +e A/Ch, В, ) y d.a f(x _,) += B/(h В _,) + с(х )B/h , > 


and А is the corresponding tridiagonal matrix. 
h 
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Now we shall prove stability of the discrete problem (9) in the norm 
HS 
Theorem 2. Let Бе сс) ‚ с’(х) 2 у > 0, xe lI, and let (2b) hold. 


Then: 
-1 
(10) l^. I, sM. 


Proof. Because of the upwind scheme it is easy to see that А, is ап L-matrix 
(the diagonal elements are positive and the off diagonal elements are 
non-negative.) Furthermore: 
-1,T 
(HA, H ) ez те, , 


where e,- [1,1,...,1]7er® * , Thus A, is an M-matrix (4-20) and the result 
follows. o 


However, we can show that the first condition of Theorem 2 can be 
weakened and replaced by (3), provided that h-1/n be sufficiently small (but 
independent of =). For that purpose we have to specify our discretization 


mesh. Let us define the mesh generating function A: 


w(t):= Qet/(q-t) , t Е [0,a] 


(11) ACt) = 
a(t) , t e [a ,1] 


Here a е (0,1) is an arbitrary parameter (independent of =), 
(12) q-a +e d 


and m(t) is a third order polynomial, such that A e Ê) and п(1)=1. The 
parameter Q should be positive and chosen in such a. way that п’’’= 0 
(a simple analysis shows that Qe(0,1/2] would suffice for all se(0,1] and 
« e (0,1)). This implies 


w(t) = xta) =o (a) >0, te [а,1], 
firstly for k=2 and then for k=1. Obviously: : 
Се) > 0 , k=0,1,..., t e [05 «15 
and taking (12) into account: 


(13a) o < a(t) <M, k1,2, tel. 
Furthermore, note the inequality: 


(13b) exp(-w(t)/e) 5 M exp(-M/(q-t)) , t €(0.q), 


which will be used in Section 2.3. 
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The mesh points are given by 


(14) x= A(t) A t =ih » 4190; 1,- n.» 


There are other possible choices of function A, cf. [9], but because of 


simplicity, (1) 1s the only form which we shall consider here. 


Theorem 3. Let b € cn and let (2b) and (3) hold. Then the discretization 
matrix ^. on the mesh (14), (11), with sufficiently small h and Q, 
independent of c, satisfies (10). 


n-1 


Proof. Let e,7 (1+х,, 1+х,..., 1+х е К . Then for i=1,2,..., n-1 we 


have: 
(CHA H+) e ) = (14x, Dc (x) + Ch Zh eG 2:5, 


Let à and у have the same meaning as in the proof of Lemma 1. 
Then 1f x, 55 E 


5, zy»0. 
Now let x >ò. We shall prove 


(15) 5, = 7? о, 
for some СА independent of є and h, and the proof will. be completed. 


Rewrite 5, in the form: 


where 
5ү= (1+х‚)с'(х,) + cx), 
c (n, | 7h 70h, „+В, >) с(х,) > 0. 


Note that by (3) there exists a constant р > O (independent of є), such that 
b’(x) = u-38/2. Then: 


siz #(1+х, )х, + (8/2) (-3х2+х +2) > щ1+5)5 . 
Next we shall show that 
(16) p 5 Hh 


and (15) will follow provided that h be sufficiently small. Let us first 
note that 


(= a,(t-a)°+ aj t-a)?+ a (t-a) * a5 


where 
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a =a) -Qa£ ; а, =w (a) -Qqe ^? ‚ a,=0"(a)/2=0q , 


a “(1-A qf 1-2) *-q( 1-2) c! ^? -ac??)) (1-2)? М 


Then it is easy to see that there exist sufficiently small parameter О and 
sufficiently small constant ш > 0 (both independent of =), such that 


m(atm) = A(a*m = 6 < m = A(t) 
This implies t >а+ш and t._,=atm, if h is small enough. Then because of 
(13a) we have 


2 б 
p,s Н RACE | Ie Ct), 
and (18) follows from (13a) and A’ (t _ =A’ (atm) »20qm е) 


Remark. The requirement in Theorem 3 that the parameter О should be 
sufficiently small is neeeded to make the coefficient a =Qa 273 sufficiently 
small. However, if = is small enough, there is no need for such a constraint 


on the parameter Q. 
2.3 The Convergence Result 


Let us consider the consistency error 


r= L u(x, )-(Lu)(x,) y 1=#1,2,...,п-1. 


We have - 


гү = e(u"(x,)-Deu(x,)) . г, = g'(x )-D g(x) , 


n-1 


where g(x):= c(x)u(x) . Let r= (ror, 35/507 5 €R . Then we have: 


h 2 n-1 


Theorem 4. Let (2) hold. Let discrete operator La be given on the mesh (14), 
(11). Then Ir, l5 Mh . 


Proof . We shall prove 


(17а) Irt] s Mh, 
А 2 
(17b) Һе] s Mh , 
and the result will follow. The following estimates hold: 
" 2 eae ла м 
(18а) Irr 5 Me h „lë (от) | ‚бе (х.к) ; 


[rt] = 2e? max |и"(х) |, 


sx 5х ^ 
Xia 1+1 
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Iri | А C, 752708, +В, ,,)) lg (1) | ^ Cyn Ti . 

с, € (хох) ; 
where 

x 

1+1 
(19) с, = | (x, ‚1-Х "Сю [ах : 

x 


1 
To prove (17b) it is sufficient to show 


(20) с, = M), 


since from (7d) and (13a) we have 


h, (Ch, p175, СВ, +h, |) [8 Cr) | = MCh, 7) 3 м? y 


Let us prove (17a) and (20). We shall use the technique which is 


essentially the one from [2], cf. [7], [9], [10], [11]. The proof is devided 
into three steps: 


о, 

о 

2 я sa-3h, 

3° a-3h<t <a tE? 

i-1 
1° From (18a), (13) and (7b) we have: 
ч -1 -1 1/3 

|| s Mite у(х,_,)) s Mite y(ACa -e `)) = М. 

Similarly, from (19), (7a) and (13) it follows 
Gs Hh (1+е ! у(х, )) = ME. 


2° In this case we have а, = (< -t, ,)/3 and thus getto (q-t, 073. 
Now (18а), (13) and (7b) give 
[rv] s m«G-t, 075 COACE, 0) s №. 
In the same way: 
G, s mI (1(4-t, 0) * OAC) = mf. 


3^ Now c! /?«3n. We use (18b) and (7c) to obtain 


1+1 


|г;| = MACE.) + Yt.) = MACA) + MCE, ,,) + YOCI738)) = Mh. 
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On the other hand 


x 
1+1 


G s н | (x, Cte" yG0)dx Y 


x 
i 


and after integration: 


с, s MH n^ hy(x,)) = M(h?+ hy(A(a-3h))) s Mh? . a 


Thus, combining Theorems 2 and 3 with Theorem 4, we can get the 


corresponding convergence results: 


Theorem 5. Let и be the solution to the continuous problem (1) and let (2) 
and c'(x)z3^20, х € I , hold. Let Wa be the solution to the discrete problem 
(8) on the mesh (14), (11). Then we have: 


(21) Jv -4, RES Mh . 


Theorem 8. Let u be the solution to the continuous problem (1) and let (2) 
and (3) hold. Let А be the solution to the discrete problem (8) on the mesh 
(14), (11) with sufficiently small В and Q, independent of =. Then (21) 
holds. 


2.4 Numerical Results 
We shall present results concerning the following test problem: 
-e°u" - 2xu’= 2exp(-(x/e))? ‚ u(0)21 , щ = exp( -1/c?) 5 


whose solution is known: u(x) = exp(-(x/e)”) . Table 1 contains the results 
obtained by using the mesh generating function (11) with paremeters @1, 
a=0.5 . By changing these parameters we can change the density of the mesh 
in the layer. In this case the percentage of the mesh points which lie 
within the layer varies from about 25% to about 35% (it changes slightly 
when = and п change). 


ic 8 
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TABLE 1. 
= п 50 100 200 
1. -2 Е 1.47-2 7.54-3 3.82-3 
ы E, 2.08-4 1.06-4 5.40-5 
1.-3 E 1.72-2 8.94-3 4.54-3 
E E, 2.46-5 1.26-5 6.42-6 
1.-4 E 1.88-2 9579-3 4.98-3 
Е, 2.67-6 1. 38-6 7. 04-7 
We use the following notation: 
ЕЯ Iv, А d EiS lwah n ; 


and, as usual, 1.-2 means 10 “etc. 

Table 1 shows more than our theory gives: the first order pointwise 
convergence uniform in є can be observed, and the error E. decreases when = 
does. However, we can't expect this in general. Some other problems, which 
we have tested, show the first order D convergence uniform in є only, which 


coincide with our theory. 
3. The Case a--1 


Now I=[-1,1]. First we shall show that Theorem 1 holds in this case as 
well. The only difference is in the proof of Lemma 1, where the function 
v(x) should take the form: 


у(х)=М (2-р(х)) + MFO) , 
where p(x) is а C*(1)-function, having the following properties: р(х)=|х|, 
x € IN[-8,8] ; р"(х > О, xp'(x) = 0, хе (-5,5). 
Next, the discretization mesh (14) should be used with 
t,7-1*ih, 1=0,1,...,п , h=2/n, m2k, ken. 


The mesh generating function coincides on [0,1] with A from (11), and for t 
Е [-1,0] we take A(t)= -A(-t). Thus, A" is discontinuous at t=0, but this 
will not affect the proof of Theorem 4 since the two mesh steps in vicinity 
of x-0 are equidistant. At the mesh points xv i=1,2,...,k-1 , the scheme 
L should be used with 

h 
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DZ, = (2-2, ^h, 


Finally, Theorem 2 can be proved analogously, thus Theorem 5 follows 


too. 


Remark. This parer contains the results of the first stage of investigations 
of the problems of type (1). We expect to improve these results in 
forthcoming papers. 
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Rezime 


О NUMERICKOM RESAVANJU PROBLEMA SA POVRATNOM ТАСКОМ 


Posmatra se numericki metod za singularni perturbacioni problem sa 
povratnom tačkom. Metod koristi neekvidistantne mreze disktetizacije. U 
diskretnoj normi 12 Je dokazan prvi red tačnosti, uniforman po 


perturbacionom parametru. 
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A NUMERICAL SOLUTION OF THE SINGULAR 
PERTURBATION PROBLEM ARISING FROM А 
WEAKLY COUPLED SYSTEM 


В. Vulanovic’, D. Herceg and М. Petrovic” 
* Institute of Mathematics, Dr Ilije Duricica 4, 21000 Novi Sad, Yugoslavia 


* Advanced Technical School, Skolska 1, 21000 Novi Sad, Yugoslavia 


Abstract 


A first order differential equation with a small perturbation parameter 
is derived from a weakly coupled first order system. It 15 solved 
numerically by the finite-difference method on a special discretization 


mesh. 
1. Introduction 


Let us consider the following system of first order differential 


equations: 

(1.a) y’= f(x) , 

(1.b) eu’ + a(x,u) = 0, xe I= [0,1] , 
(1.с) y(0) + b що) COM 

(1.а) y(1) + b u(1) = с, , 


where € is a small perturbation parameter, 0 < << 1; D.C, €R, і = 0,1, 
bob, <0; Г and a are sufficiently smooth functions in I and IxR, respectively, 


and а (xu) > а> 0, xel, ueR. 


AMS Mathematics Subject Classification (1980): 65L10. 
Key words and phrases: Singular perturbations, finite-difference schemes, 
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The physical meaning of problem (1) can be found in [7], where the 
linear case was considered. An exponentially fitted higher order scheme was 
introduced there and the convergence uniform in = was proved. Here we 
propose a simpler approach which decouples у and и from (1) in the following 
way. 


Let g(x) be the solution to (1.a) satisfying the condition g(0)=0. 
Then we have 


(2) у(х) = gx) +d, 
where а = у(0). Then the boundary conditions (1.c,d) reduce to 
(3) b 200) РС а, 


b,u(1) EC &1) -d. 
By substracting these equations we eliminate d and get: 
(4) и(0) + bu(1) = с, 


with the appropriate Ь > 0 and с. It is easy to evaluate g{1) and thus to 
get c. Then problem (1.b), (4) can be solved numerically. By using the 
numerical approximation of u(0) ме can get d from (3) and find у(х) from 
(2). 

Thus we can consider problems of the type (1.b), (4) only. We shall 
solve them numerically using the classical finite-difference schemes on 
special discretization meshes. By the standard technique we can prove the 
first order convergence uniform in = (see [1,2,8,9,10] for instance). 

The solution to problem (1.b), (4) has a layer of width 0(=) at the 
origin. Our discretization mesh is generated by a suitable function which 
maps an equidistant mesh to the mesh which is dense in the layer. The 
density changes automatically when = does. Because of that we obtain uniform 
numerical results within the region where the continuous solution changes 
abruptly. 

We note that the numerical methods for more general systems have been 
considered in a number of papers, let us mention [6] and [11] only. However, 
because of the special structure of system (1) we can construct here a very 
simple and efficient method. 

Throughout the paper we denote by M any positive constant which is 
independent of = and of the discretization mesh. 
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2. The Continuous Problem 


Thus, we consider the problem: 
Tu: єи + a(x,u) 0, xel, 
(5) 
Ви: = и(0) + bu(1) = с, 


вре» = =, b = 0, ae са x К), а (х,и) > a 0, (х,и) e I x R. 


Let us denote by и, € с?) the solution to problem (5). 

The case Ь=0 is well known. Operator (T, B) is inverse monotone and the 
solution и, exists uniquely. Using the technique from [1,8] (cf. [2] аз well) 
we can prove (the details will be omitted): 


Theorem 1. For the solution и, to problem (5) with Ь=0, we have 
jus | = M1 +e и»), 
[MC Ke s є их), 

where x € I and у(х) = exp (-a,x/e). 


Now we can prove 


Theorem 2. The solution u to problem (5) with b > 0 uniquely exists and its 


derivatives satisfy the same estimates as the derivatives of чо in Theorem 1. 


Proof. Let 2 є c'(r) denote the unique solution to the reduced problem 


a(x,z) =0 
and let 
12(х)| 52, xel. 


Then, by the inverse monotonicity of (T, B) we can get that the solution uy 


to problem 


satisfies 
P:-min(s,-Z) < и, 5 max(s,Z) =:Q. 
Let us consider two values of s : 
5 < min(0,c-bZ) , 


S, > max(0,c*bZ) . 


*. 
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We have the corresponding solutions um and constants P, 9, 1=1,2. 


Thus we get 


Tu ж; 112 
0,1 
Bu Ss +0 =$ *bZ«c 
b 1 1 
and similarly 
Bu 2 oe 
b 0,2 


Because of the fact that uy depends continuously on s, we can conclude that 


there exists a unique value 5., such that the solution Uo a to problem 


Tu-0, Ви=$ , 
о . 


satisfies 

B Ug, o =с 
Непсе ч 4G и, and we have the same estimates as in Theorem 1. The Theorem 
"s proved. 


We can see that чь has а layer of width 0(=) at х=0. The estimates of 


the derivatives of u, are important for the proof of the convergence uniform 
in є. 


3. The Discretization 


Let us use mesh I, from [9], cf. [1,2,8,10]: 


x= mih), i=0,1,...,m, h-1l/n, nen, 


F(t):= Aet/(q-t) , t e [О,р] 


mt) = 
F(p) + F'Cp)Ct-p) , t e [p,1] 


Неге q€ (0,1) and А є (0,q/e,) are fixed numbers and p є (0,4) is the 
abscissa of the contact point of tangent line from (1,1) to the curve F(t). 
The point p can be found explicitly. 

Ме form the discretization of problem (5) using finite difference sche- 
me on mesh I: 


(6a) Wt bw. =c, 


(6b) Tw =р м, + а(х,,м.) 20, 1=1,2,...,п, 


where {w,} denotes а mesh function оп І, and 


рм 


EEG еи, )/h. , 


1-1 1 
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h =x -x РЕ 


1 1 1-1 ' 
The existence and uniqueness of the solution to the discrete problem (3) 


can be established in the same way as in the continuous case. 


Theorem 3. Let 4, ; be the solution to the discrete problem (6) on the mesh 


I, with n > 2/4 and let и, be the solution to the continuous problem (5). 
Then we have 


v, - u(x) | SMh. 


Proof. By using the technique from [8,1] we can easily prove the consistency 


uniform іп є, i.e.: 
Ти, Cx) - Tw, | = 
[T u (x) - (Tu, (x, ) | = 
e|D_u(x,) - u‘(x,)| sM br ЗН 


There remains to prove the stability uniform in e. Let us first 
consider the linear case, i.e. problem (5) when a(x,u) = a(x)u- r(x), 


а(х) > a,» 0, x e I. Its discretization on mesh IN reads: 


w *bw =c, 
о п 


мћеге 


А, = e/(e + a(x, )h,) ‚ В = A, r(x, he d 


We shall prove the stability inequality: 

(7) Iv, | = M |с] + R), 

where [r(x ) | SR, 1=1,2,...п. For the technique cf. [4]. We have 
whem Kiwi +4] ЭВ 1m122; 7-77 n3 


1 10 1 


K = АК, 5 1=1,2,...,п, Km 1, 


1 


L, = ALi + B, 2 S E 7: 50105 Lx о, 


< 
и 


(c - bL )/(1 = bK ) 5 


Since 0 < К, <1, 1-1,2,...,n , inequality (7) follows if we show 


(8) [L| MR, 1=1,2,...,п. 
It holds that 
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(9) |L | s Li o 1=1,2,...‚,п, 


where 


= 
-x 
И 


A‘L’ SEB 1S Oech, Газо, 
11-1 1 о 

+ = 

А e/(e + a.h) = А, 5 


B! = A'Rh/e г |в |. 
i i 1 1 


By induction we can prove : 
(10) ГО 5 Ка, i=1,2,....n, 
and because of (9) we get (8), and (7) аз well. Indeed, it is easy to verify 


that (10) holds for i=1. Now suppose that (10) is valid for some i. We have 


L' s А’В/а_ + В’ = 
1+1 1 . 1 
= А, R(1/a, + В, /e) = R/a. 
In the nonlinear case we have 
Ти, (х) 3 TUA 2 

єр (и (x) - w) + Q(u(x,) - м), 
where 

1 


9, =Í EALA + s(u, (x, ) - w, ))ds >а > 0) - 


о 
Hence, the linear convergence uniform іп є follows іп the same мау as іп the 


linear case. The Theorem is proved. 


4. Numerical Examples 


We shall consider two problems from [3], modified to the form of our 
problem (5). The first problem is linear: 


(11) єи + и = r(x) + er'(x) , u(0) + и(1) = с, 


where 


r(x) = 10 - (10 + x) ехр(-х) , 
c = r(1) + 10(1 + ехр(-1/є)) , 
so that the solution reads u = r(x) + 10 ехр(-х/є) . 


The second problem is 
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cu’ + и =0 s 


(12) 
и(0) + u(1) = 10 + 1/(0.1 + 1/e) . 


Its solution reads и = 1/(0.1 + x/e) . 

In all the numerical experiments we use the mesh generating function m 
with parameters 4-1, q-0.9, thus obtaining about 45 X of the mesh points in 
the interval [0,=] which represents the layer. 

Let us denote by E the maximum pointwise error. We have achieved the 
same values of E for all e’s which were considered: = = 10 ?, 108, 10 ?. In 
the case of problem (11), we have E-0.128 for п=50 and E-0.0842 for rr100. 
In the case of problem (12), we have Е=0.199 for г=100 and E-0.102 for 
n-200. 

The nonlinear system (8) was solved by the Newton-Kantorovich method 
(see [5] for instance). The initial approximation was а constant 
mesh-function c/(1 + b). The iterations were carried on until the maximal 


pointwise difference between two succesive iterations became less than 0.01. 


Nine iterations were needed. 
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Rezime 


NUMERICKO RESAVANJE SINGULARNO PERTURBOVANOG PROBLEMA KOJI PROIZILAZI IZ 
JEDNOG SLABO POVEZANOG SISTEMA 


Diferencijalna jednačina prvog reda sa malim parametrom Је izvedena 12 


Jednog slabo povezanog sistema prvog reda. Zatim je reSavana numerički 
pomoću metoda konačnih razlika па specijalnoj mre21 diskretizacije. 
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AFFINE CONNECTIONS IN THE FINSLER SPACE 
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21000 Novi Sad, Yuaoslavia 


ABSTRACT 


In the Finsler space some aeneral connection coefficients 
are introduced which depend on seven arbitrarily chosen parameters. Spe- 
Cial cases of these are Cartan connection coefficients and some of the 
recurrent Finsler spaces. All of them have the property that the angle 
between two vectors bv parallel displacement remains unchanged. It is 
shown that there are 27 essentially different types of connection co- 
efficients of this kind. For the general case some fundamental rela- 
tions are obtained. 


51. CONNECTION COEFFICIENTS IN D RECURRENT FINSLER SPACES 


Let the metric function in the Finsler space FN be denoted 
by L(x,X), and the metric tensor by g,g 0X) - Then, 


(1.1) gs 063) = a pF (R) Р(х.) = 271020,5). 


AMS Mathematics Subject Classification (1980): Primary 53C60. 
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L(x,X) is homogeneous of degree one in x, CS) and any other tensor 
or vector field is supposed to be homogeneous of degree zero in x. 

If we denote by D the absolute differential which corres- 
ponds to the change of line element from (x,x) to (x+dx,x+dx), then for 
arbitrary tensor field Ta (Xx) we define 


аата жат ж та Y а ql 4 ! TO yn, Y 
(1.2) оте dTge (TT To. T, ) AX (AP. Та-А„ т, )D2Y, 
where 
VY. 
(1.3) (c um 
L(x,x) 
(1.4) DeY = аен 7 'мгахенмуб?. 


м is the coefficient of non-linear connection homogeneous of degree one 
in X and му is a tensor. With respect to the coordinate transformation 


(1.5) x? = ха" (x! хе... хе ха-ха (x1 " х2, =x) 


№ CS 0 М 


where both families of functions are sufficiently times differentiable and 
where 


en? > > . a Ope 
(1.6) x = ox ха & х" = x, x“ 
эх эх 
1 O' oV 59 3 _ax® a , atx? $ Э 
ш) Ree sos в бах 70° 
эх эхо эх эх эх эх эх эх эх 
ме have 
2 а а’ 
> Q? , 
(1.8) №", = = x8 + NY ax’ ax 
> 
OX” эх эх ox! эха 


э Y 
(1.9) ма, = м эх эх х 
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From (1.2) we have 


= *6 *6 Y (Аб $ = 
ШО) 09.8 y he 958+ ву926)9 (^95 5*5 5,9,4)D* < 


Using (1.4) and (1.10) we get 


£ Y БМ 
(1.11) 09 в =9 dx +9 в „2e ; 


«B|v 


where 


=, LA бтк LT 
(1.12) g = 9. Iag 99 № -г T 


ably ав y aby Bay 


EOD OI Дуу. 
rts} Sus |y = 18958087) = fagy A pay 


Definition 1.1. The Finsler space is D recurrent if there exist vector 
i = X) and и zu, (x,X) such that 
fields A. A, (xX) and р и. ( X) 


(1.14) Dg e = K(x,X,dx,D2)9., , 
where 
(1.15) K(x,x,dx,D£) = A, dx epa ; 


Such a Finsler space we shall denote by Fu(D). 


Theorem 1.1. In the space Fy(D) in which Ad» ү» M3 are given and they 
satisfy (1.4) and (1.10)-(1.15) the connection coefficients Ages Аё denend 
on arbitrari ly chosen tensors D Bes and АЁ мһеге 

ав Эва 


zB +B +В 
(1.16) (b) TE = гай гий 


~ 
w 
— 
Qo 
Ш 


(c) АЗ = АВ -a8 
ay ay ya 
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and have the form 


* = -1 $; б. és 
Tagy ^ Уаву А (N 3 59,5*N, 3,9, Ng ) 
-1 
1.17 -2 à „1 ~ ~ 
(1.17) БИО aA (95. aA (9, у] *2^ (Tag б yaa) 


= -148 
[бк (12 TU N gr -1,0 


х0 -142 
Bey Toe” L м )- 6. „(7% -L Ng)] 


(таву is the Christoffel symbol), 


ert 6 832 8 454; 
^E. ЕЛІ (G5, M59 gt (5,-M. 2595. )- (88 + ME 69, al 
-1 ^? ^3 
"iu ү9ав+о9ву-"в9аү) +2 (А oy P eva t vag!) 
(1.18) 
-1 
2 [(u,*22, opt Hgt) gy (ug*22,)0,.] 
о о до мо 
- [0ng Aor My) + (А AT 9 а (Ао М8). 
Proof. From the relation 9.265 = 1,using (1.14) and 
(1.19) 029 = de¥ers¥dxP+ag ар 


("о" means the contraction by 2) we obtain 


жк! INK Y к мку = 
(1.20) ля (г L NY) Jax + [a +22 +2» (A5. мер» 0. 
This is the crucial relation which shows that 4х” and DzY are not 
s z жа -1а да -pa 
independent. For à i Hy 0, Toy L №» Ас м, (1.20) reduces to the 


well known formula 2 De =0 in thenon- recurrent Finsler space. If we 
multiply (1.20) Жш» F gU x), (e авва ) апа add to the right hand 
side of (1.14) using (1. ^1), we have 


(1.21) 9 |y 


Y Y- Y nom 

dx +9в| De = (Sa g^ 45) dX *[». a, g* (н +28, Je, ,] De 
жк! TINK avy к OMKAR 

+28 в. (TG L NY) dx +26 в (Ag, м )D2Y. 


From (1.21) ме get 
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-14K 
пж j 
A (9,5*9,5)*20.9* (Poy L К.) 


(1.22) ҮР 


Z к м“ 
(1.23) Фев | ү E ОСЕР. +20 в? (Ag, +). 


From (1.22), (1.12) and (1.166) we obtain (1.17). From (1.23), (1.13) 
and (1.16c) we get (1.18). 


Definition 1.2. The D recurrent Finsler space in which the connection 
coefficients are given by (1.17) and (1.18) will be denoted by 
F О,л,и,е,Р,А) (N,M). 


Special cases of connection coefficients are obtained if 


we take (NY 50). (игр Agy) ог (0759,0) instead .о? an arbitrarily chosen 


pair (NT ,MP) which satisfies (1.8) and (1.9). 


м 


Lemma 1.1. With respect to the coordinate transformation (1.5) and 
(1.6) TS and ras (both homogeneous Of degree zero in x) are trans- 
formed in the following way: 


Ы > 
ха’ _ 2х8 эха „а әх” эх’ эха 
od) О = тисс К ы eT ET 
эх? эх’ эх У ax” эх’ эх 
> > > 
(1.25) 08 aex® ax эх? pB рка ax” эх“ 
3 oy? MENU um B OY Rar Ae 
ax" эх" ax™ ax эх’ эх 


апа A BY is a tensor, 

Proof. By direct calculation using (1.8), (1.9) and the 
known transformation law of Yay We obtain (1.24) and (1.25). As can 
be seen from (1.18) ,А ву is the sum of tensors, so it is а1ѕо а tensor. 
Lemma 1.2. In Fy(D),we have 
(1.26) рдВ = -Kg%8 


Proof. As g ogy = 8, we obtain 
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aB ав = Dat 
(1.27) (Dg )95,,*9 Dg,., р, 
From 


ON a жоК eK pO B а .K ak аус, B _ 
Ds. = dé. + (Tego) Tego) dX + (A, 96, ApS) DP 0 
and (1.27) we obtain (1.26). 


Theorem 1.2. In Fy (D) the parallel displacement is affine, i.e. the 
angle between two vectors does not change. 


Proof. Let us denote by |Е| the length of vector Е”. Then,using (1.14), 
we have 


De = aß) = aB ay ЕВ 
Dje|? = 2|e|D|e| = D(g gE E") = Kg gE Е +296005 )5: 
As by the parallel displacement De“=De*=0, we obtain 


2|c|D|e| = Kg ,ge%e° = Klel? > 
(1.28) Die] = 2° КЕ]. 
If о: &(E,n),where Е” and n? are two vector fields, then 


D(g,st^n^) = D(|&|Inlcose) = 


(InID|z|*| £|D|n| )cose*| £| |n|Dcose. 


Using (1.14) and (1.28) for the parallel displacement of vectors Ex 
and пс, we obtain 


D(9, gE n^) =Ка gen = K|£||nlcose = КЕ [n| соѕе+[= | |n|Dcose > 


Dcose = 0. 
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§ 2. CONNECTION COEFFICIENTS IN THE SPACE Fu(D52 5,9, r,A) (NM) WHERE 
LIN, = TŽ% AND Ма = Ao,.Since for any tensor field Та (хх) in Fy(D) j 
we have (1.2), it ds meee natural that D2“ instead of (1.4) be de- 
fined in the following form 


а . dot жа Bint n, B 
(2.1) 07 dz +Гов dX M А 


. * 1 - 
In this case ГА ву? А BY determined by (1.17), (1.18) res 


pectivly have another form, because here 


“1a . nao c a 
(2.2) а) sr Ng = гов b) Мв Aog’ 


Lemma 2.1. Under condition (2.2а), the connection coefficients т 


are functions of л, e and T, determined by (2.3)-(2.6). Under condi- 
tion (2.25), A ву are functions of u, ө and А, determined by (2.7)-(2.10). 


Proof. From (1.17) and (2.2a) we have 


1 2 3 lee: 


* = * * * 
(2.3) ТЕТ Тов D ys TOBY Tsy’ 
where 
(a). Int, = р 
aby ‘apy aBy 
2 A ww -1 ый i -1 2. * | 
(b) "Tig, = -2 O.9,54*3,95,-359,,)-2" 40 (ТА) 
(2.4) 
> 3 * = -= + * 
(с) Таву г "a Е: ва) X Soot E) 
4. 2-5. 21 Ars 
(d) я -2 (ea Bya* Еу 27 "apy ul ) 
ЕЕ $ $ 
(2.5) Quay Т^) = “(99а oe $9599. ra- CUN Гов) 
К = 1,2,3,4. 


From (2.3), (2.4) and (2.5) it follows that 
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1 5 TR 1.4.6 
(a) E Ват 2 L8, T 
1 
(b) Teo = Yogo 
2 2 iu 25 
(с) Товч = BOY Lat As gy" Agi.) 2 L3 59g. I 
QU he p. 1 
(d) Too = (2352 47^g) 
SS 1 1 ces 
3 - 205 г * 
(e) TOY = -2 (х6 ов Ao ву 19°) 2 L369, TAS 
3 Q5 3 
(f) Too = -2 (2%08ов-^вёоо) 
(9) ^r*,. = Г )- 2713.9 re 
97 гову =" ову eyo" vog Зав 00 
4 "T 
(h) гово = Toog" 
From (1.18) and (2.2b) we obtain 
Sai 2 3 4 
(2.7) А05 > ARTS A BY. nri Ааву* 
where 
(a) ПА = 2 E (8, g; 6°+3,9,. 8°- EAE E A) 
aBy $"aB y 6° By Iya $6 
2 __2=1 -1 2 
(b) A agy? go vlag Наву” "g9ay)- 72 Товү\ А) 
(2:9) 3 1 3 
= -2- hs A 
(c) “А ову 3 2 [((uyr2e, ) e ee latta) gy (в *22,)0. H -2 ет ) 
м2 (А-А у= (А) 
agy «Вү By": А ав apy 
kN kas ур kaô _ 
(2:9) Bays A) = L(359.6 Ao! 598 AD. CUM Аов) 
К = 1,2,3,4. 
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From (2.7), (2.8) and (2.9) it follows that 


(a) Aogy = 0 > 


1 
(b) T. A) = 


У. yi x _2=1 об 
СС) FA = -2 (n, Ag to dg. ugh) 2 ERN Bag > 


s -1 
(d) "А = -2 (2uotg Hg) 


3 #21 И Н 
(2:10) (е) “AgBy = -2 [(u 22.) eg (0+2) вв (+2) оч] 
Е 
2 La 59g. ARS > 
(f) ЗА = -2 | [2(и +2) 0, a- (n, 22,)0 
ово о og B В оо], 
4 ОА 448 = 
(9) “Aggy = (Абв Авуст 759 227103 9 Ао > 
4 м 


(h) ово Agog: 


With respect to the coordinate transformation (1.5) and 


k К.ж às k 

(1.6) га 207 By ( Кг), К гову? Торо for К = 2,3,4, Ay? A ву” 
k k k - 2 i = 

T apy A), By? А ово ior К = 1,2,3,4 determined by (2.4b)-(2.5), 


(2.6c)-(2.6h) and (2.7)-(2.10) are transformed as tensors (because 
they are sums of tensors) and n. и, determined Бу (2.3), 
(2.4a) are transformed as connection coefficients (see 1.24) and 
(1.25)). 


Definition 2.1. Recurrent Finsler space Fy (D) supplied with the con- 
nection coefficients r* and A which satisfy relations (2.3)-(2.10), 


will be denoted by Fu(D;3,u, P A) (To, Ag)- 


Lemma 2.2. There are 25 essentially different types of connection co- 
efficients in FA(D,3 1,0, f, À) (то Ао) - 


Proof. If in Fy(D,3 50, f, A) (To sAp) some of vector fields A, u, or 
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some of tensor fields , А or Tare zero, then in its place in 


I. Comic 


Fu(D,3, 1, 6, T,À) we shall put zero. The 25 different types о? connec- 
tion coefficients in Ри(О,^,м,е, f, A) (T, ,A p) are: 


— 


(2.11) 


. Fy(D,0,0, o, 7,8) 


wow on O c a» € > 


с Fy(D,A,n,8 в,Г,А) 


Fy(D,0,u, 6, f. А) 
Ен(0,^,0,е,Г,А) 
Fy(D,A,u,0,7,A) 
Fy(D,A,1,0,0,A) 


. Fy(D,A,n,0,1,0) 


~ 


2 Fy(D,0,u,8,0,A) 
10. 


Fy(D,0,u,0,1,0) 


. Fy(D,2,0,0,7,A) 
. Fy(D,a50,0,0,A) 
. Fy(D,A,0,0,7,0) 
14, 
15. 
16. 


Ем(0,2,0,0,0,А) 
ғм(0,4,150 ‚г,о) 
Fu(D,3,1,9 ,0,0) 


We shall use the notations: 


17: 
18. 
19. 
20. 
21. 
22. 
23. 
‘24. 
25. 
26. 
27. 
28. 
29. 
30. 
31. 
32. 


овү 


* 9.8" gPoy 


2569 


(2.12) kr = 

(2.13) — КА = [КА во=0)А(КА 

(2.14) — ЗА = [CR ore (26, 6% qq)A 
(Aggy (бов 
È ast yea 


B tat py 


-0)A ("A в 


Ен(0,0,0,0,Г,А) 
Fy(D,0,0,0,0,A) 
Fy(D,0,1,0,0,A) 
Fy(D,a,0,0,0,A) 
Fy(D,0,0,0,T,0) 
Fy(D,0,u,0,7,0) 
Fy(D,2,0,0,1,0) 
Fy(D,0,n,0,0,0) 
Fy(D,2,0,0,0,0) 
Fy(D,Asu0,0,0) 
Fy(D,,0,0,0,0) 
Ең(0,0,џ,0,0,0) 
Fy(D,0,0,6,0,0) 
Fy(D,0,0,0,7,0) 
Fy(D,0,0,0,0,A) 
Fy(D,0,0,0,0,0) 


kk _ k A 
(К га 0=0)А( Тов 02^ Гиви =0)] К=2,3,4 


3,6 
)-2 Tree Ago) ^ 


ву) 2 ву (А) 
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Lemma 2.3. In the special cases of Fu(D,3 ,u, 6, f, A) (rA ) given by 
(2.11) the connection coefficients which are different from (2,3)-(2.10) 
are denoted in the following list (where the notations from (2.12)-(2.14) 


are used): 
№ 17. ĉr, Sr, ASA 
2. T 18. 2r, r, r, A, A 
з. 2А,ЗА 19. 2r, r, Ar, Зд 
4. Зг,ЗА 20. Зг,4г,2А,ЗА 
5. ^r 21. 2г,Зг,2А,ЗА, А 
6. ЧА 22. 2г,Зг,ЗА ‚АА 
7. 2г,Зг,2А,ЗА 23. Зг,?А,ЗА, А 
8. 2г,Зг,ЗА 24. ?p r, Аг, 4a 
9. ?r, 3p, Ar 25. 41,24, Зд, д 
10. 2г,Зг, ЗА "26. 9p, ^r, 24,34, А 
11. Зг,2А,ЗА 27. 3r, Ar, A,A, А 
12. 4т,2А,ЗА 28. 2т,3г,4,Зд,4д 
13. 2А,ЗА, А 29. 2г,3г, 4р, д, SASA 
14. Зр,4, Зд 30: 2г,Зг,2А,ЗА, AA 
15. 3г,ЗА, ЗА 31. ^r, 3p, ^r, 24,94 
16. Ar, 7A 32. osi e А А ГАН 


Theorem 2.1. In the Finsler space there are 27 essentially different 
types of connection coefficients which by parallel displacement preserve 
the angle between two vectors. 

Proof. As we proved in Theorem 1.2. in the space Py (D) the angle 
between two vectors by parallel displacement does not chanae. The 
connection coefficients in Fy(D) which satisfy (1.2)-(1.4), (1.10)- 
-(1.15), (1.20) depend on arbitrarily chosen seven parameters: D 

и ,0 -T АВ .NT,M*. Instead of the arbitrary pair (нен), ме сап 

ү?” ав? ау’ ay’ В? B 

сһоо$е 


(тж ABS) (Lrz5,0), (№,0), so we have 
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о d 


c. Fy(D,a »u,0,1,A)(N,0) 


м 


d. Fu(D,3,u,6, T, À) (Го›0). 


'Since F(D,3,u, 0,7 ,A) may take 2° different forms given in 
(2.11), so we have 4.25=27 essentially different kinds of connection 
coefficients which depend on the choice of (N,M), (Tg,A5)(N,0) or 
(78,0). 

It is clear from the above that all the mentioned connection 
coefficients are special cases of a.1. The first introduced and most 
examined case is d.32. which is Fu(D,0,0,0,0,0) (76,0). It is the Fins- 
ler space supplied with the well known Cartan connection coefficients. 
We obtain them from (1.17) and (1.18), if we put them in 


z TS z T = А = a- e z 
A 50u, 0,0 в 0,1, ОЗА ву О.М Lr. ,M.-0. 


By ов? в 
These connection coefficients appear in the papers of E.Cartan, 0.Varga, 


in the book by H.Rund [9] and many other authors. 
Parameters A, and р were first introduced by A.Moor in 
|6|. He examined special cases of b.4. i.e. such a space 


Fa (053,0, T, A) (Tg, Ag) in which D NEU pay and А вү>Аваү'" 


The nonlinear connection № has recently been introduced 
and appears in a book by M.Matsumoto [4]. He studied in |5| the space 
c.17., the space F,,(D,0,0,0,r,A)(N,0) in which А =0,р =0,0 ,-0 and 

N = Y Y aß 
М =0. 
В 
Parameter 6 was first introduced by the present author and 
some special cases of b. were studied in [1], [2]. 


А 


In this paper the tensor ме is introduced for the first 
time, and the most general till now known connection coefficients are 
obtained by (1.17) and (1.18). 
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5 3. SOME FUNDAMENTAL RELATIONS IN Fy (0, ,у,9,Ѓ, A) (N,M) 


From 
6 6 
Жл 
we have 
Bô B6 
3.1 E 
(3.1) СР = 
Bô Bô = 
(3.2) Ss], 9 ЧЕ 0. 


From (3.1) and (1.22) we get 


B6 88 fo. бое 
(3.3) ace MC 49^") -28 (re 2 


From (3.2) and (1.23) we have 


3.4 BS = -u,g^5-(u 42% )o 9 7 Bru. LO 
(3.4) I jy = WS Ory te 8-26 (Ag - M.) - 
In (3.3) and in (3.4) 

68% = gge 

From (3.3), (3.4) and (1.26) ме have 

3.5 BS = B6 Y BS фт L3 Y naY 86 
(3.5) Dg g e *g NL (a dx +. De )g 


By direct calculation,we obtain 

“б v9 (4 бук 6 ук 6 „6 б 
3.6 x = 9 X°-(9 X + ТАЗ Хх = - = x 
( ) 1Y dy o hr тк Y p № 4 г, Tey 


Introducing the notation г = 5 - м, we have 

(3.7) c ep Or „115 + A x5, 
Y А ou 

If we put 


Йй к 
= 3 t = 
(3.8) del = Llaes) I А; ye 
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then from 
Wey laa. = 273,3, 12-3 19, L 
Uo cel 6 - 1*6 6 
and (3.8) we obtain 
1 K 
(52) Bel = (94572145) ly - As ү. 


6 
For 2 |, we have 


$| 5. (46k < абк бк 
| (ак = lal + sn |. 
Substituting (3.4) and (3.9) into the above едиаііоп, ме obtain 


QUE NN 6456-90. 06) -аёкд © 9 1M?) 096 
(3.10) — 28ly= -мд6-(и +28,)воб(68-2,08) Г, -a5KA,° -2(A o, -M. Jone 


For any scalar function G(x,x) ме shall introduce the notations 


. 1 
(3.11) Gy = 346- (3 б)№, 
(3.12) CE. = L(3«8)I , 
We have 


баст: nS 
Ў DG = dG -a3,GdxY« ә, бх", 

Substituting dx' from (1.4) ме get 

(3.13) dG = 3. бах". (2.6) 1% DY-L(3,6)* dL (8,6)нуахҮ, 
from which it follows that 


DG = dG = G \dxY +6) De’ 
1 Y 


is true only when G(x,x) is homogeneous tO degree zero in x. 
For G(x,x) = L(x,X) we have 


А - ы Я o 
(3.14) — = =ayL-(AL)Ny -O4L-N. 


А О 
(3.15) Lyy = MORLIS = Ца Му). 


СС-0. п Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
Affine connections in the Finsler space 47 
a Ж жк мє 


Since L(x,x) is homogeneous to degree опе in x, then from (3.13) follows 


dL = L dx’ +L, В+ dL. 
1Y ly 


From the above equation,we obtain 


(3.16) L ахї +L, 087 = 0. 
IY ly 
From 
2 ‘а “В 
= X ; 
(3.17) D де x 
we obtain 
2 'a^8 ‘a в 
ү = Sg ue x” + 29.8% mA 


Substituting (1.22) and (3.6) into above equation,we obtain 


1 


(3.18) Lees Ж LA, (14859) #2, (D-NY) (14800), 


In a similar way from (3.17) using (1.23) and (3.7) ме get 


1 


= -1 о мо 
(3.19) Liy = 2 Lu, 2 L(p *25., egg Lt, +L (Ap Mo) (1+00о). 


From 


FOU TER mentees 
1У LY ry 


(3.6) and (3.18) ме obtain 


бе б ,95-1 HAG by 1+9 40) 
aë oe CSN a a А (19до) 7 ы а (8-87) (14900), 
i.e. 


S РОД а, 57156 24 71,6 хама 
(3.20) 2 = 17 (62-2 2a) (T-N) 2 f£ (14855) в ee (re -N In о. 


Using (1.22) and (3.20) we have 


K = K K 
RE (Isk? ү Част" +952" Y 


= -1 a 
(3.21) £447 х 25960672 tày (19800) 4L (95,7252,) (ТүН) 


= а ра 
+L Т (ө etat, +29055.) (T7, -NY) 
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Relations (3.14) and (3.18), further more (3.15) and (3.19) are consistent, 
which can be proved in the following way: From (1.17) we obtain 


Р ta ВЕ ^ =! эЛ RON = 
(3.22) По 0:22 (14855) 890 (TEL =) 


because 


~ > ~ 


Г - = 
yoo Toyo yoo 0 


From (1.1) we have 


Yooy Н Yagy" qs. 


hoB 2 2 poh ON eee es Bee 
21 [9998 (2 L )*2.3,2. (2 L^) 353.9. (2 Кух 


Using the homogeneity condition, ме obtain 


-1 
(3.23) ig, cS 


Using the relation 


«ЛУЧ: О 
m = LT oo, * 


further substituting (3.22) and (3.23) into (3.18),we obtain (3.14). 


Оп the other side from (1.18),we have 


M9 


ФР = epu. ze К 
(3.24) tese) (Acn MP) = -2 79 2 (u *2&. ) 6оо Ку 


OY Y 
Substituting (3.24) into (3.19),we obtain (3.15). 


From (3.18) and (3.19) we get 


Yate Neuse Е ТТ 

(3.25) L dx +L) Ds 2 L (14655) [att 2% (T м.) 9х + 
-1 O мое 
2 (1+0 оо) [u +22 &2(Ap. mY) Je. 
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Using (1.20) we obtain 
Y DeY = 
(3.26) Lj dx'«L 027 = 0, 


In the space d. 32. i.e. in Fq(D,0,0,0,0,0) (75,0) where A = 0, u= 0, 
ө а” 0» Pig, = 05 A аву 0, № = = 119, ЮЕ 0 15 = 6%, = 0, 


a aBy aBy ов’ о 
A 2 05 fay he = 0, we have from (3.6), (3.7), (3.9), (3.10), (3.18), 
(3.19), (3.20), (3.21) respectively 

x9 = 0, ot [6° 
ІҮ [у Y 
re. x 95у ч Zety 
25 = 56 = Orf 
Iy ах Y 
ey ИГ 02 A 1$ = 0, я = 0, 
IY ly iY Sly 


which are the well known relations in the Finsler space supplied by 
the Cartan connection coefficients. 
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REZIME 


AFINE KONEKCIJE U FINSLEROVOM PROSTORU 


U Finslerovom prostoru su uvedeni generalisani koeficijenti ko- 
neksije koji zavise od sedam proizvoljno izabranih parametara. Specijalni 
slučajevi ovih su Cartanovi koeficijenti koneksije, kao i oni iz rekuren- 
tnih Finslerovih prostora. Svi imaju osobinu da se pri paralelnom pomera- 
nju ugao izmedju vektora ne menja. Pokazano je da postoji 27 bitno raz- 


liéitih tipova koneksija ove vrste. Za generalni slučaj su nadjene neke 
fundamentalne relacije. 


Received by the editors September 12, 1989. 
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A UNIFORMLY CONVERGENT DISCRETIZATION METHOD FOR A SINGULARLY 
PERTURBED BOUNDARY VALUE PROBLEM OF THE FOURTH ORDER 


Hans-Gérg Roos 


Technische Universitat Dresden,Sektion Matherattk 
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ABSTRACT 


In this paper we consider problem (1) with a 
small parameter e>b and the basic assumption that a(x)>0. 

A numerical method of Petrov-Galerkin type is proposed and 
exponential splines as test-functions are used. Using the 

approach from [4] the linear convergence, uniform in Е, 

of the method is proved. 


1. INTRODUCTION 


We consider the singulary perturbed boundary 


value problem 


AMS Mathematics Subject Classification (1980):65L10, 


Key words and phrases:Singular perturbations, 
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Нем 
ЕО Сакоа“ (хә) f(x) ,u(0)2u7(0)=u(1)=u7(1)=0 


with some small parameter 0<є<<1. Let us suppose a(x)>a>0, 
the functions a(x),f(x) are assumed to be smooth.Whereas 
in the literature a large number of results on second or- 
der problems exists (compare [1],[5] and the references 
cited therein) only few facts are known on fourth order 
equations. Having used a maximum principle argument, Shi- 
shkin [6] obtained some uniform with respect to the para- 
meter € convergence results for a problem which can be 
splitted immediately into a system of two second order 
equations. The difficulties connected with fourth order 
problems are due to the fact that in general a maximum 
principle does not hold. Our approach is based on ideas of 
O^Riordan and Stynes [5] and does not use any maximum prin- 
ciple neither for the solvability of the discrete problem пог 
in the convergence proóf. 
It is well-known that in the case of second or- 

der equations 


(2) -eu" (x) *e(x)u^Cx)*dCx)u(Cx)-f(x) 


the uniform convergence of the Il’ im scheme ог the El-Mis- 
tikawy-Werle scheme at first was proved under the assump- 
tion d(x)=0. Analogously we hope that the more general 
problem 

cu (ах) и“) ^b GOus £GO 
can be handled without complete exponential fitting discre- 
tizing the trem b(x)u completely analogously to f(x). 
Our discretization method is a Petrov-Galerkin method using 
exponential splines as test functions. 

Let us denote by Helly the norm in the Sobolev 
space uFc0,1) and by | -ll the maximum norm. Let (.,.) deno- 


te the scalar product in 12(0,1). set 
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U-(v€H^(0,1) with w(0)ev^(0)-v(1)-v^ (12). 


A weak formulation of (1) is: Find uU such that 
(3) a(u,v):-e(",v" )Cau^ ,v^)z(£,v), for all уб). 


The bilinear form a(.,.) is continuous and coercive - the- 


refore (3) admits a unique solution. 


Setting v-u in (3) we obtain 
1 
(4) l ull 4s а М3/21 fll... 


Thus our problem (3) is in some sense c-uniformly stable, 


the imbedding Н1=С yields 


(5) Il ul „SKII fll > 


too. Here and in the following we denote by K in general 
different constants which do not depend on e. 

According to (4) a usual conform finite element method re- 
sults in an e-uniformly stable scheme (in the sense of (4) 
or (5)). But one con not expect uniform convergence because 
the solution of our original problem contains boundary la- 
yer functions. It holds [3] 


1 
(6) uCx,€ )=gCx,€ )+є ^g, (х,є)ехр(- Va x/e?)« 


= 


1 


1 
te 7g] (xe Jexp(- Vad) (1-x) /e” 


) 


where the functions g can be expanded in an asymptotic power 


1/2 


series with respect toe , further it is possible to 


differentiate (6). In particular, z(x)-g(x,0) solves the 


reduced problem 
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-(а(х)2”)^=Е(х), 2(0)=2(1)=0. 


From (6) we obtain the bounds 


(1*2), -1/2.£ 


(7) (4) їшї «K,Cii)lu „<К(є У 00.1, 2...) 


-1/4 «71/2 k-1 


(111) ull, sk Е ( ) (2249/5. 582 
Thus, the stai.dard error analysis for conform finite ele- 


ment methods using piecewise quadratic or piecewise cubic 


Ci-splines would result in 


7/4 


Khe | for quadratic ct-splines 


- < 
lu ul a 


кһ2е79/* 


for cubic cl-splines 

Of course, fur є<<1 this estimate is practically not appli- 
cable and it is necessary to use special discretization 
techniques. 


2. The discrete problem 


Let some nonequidistant grid be given, i.e. 


=xX_<x,<...< <x =1. 
0 Хо<х1 x X,=1 


N-1 ^N 


The corresponding step sizes we donote by В;=х;-х the 


To yaya 


mesh width Бу h = max h.. We define by a(x) a piecewise 
5 i 
1«i«N 


constant approximation of a(x) with a(x)=a, i =a(x;) for all 


x€(x; 45xi) and modify our original bilinear from due to 


(8) a(u,v):2e(u",v') *(au^,v^). 


Let some finite-dimensional spaces of the same dimension 
Sy, Th with 5590, TSU be given. The discrete problem con- 
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sists in the following: Find ч $, such that 


(9) acu n= v) for all у, ЄТ, 


Бех h*!h? 
where f denotes a corresponding piecewise constant approxi- 
mation to f. Now we introduce basic functions 


Ue Ckz1,...,N-1) in тре0 Бу 


) 


(10) ey," ~aypt=0 on (x;_,,x;) for i=1,2,...,N 


Y,€C7[0,1] with supp =x 5 x,, 2] 

yy Og 271. 
Thus, the test functions yy are exponential c*-splines and 
it is well known that y y are uniquely determined (1а- 
ter we have to calculate them explicitely). Let us for a 


moment choose Sun*TQ and set 


a 
ч = WANE с 
h k=1 кк 


Then the unique solvability of the continuous problem re- 
sults in the unique solvability of the discrete problem, 
therefore the corresponding system of linear equations for 
the unknowns Ук admits a unique solution. First we are in- 


tersted in computing approximations in the gridpoints. In 


principle one could use 
(11) Uh Og) =U Wy Сх) Ууру Д OQ Yk+1 


to calculate these approximations. But it is easier to de- 
rive a linear system of equations for uy itselves. 
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According to the definition of our discrete problem the 


function 65,0 (Sun arbitrary) satisfies 
(12)  (-eyitap up) CE VO 


Taking into account the properties of our test functions 
it holds 


(13)  -ew, + Be =сК on x, ,,x;] 
with c;=0 for i<k-2, 1>К+3. 


Hence, (12) results in 
i=k+2 k 

(14) e Mae (Vy) (k=1,...,N-1) 
i=k- 


(with ENR EOE Whereas the system for v, represents a seven 


band matrix our system (14) for эк is pentadiagonal. 


The system (14) does not depend on the special choice of 
the space Sn» thus for ST, we also obtain (14) and so 


this system admits a unique solution, too. 


Now let us set 


t=(cx,24)/h;,Ag=a,/e,u,=h;A; 


Then it is convinient to represent yy GO on the interval 


x; 45x, 1 in the form [2] 


k MEO 1 (н (1-t) 
(15) о 1-7 t)tyst + ave (Ss) == (1-t)) + 
P MEE t 
A 2 тти t), 


and yy belongs to c? DET 
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k k РК Кы 
(16) рум _ 1+9: 0; МЕР, MP mte т (=1,... N-1) 


А КиК 
with Ti-(yr У;_1)/В; 


sinhv.-u. u;coshy;-sinhy. 
mts TN hep pan + і і 


2 5 i 1 < 
ujsinhų; ujsinhų; 


The differentiation results in 


кк k 
ano скор ER 
i $5 hi 


Unfortunately, it is not so easy to calculate ys МК 


ехр- 
1 Р 


licitely. In the case 2<k<N-2 it holds МК=0 for #<К-2 and 


$2k*2, y%=0 for £«k-2, £2k*2 and y,=1, the five parameters 


k k k k 


k 
Mena? Мк» Мк+1» Yk-4» Ук+1 


satisfy (16) for i = k-2, К-1, 


k, k+1, k+2. A tedious but simple computation yields: 


ў 9 У are the solutions of 


1 1 Z 1 АДЕМ 1 
(18) [ + +(0 +0. ) ]у - —[- + + 

Pk+1 Рк+1 Пк+2 КїЇ К+2 роко "КК Pk Pk Һуд 

1 k 1 1 
*€6, ,*9,) ly = S 

К s рав Peed РкВх 
* К х К 1 1 4 1 

+ = Ç —9 
PRY" UY ena? po f Во | Саа ара 
with 
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p а. +0 
= X 1 Есте 1 1 
р“ = = is ea + +(o +0 ) ] 
к а ^02 Вк+2 Pki Рао Рево  К*1 K*2 PoP 
* 2 pena Ok*O0cs1.1 -1 1 
а =P ee + [ +00 4*0, 
к hk ' B4 Pk-1 Pk k Буса  K-1^Kk Pk hk 


If yer Thea are known we obtain Mic by the formulas 


5 k 1 к k al k 
(19) (i) M =——— у M = y 
k-1 Py 4 Ay 4 k-1? k*1 окъ Ke? k+1 
T PES r1 1 1 k 
EM EU eet Ux? momo Mer 


For an equidistant grid and a(x)-a-const. the р; and o; are 


constant and we get 


(20) (4) yk 47yp4479/ C20) 


Б ЭЛЕС Sas 
(її) MÉ =, 1=1/(256), Му=-1/ (һа). 


It is easy to see that for the order in В it holds 
УК 1» УК, 1=0(1), МК=00Ъ72) (я=к-1,к,к+1) 
: Кэ с 
corresponding to the fact that the term а; (У;-У;-1)/В; in 


(17) generates the discretization of -(au~)“and the trem 


(ME j-Mp)/n, generates the discretization of cuc (the 


right-hand side of our discrete problem (14) admits the 
order 0(h)). 
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The basic functions y4 G0 and Vy CO contain the unknown 


i rv ab real ez il А N- PP Cs | N-1 _N-1 
parameters Мо >My ‚М ys (respectively My-2 2 My- 1^ My »XYy-2) 


and we have to take into consideration the boundary condi- 


tions. We obtain 


1 (1 Р2 4 ЗИ а 1 9027030 IS: 1 
(21) РМ 22 [ Б. е лае 
в; B, hg десь. n Баи САМ ШЙ 
о лыр [idm i 42598 кре, bad 
Ж hj 10 p h) В; раз 72 hi рә A 
14 
If Мо ›У> are known we get 
core | 1: en 1 Goto ШЙ 
ЕВГ эу Жан тат EE yd га 5 


1 -1 
Substituting My :=М№- Е к=0,1,2),уз:=ун д hy 14 5 Вур 044^ * PNK? 


бк+1: ^9N-K the corresponding system for the basic function 
Py (x) is generated. For an equidistant grid with a(x) a 


it holds 
(23) (i) уў=ро/(207-р7) 
(ii) М =+2(0+р)/‹В(-р?+29?)) ,М1=-(20+р)/(Һ(202-р2)), 
M?=0/(h(207- 9?) 
Now, let us set 


(24) d =} GE. 
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for the right-hand side of our discrete problem (14). We 
have 
Xi 1 
Ko k = 
а; = f s; (x)dx=h; Л s;(t)dt 
Xi. о 


and on s-ch a way we get 


к k к к 
На виа i 
3E ow 2 A2 usinhu: vi 
i 


Thus, all coefficients of our discrete problem (14) can be 


computed using (17),(24),(25) and the formulas (18),(19), 


(21), (22) for the ук Mp (2=k-1,k,kt1). 
3 


3. The uniform convergence of the method 


Let us define the selfadjoint operator L on the function 
space U by 


(Lu,v)2(u,Lv):-a(u,v). 


The solution of the problem 
L G.-6(x-x. 
е; (x x5)> 
a Green function, is characterized by 


(26) E(GE м") * (a6: м”) =и(х. ) for all x€U. 


It holds G; €H? and в; ес”. Choosing for w some finite funcions 


we obtain 
(27) єсї#?-авс"=0 on every subinterval (x x:) 
3 3 y 105149 


Combining (26) апа (27) we get that 85 satisfies the 


following jump condition 
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m = n = 
(28) 5.6.:= lim .(eG. - aG2)- lim (eG. -6a06:)--6,.. 
1 X3X;-0 J J х+х +0 J J 1) 
i 


Thus, G; is equivalently characterized by 6,€c^[0,1], 
6. (02-85 (0)-3, (2263 (1)-0 and (27),(28). 


Lemma 2565 belongs to the test space Th: 


Proof: All functions in Th can be represented as 


New, we have to prove only that it is possible to fulfil 
the jump condition (28) choosing the parameters ak in an 


adequate way. Let us choose g€T,. From (10) it follows 
e 


Е: 
Еф - avi)» dx=0. 
келт ИК Е 


Integration by parts results іп 


Na х » Lx "N-1 р a NE 
a (op, -a,. ^) - a EW, -ay, )ф^ах=0 
ki К aei KR оча ЖЫШ ; 


respectively 

on "a, d | 

29) a (S.p ox.) + [Сєџ", 0") +(а ш“ ,ф^)]=0. 
kia. K а а етае с> 


Let Ф515. №1) be some basic function of Th with 
Pn Xa) S em" 


Choosing 9-0. in (29) we get 
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N-1 
(30) SmE; + DA ay Ceu Фи") + Cave 07120. 


Now, one can choose &y in such a way that ЗН: =-б 


represents’ а linear system for the unknowns Oy which is equi- 


valent to the system for the unknowns Ук and therefore unique- 
ly solvable. a 


Lemma 2: For the error at tne grid points tt holds 
(31) u(x; )-u;=Cu ›(а-а)6;)+(#-#,6;), 


Proof: Let us start with 


u(x, )-u; ( (u-u) Cx) 6 (х-х; ))=CCu-u, ) GO ,LG; ) -a(u-u, ‚б, >) 


A splitting yields 
ux; )-u;=a(u,G; )-aCu, ,6;) 
=a(u,G,;)-a(u,G, )+a(u,G; )-aCu, ,G; ) 
-((3-a)u^,62)*(£,6,)- (£,6,) 


taking into consideration G; ET o 


n 
THEOREM 1: Let us assume 
la-all ,<Kh,|l F-fll «Xn. 


Then, the above defined method converges uniformly with 


respect to Е at the gridpotnts and the following error esti- 
matton holds 


(32) max |u(x,)-u, |<Kh, = 


where К does not depend оп є ,h. 
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Proof: Let us note that we have already proved 


l ull ; SK. Analogously, from (26) it follows 16:1 ;<К,16;1 ,«K. 


Now, the statement follows directly from (31).a 


In order to approximate u(x) for all x we use the linear 
interpolat= Tun which satisfies Cru, ) (x; =u; - 


Lemma 3: For the Linear interpolate it holds 


l u- Tull , «Kh 


that means, и ts approximated uniformly with respect to € 


г oo 
in the L  -norm. 


Proof: Let us fix some x€GO; 45x). Then we have 
uGO-suy G072[uGO-7u(x; 4)*u(x; _ 4-03 4] cx, 40/ Gu 7x 404 


*luG0-u Ga )+ибх, )7u4 хех) 66 47x32. 


Thus, from theorem 1 andlu^l,€K the desired result follows.a 
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REZIME 


JEDAN UNIFORMNO KONVERGENTAN METOD DISKRETIZACIJE 
ZA SINGULARNO PERTURBOVANI KONTURNI PROBLEM ČETVRTOG REDA 


U radu se posmatra problem (1) sa malim parametrom 
=>0 1 osnovnom pretpostavkom а(х)>0. Predložen je numerički 
postupak Petrova-Galjerkina koji koristi eksponencijalne 
splajnove kao test-funkcije. Korišćenjem pristupa iz rada 
[4] za postupak je dokazana linearna konvergencija, uniform- 


па po Е. 
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ABSTRACT 


The S-asymptotic behaviour of solutions of non- 
-homogeneous elliptic partial differential equations is 
given on a ray {pw,p>0}, where мЕКП and |wi=1. 


INTRODUCTION. 


The S-asymptotic is one of the notions related 
to the asymptotical behaviour of distributions elaborated 
in [3] . It can be profitable in many studies and appli- 
cations (see [5]), especially in the quantum field theory. 
In [1] one can find references to papers from the quantum 
field theory which pushed forward the study of the S-asym- 
ptotic behaviour of distributions. 
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1. FUNDAMENTAL SOLUTIONS OF AN ELLIPTIC DIFFERENTIAL 
EQUATION 


A fundamental solution of a differential equation 
3 
P (1 53) u=0 


in n-dimensions is a distribution GED“(R") satisfying the 
equation 


P(A 52)G(x)=6 (x). 


а 


Let Polt 5х) be the principal part of P(i : 


Эх 
тї Poly) #0 for any real y#0, then P(i 5 1$ са11еа ап 


). 


elliptic operator. Assume that the coefficients of P are 
real numbers. If the elliptic operator is also homogeneous 
(i.e. if it coincides with its principal part), then fun- 
damental solution G(x) has the form: 

x 
A(r),m-n 


‚ for n odd, or n even and m«n 


(1) в(х)= | 


"BD x" P4c(x) ln г, for n even and mn 1. 


where A(y) and B(y) are analytic functions on |у|=1 and C(x) 
is a polynomial in x of degree.m-n ; m is the degree of the 
principal polynomial в (у) (m is then necessarily an even nur 
ber) [2]; г2=1х} 2= Js afe. 
2. S-ASYMPTOTIC OF FUNDAMENTAL SOLUTIONS OF ELLIPTIC DIFFEREN- 

TIAL EQUATIONS 

We shall use the following definition of the S-asymptotic i 
S^[3] : 

Definition. Distribution T€S^ has the S-asymptotic related 


to c(h)>0 in a cone г with the limit UeS~ if and only if there 
exists the limit: 


(2) lim «T (xh) /c (h), (x) >=<U, > 
her,Ynli ^e 
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for every фЄ5. If Г={ри,р>0},1м1=1,, we write in short: 
T(x+pw) È c(p)U ‚рж. 


Our aim it to find S-asymptotic of the fundamental solution 
G given by relation (1). 


m-n 


First we shall treat the function AG) r ‚ Mon ; Aly) 


is analytic on |у|=1. Г will be the ray{pw,p > 0} for a fixed 
wen? ‚ м|=1. In this case limit (2) is 


J = lim <p MAK crow) Al x+pw II xtowl "y „р (х) > 


E 


zm i А( ( 
со gp? p 


x x пп 
11 sw) AZ + wDIŽ al Mo (х) ах 


Since и 


A((Ž + м) ЛХ + wh IS + wil < 
р p р 


n 
2 2 
<M) (x, |+|м.1)2 00972, , р>1 
151 і і 

where M-sup А (у), [уі =1, we can yse the Labegue“s Lemma which 
gives 

J=A(w/llwil Jw" — f ф(х) dx = A(w) J ф(х) ах. 

Ris в 
x, пп 

We proved that A(>) г ‚ m»n , has the S-asymptotic rela- 
ted to D on the ray {рм,р>0}, lwl-1 and with the limit U-A(w). 

The next step is to find the S-asymptotic of the function 
А(>) yn , but in case m<n , m>0. 


Suppose that in relation (2) the function ф be- 
longs to D and supp cI", I-(-a,a),a€R,. Then for 


p>a/max|w; |, i-1,...,n 


lim ри М f A((x*pw)/l x*pwli)l xtowll ™ p(x) ах 
pre ъп 
-A(w) | Ф(х) dx. 


R? 


mn 


Hence, A(X)r m<n, has the S-asymptotic in D^ with the 


limit A(w). Since D is dense in S, to prove that this func- 
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tion has the same S-asymptotic in S^, it suffices to pro- 


ve that РА (р) ‚ 0>0, is bounded (see the Banach-Stein- 
chaus theorem) ‚ where 


J(P)= JA esp lxiowl""Po(x) dx , oes. 
Therefore, we shall divide the integral J(p) 
into three parts and use the following inequalities: 
For Їхї<р/2 and Ixll>3p/2 ,lx*owli2|Iixi-0|20/2. 
For eS and p/2Xlxl«30/2, | p(x) | & (1+1 х1 2) “Kx (14 (p /2) 2) * 
where k is any integer and K is a constant. 


Now, we have for YES, m<n, m»0: 


pny Jig j: f зог)! xtowll PP (х) ах| < 
Их < > ll. xil > > 


« 2 287" м f lo(y)]|ax, 


ga 
where M-sup |A(w) |,ll wl=1, and 
Id < 3e 
АГ А@ р )1 xtpwil™ M(x) ах| < 
Их | > $ 


I xi <32 


< x— Л И xtpwil TP dx+0,p+0, 
(зр) qua >р 
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Assume, now, that C(x) = ў сухі поп, where 4,€R ; 
fijan 

T A al 4 in 

1-0) jx UNT |1|7i,*...14. Then, 


lim o"7"(1ng) l«c(xspw) 1nlaeswl ,@ (x) >= 


po 
= lim p (пр) 1 ] ў а хри) (11р + 
p gh е 
|i |<m-n 
+ 1315 + м) (ж) х= J оа, w^ f фб) dx 
P i|zm-n R 


by the same reason as in the first case. 


The results of this paragraph can be expressed 


in the following 


Proposition 1. If С is a fundamental solution 


of the eliptic homogeneous operator P of degree m in n- 
-dimension, then on the ray {pw,p>0},llwll=1, G has an 
S-asymptotic: 


G(x*pw) Эр P.G(w), рэе for n odd, or n even 


and m<n ; 


(3) G(xtpw) Sp™ Pinp-D(w), p», for n even and mèn, 


where D(w)= lim G(pw)/(p™ P1np). 
po 


2. S-ASYMPTOTIC OF SOLUTIONS OF A CLASS OF PARTIAL DIFFEREN- 
TIAL EQUATIONS 


Now, we can give the S-asymptotic behaviour of 
solutions of the partial differential equation: 


(4) P( 12-)ц(х) = (х), feos 
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where P is an elliptic homogeneous operator of degree m 
in n-dimensions.We know that a solution of equation (4) 
is of the form u-G«f(G being the fundamental solution of 
the operator P) and belongs to S^. Namely, since G be- 


longs to S^ and f to 0с , then G*f exists and belongs to 


S^ [4]. Moreover the mapping: (G,f) G«f is separatelv 
continuous. 


Proposition 2. Equation (4) has a solution 
-Gxf belonging to S^. u has an S-asymptotic on the ray 


(ow, р>0 }, 11 21,902; 


п-п 


u(xtpw) ёр *(G(w)xf), for n odd, or n even 


and mcn 


(5) u(x+pw) So™™ino-(D(w) «#), for n even and прп, 


where G is the fundamental solution of the elliptic differen- 


tial equation P( i 33) G(x) =6 (x) and D(w)= jim С(5м) / 
E] 


(р Ping). P is a homogeneous operator of degree m in n- 


dimensions 


Proof. Suppose that G is a fundamental solution 
of the equation P( i 33)u (3) =6 (x) , then G has the form 


given in (1) and has the S-asymptotic given by relation 
(3). A solution of equation (4) is u-G«f. Since this con- 
volution is separately continuous, from (3) follows (5). 


REMARK. It is well known that if v is a solution 


of equation (4) and u-V has the convolution with G, then 
v-u. This fact says ebout the class of distributions in 
which our solution u-G*f is unique. 
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If P is elliptic but not at any rate homogeneous, 
then the fundamental solution G(x) of (4) has the from 


А(Ё,г)г п ‚ Еог п оаа 


B(Z,r)r™ "+c (Я, к) г" Inr, for п even, 


where A(w,r),B(w,r),C(w,r) are analytic functions in (w,r) 
іп a neighbourhood of 1м =1, r-0, and crn isa 


function C(x) which is analytic in x at x=0 (see [2]). 


Acknowledgement. Dr N. Ortner, University Innsbruck, poin- 


ted out to me the form of the fundamental solution of an 
elliptic differential equation which facilitated the proof 
of Proposition 2. 
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REZIME 


S-ASIMPTOTIKA RESENJA PARCIJALNE DIFERENCIJALNE 
JEDNACINE ELIPTICKOG TIPA 


U radu je dokazano sledeCe tvrdjenje: 


JednacCina (4) ima rešenje uzG«f koja pripada 
skupu S^. To rešenje и ima nad zrakom {рм,р>0} „імі 21 


S-asimptotiku Када рэе; 


u(xtpw) 3011". (б(м)*Ғ), za n neparno, ili n 


рагпо 1 m<n 
$ом-п : 
u(x*pw) *P Ino-(D(w)*f), za n parno i men 


gde je G fundamentalno rešenje jednačine (4), a D(w)= 
= lim G(ow)/(o"""1no ). 
po 


Jedinstvenost rešenja и је и klasi distribuci- 
ja Y koje imaju osobinu da u-v ima konvoluciju sa G. 
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Bogoljub Stankovic 


Institute of Mathematics;Universtity of Novt Sad 
Dr Ilije Djurtéida 4,21000 Novi Sad, Yugoslavia 


ABSTRACT 


А class of distributions, named n(G), is de- 
fined as a generalization of de Наап 5 Tg class of fun- 


ctions [2]. The properties and the characterisation of 
the class m(G) are given. The applications of the class 
т(@) are left for the second part which will be treated 
in the next paper. 


INTRODUCTION 


In a quite recently published book [1], the 
authors named the study of the existence of the limit 


#(Ах)-#(х) . (3) 3 А>0, 


(1 li 
) x8 g(x) 
AMS Mathematics Subject Classification (1980):46F05, 26А12 


Key words and phrases:Regular varying function, asymptotical 
behavtour of a distribution. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


74 В. Stankovié 


with an f measurable and g positive function, as "de Наап 5 
theory", 


For a regular varying function g the class 


n is the class of measurable functions satisfying (1) 


with 
logAÀ , p=0 


k (A) =k =e 
P (AP=1)/p, p40 , 


for some constant c#0, 


In his book [2] de Haan treated this class 


Пе? but he elaborated in more detail a subclass of П 


namely, the class My but with g as a slowly varying fun- 


, 


ction and c-1. The class Ny is a proper subclass of the 


famous Karamata class of regularly varying functions (see 
[3] and [5]) and has many applications (see [1] and [2]). 
Our aim is to enlarge the class ПЗ to distri- 


butions (generalized functions of L.Schwartz“s type [4]) 
and to point at some applications of such an enlarged 


class. 


1. TME CLASS Tg OF ÐISTRIBUTICRS 


Writing F(y)=f (eY) ,G(y)=g(eY) and K(y)-k(eY), 
y€R, we obtain the "additive-argument version" of (1): 


(2) dm = = K(y), yeR. 


This version suits our aim better and has been frequently 


used in proving the properties of elements of the class 


Tr. » 
9 
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DEFINITION 1. Let G be a positive and measurable 


function. A distribution T€V^(R) belongs to the class т (G) 
if and only if for every ФЕТ(К) and every yeR 


SAREE) РЕНН 
(з) jim «ОУН ТЕНЬ ос) >= <8 Gy) 9 G0» 


where S(.,y) is a family of distributions which is not con- 
stant in the parameter y. If in our definition S(.,y) can 
be constant, then we have the class по (С). 


M со 
First, we notice that <Т(х+у) др (х)>=(Таф) (y)eC (R), 


where (x) =ф(-х) and the asterisk « is the sign of the con- 
volution. Now, (3) can be written in the from: 


у v 
(Тжф) (y+h)- (T9) (h) _ v 
(4) zim С) (5(.,У) xp) (0). 


If we denote by Е(у)=(Таф) (у) and by K(y)-(S(.,y)* 
*ф) (0), relation (4) has just the form of (2). In such a way, 
we related the class m(G) of distributions with the class Па 
of functions and through relation (4) we can use all the re- 
sults which concern the class По, in proving properties of 


the class T(G). 


PROPOSITION 1. If Tem(G), then S(.,y) has the form 


S (x, y) -k ,(eY) e?*, рек. 


Proof. For every ZER we have: 


G(zth)  _T(x+ty#(zth) )-T(x+(zth) ) 
ASE Cth) Gta th) rere А ОЁ 


2 T (x+z+yth) —-T (x+z+h | 
a G(h) Е D ф(х) >. 
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It follows from Theorem 1.9., p.16 in [2] that 
there exists а рек such that: 


(6) im SE cios zeR, 


>% 


Relation (5) can be written now in the form: 
(7) е?®<5(х,у),ф(х)>= S(x+z,y) ,o(x)». 


Takin care of the existence of the derivative of a distri- 
bution, from relation (7) we can derive the following one; 


pS(x,y)=D S(x,y), where D,S is the derivative in x of the 
distribution S(x,y) for every y€R.,The unique solution of 


this equation is s(x,y)=eP*c(y), where C(y) is a family of 
constant distributions. From Theorem 1.9., p.16 in [2] and 


relation (4), it follows that «S (x,y) , Q(x) >=К (еў). Hence, 


С(у)=с үк (е?) апа S(x,y) has the form к (ее? o 


REMARKS. 1) We can always suppose that С is а 


continuous function. Namely, if Tem(G), then for a Фое? 


T(x*ty*h)-T (x+h 
dim: ( С )-T( ) 1g G0 >=K (e) <еР*, ф(х) >. 


Y 
We can choose a ys such that X (e 2) <еРХ,ф (х) >= 1. Since 
G(h)»0, heR, there exists a hg such that «[T (xty +һ)- 
-T(x*h)] Q5 (x) >=G, (h) »0, h2h,. The function G,(h) can be 
enlarged for h«h5:G, (h) =G (h,) ,h«h,. The function G, is con- 


tinuous, nositive and 


fen = ie 19x) >= 
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с, (в) 
k T(x+y+h) -T (ch) 1000 — 
ee Gh) Е MEG UES 


Since nam С, (в) /G(h)-1, we can always replace G by G, in 
(3). 
2) We have seen that G from Definition 1 satis- 


fies relation (6). Write G (h) =e? P (в) ‚ then there exists 


the following limit: pim L(xth) /L(h)=1,x€R, and L(lny) is 
+o 
a slowly verying function [5]. Then, we can always suppose 


that G has the form G(h) zePhy (в). 


PROPOSTITION 2. The limit given by relation (3) 


is uniform in y on every compact set belonging to К. 


Proof. This proposition follows directly from 


Theorem 3. 1.16., p.139 in [1], if we use form (4) of li- 
mit (3). 


PROPOSITION 3. If f is a function belonging to 
the class Па ,then Е (еУ)=Е (y) defines а regular distribu- 


tion Е, which belongs to the class m(G). 


Proof. If f belongs to the class HT, ,f is measu- 


g 
rable and F(y)-f(eY) is measurable, as well. As a conse- 
quence of Theorem 3.1.16.,p. 139 in [1], it follows that 
Е is locally bounded ; then, the same property has Е. Е 

is locally integrable and defines a regular distribution 


~ 


Е . Now, for а ФЕЙ, supp gc[-r,r] and yeR 
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F (xtyth) -F Geh) z 
ид Posen грош. uo, 


>i г Е(х+ү+һ) -Е(х+һ) G(xt+h) 
E Gch) ЖОП uere 


We know (see [5]) that limit (6) is uniform in z on every 
compact set belonging to R. Taking care of Theorem 3.1.16 


in [1], once again, we can apply Lebesgue^s theorem to 
the last integral and we shall obtain for the sought limit 


- ДО k (eY) еРХф(х) ах 
=r P 
wnich proves our proposition. 
The next example shows that we can find a locally 
integrable function h:R, ^R which does not belong to any 
class Ts but the regular distribution Һ (ех) belongs to а 


class m(G). Such an example is the following: 
h(x) =x f g(1n u) du + x g(In x), x>0, 
e 


2 


g is continuous, g(x) <e”, хеј = (n-e^ п, nte 21); 9(х)=0, 


x£J4neN. Hence, genl(-e,). Now, 


nixt)=h(t) y д gün u) 98 - jj gln ш) $8 + 


+ x 9(1һ x + 1n t)- g(In t) , x>0 
the two integrals have a limit when to, but x g(ln x + 


+ In t)- 9(1һ t) oscillates between zero and infinity. On 
the contrary, the function 
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x d 
h(e”i=F(x)=e* Jý 9(у) dv + e* g(x)= $- (e* JŽ giv) av) 


defines a regular distribution belonging to ne"), To show 

that, assume that ọ€0 and supp oc[-r,r].Then, for the dis- 

tribution F, limit (3) is: 

x (х+һ 
f 


- lim f” g(v) ду]ф^(х) dx 


d - 
ix du g(v) dv e 


х+у f xtyth 
a a 


= [ 90у) av (eY - 1) |" e%p(x) ах, yeR. 
с 


Proposition 3 makes precise in what sense the 
class of distributions 1(G) enlarges the class of functi- 
ons Пз. А distribution which is not regular, but belongs 


to a T(G) is т(х)=х\, #-1,-2,...,А<-1 (see [4]). In this 


case, for ФЕЙ, supp ocl-r,r],h>r+|y|, limit (3) is: 


А А 
j^ (x+y+h) “= (x+h) ф(х) dx =A y fo (x) qx! 


lim 
hoo `r n^1 -r 


Hence, the limit distribution S(x,y)=Ay. 


PROPOSITION 4. A distribution тє?“ belongs to 
the class m(G) if and only if for every interval I,-[-r,r] 
there exist numerical functions F,,i=1,2,...,m, continuous 


оп [-r,o), such that for every i , i-1,2,...,m, the limit: 


Е; (y+h) -F, (h) ey 
д i ме У Үс ел у= 
lim ааа 0 CE 


is uniform for x€l, when hoe. The restriction of the di- 


stribution T on [-r,o) can be given in the form 
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(8) LASD EP 


By D we denote the derivative in the sense of distributions. 


Proof. First, we shall prove that the conditions 


are sufficient. Suppose that T is given by the sum (8) ,then 
limit (3) is: 


F, Gctyth) -Е; (x+h) (34) 


m 95 
wim ea) г Ф (х) ах = 


he i=l -r С (h) 


3 (5.) 
i rr px i 
3H f^ к. о(ее © (x) ах 


e к (е?) е?Хо (x) dx. 
cre 


It follows that TET (G). 
Suppose, now, that Temr(G). Then, the set of dis- 


tributions Hz (T (х+у+В) -Т(х+һ) /G(h) ,he[r,e) , ye( -r, ,r,1) is 


bounded in D^. From а part of the proof of Theorem XXII, 
p. 51 in [4] or from a lemma proved in [6], p. 130 follows 


LEMMA 1. If tem(G), then for an interval I,z[-r,r] 


and a §,which is a relatively compact open neighbourhood of 
zero in К, there exists a m>0, such that for every ф, уе 


ev? the function (TzọxŅ) (x) is continuous for хЕ[-г,®) and 


lig (HEETE) no(t) ay (e) ] (x)= 
h+% 


= Кр (eY) ге? «o (t) ay (€) 1 (x) ; 
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this limit is uniform in x€I_ „yel: г "ЕК. 


То bring to ап end the proof of Proposition 4, 
let us take relation (VI, 6; 23) from [4] 


2k 


(9) T=A x (YE« YExT) -2A*4 (үЕжЕкТ) + (Ex E* T) 


where E is a solution of the iterated Laplace equation 
АКк=в; v EEV: We have only to choose the number k large 
enough so that yE belongs to Va . If we denote by 
Е,=УЕ*УЕ*Т, F =YExExT and by Ез=5+5%Т, all the functions 


m 
Fi, 1=1,2,3, are of the from Е} =Т*ф, *у}, where 91 9128 , 


Hos 
By properties of the convolution we have: 


в; (yth)-F, (В) 


_ г Ge yh) -T (xh) ; 
= = (AY) «9, (x) жр, (х) 1 (0) 


с (в) 
and by Lemma 1 it follows that 


Е. (y*h)-F , (h) 
lim ci ЕЕ aid Sa 
hio G(h) 


Кр (eY) Leo, (x) «y, (х) 1(0) 


k (e ) . 
i,p 
uniformly in yer 2 


Proposition 4 characterizes the class 1(G) as 
the class of distributions T given by the sum of functions 


Fi, Е; (1пу) є Wye where g(t)=G(1n t). 


PROPOSITION 5. If Tém(G) and UGE“, then Т*О ея, (С) 


if, in addition, (Uxe?*)(0)40, then T«U€m(G), аз well. 
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Proof. If Тет(С), then (T(x+y+h)-T(x+th) )/G(h) 
converges in 0° for every уеК . The convolution Т=П, for 
a fixed U,is a continuous mapping :?^+5 1.Ву the properties 


of the convolution, we have: 


(TAU) сезув) Ста0) (eth) = ун-т Gen) у, U(x) ](€) 


and this converges for every үЄК to; 


К (eY) (eP*« U(x) ) (6) =(е?Х» U(x) ) (0) е? к (еУ) 


COROLLARY. If Тет (С), p40, then for every КЄ М, 


ОКТЕт (с), as well. It follows from the facts that 
ркт=5 (К) „т and 5 (К) „рх . This property of the class 


п (С) is very important for applications to differential 
equations and to other convolution equations. 


2. SOME COMMENTS 


1. One can ask the question why we started from 
the "additive- argument version" in defining the class m(G)? 
To answer this question, we have to remark that the member- 
ship to the class Па is a local property іп the sense: If $, (t)= 


f (t), tat, and if еп ‚&һеп f Elg; ‚аз well. We have loo- 


9 


ked to find such а generalization of Па to keep that very 


natural property. The next proposition makes precise that 
the class m(G) satisfies such a demand. 


PROPOSITION 6. If for two distributions Ti and E 
т, ме Һауе Ti = т, over ап open interval (а,ә) and Ty be- 


longs to m(G), then T) belongs to m(G), as well. | 
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Proof. For а (8y we have «T (xty+th) , Q( x) >= 
-XT,(x),9(x-y-h)». Denote by (x)=9(x-y-h)eD . If the supp 
€$ C[-r,r] , then the supp yc [-г+у+Ь, r43h]. We can find ho 
such that -r-|y|+h>a, h>h, . For such a h, «T, (х+2+В), 
Ф(х) >= «T^ (x*z*h) ,ф(х) > when IzI«Ixl, hah, . Now, it is 
easy to prove that TET (G). 


The opposite of the asertion of Proposition 6 is 


not true. That follows from 


PROPOSITION 7. Suppose that С is of the form 


G(x)=L(x) (see remarks after Proposition 1) and that 
T (xth) -T, (x+h) 
к, 
where U is а constant distribution. If тет (с), then T€ 


ет (С), as well. 


Proof. For x,y belonging to compact sets in R 


we have the following relation; 


TjGctyth)-Tj(xth) T (x+ty+h)-T}.(x+y+h) 


= Ышш s. 
С(һ) y — Gth) G 


T Gcth) -T, (x+h) т, Getyth) -T eth) 


+ а ще С 


The assertion of Proposition 7 follows directly 
from this relation. 
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REZIME 


DE HAAN-OVA KLASA DISTRIBUCIJA 


De Haan [2] je.definisao i izuéavao klasu п 


funkcija koje predstavljaju striktnu potklasu Karamatinih 
regularno promenljivih funkcija [3]. Posebno se bavio kla- 


som Па kada je g sporo promenljiva funkcija. Та klasa ima 


veliku primenu u raznim oblastima matematike i u raznim 
oblastima njene primene (vidi[1] i [2]). 
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О ovom radu definisana je klasa distribucija т(С) 
na sledeéi паб1п: 


DEFINICIJA 1. Neka je G pozitivna i merljiva fun- 
kcija Distribucija ТЕ?” pripada klasi T(G) tada i samo ta- 
da ako za svako €V i svako y€R postoji granica definisana 
relacijom (3), gde je 5(:,у) familija konstantnih distri- 
bucija, S(.,y) različita od konstante dok y prolazi skupom 
R. 


Dokazane su razne osobine klase 1(G). Tako je po- 
kazano da je 5 (х,у) =с(е?У-1)еРх, per; da svaka funkcija fen, 


definiSe regularnu distribuciju F (y) =f (е?) koja pripada 


klasi T(G),G(y)7g(eY). Lokalno integrabilna funkcija f ne 

mora pripadati klasi Па ако Е(у) =£ (е?) pripada klasi m(G). 

Okarakterisana je klasa m(G) kao skup distribucija 

t= J pir 
im 

elementom ОЄЁ^ preslikava т(С) u T(G) ako (UxePX) (0)#0. 


i gde Е; (1ny)eri,, g(h) -G(1n h). Konvolucija sa 


To je vaZna osobina za primenu jer & (К) ек“, pa izvodi pre- 


slikavaju  T(G) а 1(G) ako je р70, Najzad je pokazano da 
pripadanje klasi m(G) je lokalna osobina. 


Received by Editors October 3, 1989. 
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A REMARK CONCERNING SLOWLY VARYING FUNCTIONS 
IN KARAMATA*S SENSE 


Dušan D. Adamović 


Faculty of Mathematics, University of Belgrade, 
Studentski trg 16, 11000 Beograd 


ABSTRACT 
In this paper the author give a complete proof of a 


Statement from the paper [11 


1. INTRODUCTION 


In [1] we were concerned with the properties of 
slowly varying functions in Karamatás sense i.e. of real 
functions L defined and positive for x20, such that 

ха х =1 for any АЄ(0,+ә).. 

In paper [3] J. Karamata defined this class of 
functions, and established also, using a particular exam- 
ple (p. 46-47), that a slowly varying function need not 
have the asymptotic behaviour of a monotonic function as 
x**o. In [1] we made this fact more precise by assertion 
4° of Theorem II, by which: a slowly varying function may, 
AMS Mathematics Subject Classtficatton (1980): 65L10, 6515 


Key words and phrases: Singular perturbations,finite-difference 
schemes stability, consistency 
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as x9, oscillate, with a finite or infinite interval of 
oscillation ([1], p. 133). However, proving this statement, 
we only constructed ([1], p. 134-135) a definite slowly 
varying function which oscillates between finite (and po- 
sitive) limits as хэ+ә, and noted finally that "ornecan, 
by suitable modifications of this example, construct a slow- 
ly varying function with an infinite interval of oscilla- 
tion". - 

Here we shall give a complete proof of the second part 
of the cited statement, which has not been made in [1], 
and we shall also give a more precise form of this state- 
ment. Namely, we shall replace it by the following: 


Proposition. For any two elements a and b of the 
interval [0,49] such that a«b, there exists a slowly var- 
ying function L continuous on [0,+%) and such that 


lim L(x)=a, Idm (x)=b. 


хэ +0 


Proof. In all cases considered, the slowly vary- 


ina function L(x) which we shall construct for x21 will be 
given by an equality of the form 


where 
(1) e(x)= XA (1) 


and the function n(x) is continuous and bounded for x21; 
for x€[0,1] it is sufficient to define L(x) as a function 
continuous and positive on that interval. According to the 
known result about the representation of a slowly varying 
function (see, for example, [1], p.124, 0.2), the function 
L(x) defined in this way is certainly slowly varying and 
continuous on [0,+@). Е 


е is 
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We shall first consider the case 


0«a«b«*o. 
Let us put 
" M е?- 1 tU 
(2) p= Inb - Ina (>0), w=e -1(>0), 6= 3 (70) 
and 
(3) х,=1+26; x medi e? 
1 3 +i (6+x_)~ (n€N). 
Then, 
Хп+1 е -1 (ех) еР=1 т 8-4 
= "ах >е = >e =w+1 (51) (пе М) 
n n n 
and hence, 
(4) Koes (n 1)» х,ш>ш=35 (n€N) 
Xn qc Ха x ) 102207 5 


Let us further pose(see the figure) 


XX op 4 Xo 47 9«X9X54. +6) 
(5) n(x) = 1 (xg4.,*9«x«x5,-8) (КЕМ). 


DXX -6<х<х)р +6) 


гк(Х2к 


-1(х2к+6<х5 Хок, 176) Б 


Xa Хак. f 


-6 


According to (2), (3) and (4), this definition of n(x) is 
consistent and obviously n(x) is defined by it for х>х 4-6 
(>1) as a function continuous and bounded on [0, +=). For 


1<х<х 4-6, we define n(x) as a function continuous on 


[1,x4-6]and Such that 
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et t ‚1 Г Хх : 
i ле dtzina-a- x IS ECTTRE] Ghee . 


where the number q will be determined later; evidently, 
this can be done. 


By (3), we have 


x -6 
k+1 x -6 1+1п(х -6) 
X, +6 х + 5 1+1n(x, +6) 
ie p 
1«1n[e ! (6x, )® ] 1«e?- 14ePIn(6sx,) ~ 
= in TeTn (x, +S) = dn TeTn(x, *8) zu f 
Hence, 
X х,-$ x 
п+1 1 1 t-x п ^k«1 
e(t = t 1 elt) 
J H at Ee ах "y la СТЕ Su ns tak 
х 
n k+1 
k-1 n(t 
= 1па-а+ ) (-1) f dt 
к=1 Kp t(1*Int 
UO. Re ASTE SER О О 
= Ina a) s (t+ int) + (5 y J $ ЕСЕТИЕ) dt] 
k k k+1 
n - 
=Ina-a+ J (-1)* ! (psa), 
k=1 
where 
x +6 X 
n n+1 
a, Sf (f e f) itty die Omens) 
х ТЕ 
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and consequently 


is a finite number. Hence, 


X 
2n+1 ^ 2n 
(6) [ E(t) dt=1na-a+ J (71) la) +1na-ata=Ina(ns@), 
k*1 
X 
2п+2 2п+1 


(7) f e(t dt = Ina-atp+ } (-1) la +Тпа-а+ржа=1пЬ (пое). 
к= 1 


Ву (1) апа (5), we have, for each n€N, 


x x 
2n-1 x 2n 
eut gt e(t 
fo eats] eC) 261 mx dt (X5n-1*X€X54) 


X2n41 


x 
2n 
t х c(t t 
] a af et) Seen 202) dt — (Xoq«X€Xo5,41) 


wherefrom we obtain 
Ух e(t н t E e(t) 
] et) dt<f eco) dt<f = dt (ox). 
1 1 1 
where ХЕ (Xy »X& 4415 (yy sz do x1), yy€Go, 42 VENT, 
zx€(x, : VEN}. This implies, according to (6) and (7), 


x aX 
Inas lim f 00) atc Tim f 2) at<inb, 
Xe 1 xxt 1 


and this together with (6) and (7) implies 
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— 
E 
zi 
—х 
m 
[24 
а. 
ct 
Ш 
5 
w 
- 
х 
= 
8 
асе 
m 
ctl ct 
с. 
ct 
Ш 
=] 
5 
c 


Therefore, 


lim L(x)=a, lim L(x)=b. 


X> +0 Xo 


In the case 


O<a<b=+0, 


let us pose | 


n n n n 
e -1 e - 
х 1235 ходе (Х2п-1+1) > +1(пЄМ) x», =е° dC D *1(n€N). 


Then, we have 


e-1 
Xop? Ite 


Х2п-1>1+2Х2п-1(>Х2п-1) (n€N), 


X2n41? | *2Xya (?X24) (n€N), 


that is, Xn4 12 1*2x4 (7x4) (n€N), and so Xn417 Xp? 1 *X,214323. 


Therefore, in this case we shall also define n(x) for x2 
by (5) with 6=1, and for x€[1,2] as a continuous function 


such that 
1 п( ^j e(t 
[ ataj dt = Ina-a, 


where 
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with 
X,*1 x 
k k+1 
3 n(t 
atf + Г) IM ае (кен), 
Xe = reni 


is a finite number. Similarly as in the first case, one 
can establish that now 


2n 
f ea) dt = lna-a* } (-1) lae Тпа-а+а=1па (n»9), 
k=1 
2п+2 + 2п+1 k-1 
f. = 9%=1па-а+п+1+) (-1) `7 а + e(n»), 
1 k= 


Wherefrom one concludes that 


X — x 
lim f S at = тпа, Tim f 200) atas, 
z 1 


xo 1 


i-e: im L(x)=a, lim 1(х)=+ә. 
Xo X 


In the case 


a=0<b<+%, 


it is sufficient to observe that the function L(x)-*1/Lo (x), 


where L, is a slowly varying function continuous on [0, +=) 


o 
and such that lim Lo(x)=1/b, lim Lo 7*9 (preceding case) 
X4 Xo 
- is continuous on [0,4e) and has the properties lim L(x)=0, 
X 
Tim L(x)=b. 
X0 


Let us finally consider the case 


a=0, Б=+®. 
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Моо а я ole lr ere 00: 
Putting 
enis 
x173; X54 171*e 


(х„+1)® (nen), 


and defining n(x) on [2,*9) Бу (5) with 6-1 


and on [1,2] as 
a continuous 


function on that interval, we get in this 
case 
x x 
n+1 n n n 
El) _ e(t _4)\k-1 Ке 
atu ш» }(-1) Күү! yos 


where ak has the same meaning as in the proceding case, 
and consequently 


х2 
ores [Dal ent 


loi >+- (no) 5 


2п+1 
[ EC) at- j ECE) atenete у (71) la erm (n9). 


К=1 
Непсе, 
Г == X e(t 
lim dt---, ii dt =+ә, 
х>+= 1 х8 | 
that is, 
lim L(x)=0, lim L(x)s*e. 
x> Fo Xe+o 
Remark. 


A particular example of a slowly varying 
function L(x) with properties lim L(x)=0 and 


= lim L(x)=+2 
xo 0 Xo 

is given in [2] (p.58,ex.3), without detailed proof. Our 

result is evidently more general 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


A remark concerning slowly varying functions т Karamata's sense 95 


REFERENCES 


[1] 0. Adamovié: sur quelques propriétés des fonctions a 
croissance Lente de Karamata (I), Matematički veentk 


3(18), 8v.2,1966,p. 123-136. 


[2] N.C.Bingham, C.M.Goldie and J.L.Teugel: Regular Varia- 
tion (Encyclopedia of Mathematics and its Applications, 


v. 27), Cambridge University Press, 1987. 


[3] J. Karamata: Sur un mode de crotssence régultere des 


fonctions, Cluj, 1930, p. 38-53. 


REZIME 


JEDNA PRIMEDBA КОЈА SE ODNOSI NA SPORO PROMENLJIVE 
U SMISLU KARAMATE y 


Dat je kompletan dokaz jednoa rezultata iz rada [1]. 
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ABSTRACT 
a а 
Let sS d сооб о (a,20, i=1,...,n) be the dif- 
ferentiation operator in the n-dimensional Mikusinski opera- 
tional calculus and let а (ку Бе complex numbers depending 
on multi orders (k) END. The necessary and sufficient condi- 


tions for the normal convergence of power series 


S = ках) (20), (ok) = (akire eran Kp). 


(k) 
in the space of n-dimensional Mikusinski operators-are given. 
It is shown that the convergence depends on the quasi-analy- 
ticity of certain Lelong-Carleman class, which contains the 


factor of convergence. 


This completes the results of T.Boehme, J.Wloka, 
B.Stankovié and the author ([17,[6],[91) . 
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1. INTRODUCTION 


Our terminology and notation for the n-dimensional 
Mikusinski operators will be as in Gutterman’s paper !3], 
\£or п=2 as in Mikusinski's book [5]), and for quasi-analytic 
classes of functions of n variables as in Roumieu's paper 
[7]. 

We shall give the necessary and sufficient condi- 
tions for the normal convergence of a power series in the Mi- 


kusinski differentiation operator s. S= EIE ау 5 
(k) 


is convergent in M(R™) if a special class М (к) = М (к) (8(к)) 18 
not quasi-analytic (Theorem 4.1, Theorem 4.1.). Application 
of Lelong’s theorem yields criteria in terms of the coeffici- 
ents аку, which are sufficient for $ to be normally сопуег- 
gent (Theorem 4.2.). 


2. n-DIMENSIONAL MIKUSINSKI OPERATORS 


Let c, (R^) denote the convolution ring of all con- 
tinuous functions defined in RP (n-dimensional Euclidean 
'space) with the support in ко, (RO = (х\,...,хц)ЄВ?, x,20, 
i-1,...,n). The addition is the pointwise addition of funct- 
ions and the convolution of u(xi,.. PX) and У (Хи -- Хр) is 


the function у(ху,...,х ) defined by the integral 


n 
M *n 
E TOS ee) I бо] u(x tree eX -t )v(t),---,t,) dt, . dts. 


c, (R° has no divisors of zero [2],[3]. 


The field M(RP) of n-dimensional Mikusinski 
operators is the quotient field of c (R. For an operator 
a€M(R"), we shall use the formal notation of a quotient (the 
inverse operation to convolution) a ==, u,v € c (P) and 
у(ху,...,х )#0. Obviously, = denotes the equivalence class a. 
To every function ч(хү,...,х )Єс, (R^) there corresponds an 
operator. Thus, the set of operators contains that of funct- 
ions. Further, we shall write a function .u(x,,...,x.) in the 
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form u or (Хи. 00 ву {ч(х,,...,х)}{у(ху,...,х )}, 
we denote the convolution and by {ч(ху,...,х)у(ху,...,х )) 
the ordinary product of two functions о (хри...) and 
у(хү,...,х). 


We define the operator £ as function {1}, 2={1}, 


i 


un 
and the operator ie by P - LM, а207 з= апе 


Let с be an arbitrary constant function. We define 


the numerical operator [с] by [с]= is} . Accordingly, the 


operator I-[1]- a is the unity operator. 


The inverse operators of £ and P а>0, i=l,...,n, 
are denoted, respectively, by s and si ‚ and are referred 
to as differentiation operators. 

In Lemma 1. of ([3], p.473) Gutterman proved that 


бү... апа S=S,---S)- 


For the differentiation operators Sí and the dif- 
ferentiable function (Хи. eux, we have the formuia ([3], 
p.472): 

Mo ODE Pei ea (on onec 

* в,{ч(ху,...,ху_у,0,х,уу,.../Хр)}, 


and in general for |r|= r,*...*r,, r,20, i-1,...;n, 


99 


РШЕ О кзз с эз ы гв. 
De = Se = 8D (u(x,,...,x))-d 
9х 1 эх 2 
lm 
where үг = 
i n k k 
(2.1) СЕ 58 Soo о Аванс alxl k lil 0)?! 
k,=0 k_=0 а + ind 


alz | alt Kha (x, yee eek, ) 
ак еа 


Xi eee xn 
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k k 
1 n j , 
at the point (х б XS "c (61 is Kronecker’s delta). 
In Theorem 1. of ([3], p.474) Gutterman gives the 
conditions for an operator to be a function. The onlv function 
represented by operator (2.1.) is equal to zero. 


In M(RP) we use the convergence of a sequence in the 
sense of the first Mikusinski convergence. 


DEFINITION 2.1. А sequence of operatore Uy» К=1, 


2,..., converges to the operator w, tf there exist a function 


G(X) ree eX, )%0 from Co (RP) and a sequence of functione g, (xi; 
eee Xn ) ECS (R° ), k=l, EN such that 


(4) wg = f, f(x,,...,X,)€ Co(R™) 
(ii) OS € 9х, kz1,2,... 
(111) 


The sequence gy Gu rox k=1,2,..., converges 
uniformly on every fintte n-dimenstonal interval 
Iqzl077)]x. ..x[0,T.] to f(xi,...,XJ). 


For the series У v, , where w are operators 
(k) (k) (k) 
which depend on multi order, we shall consider the normal con- 


vergence. 


DEFINITION 2.2. A seres X o 


(k) 
operators depending on multi orders converges normally to the 


Е > 0, tf there extst .a function 9 (хуг... ) 40 fm 


бо (RP) and а sequence of functions 9 (x) (* re..rX DEC, (к^), 
(хуем? ‚ such that 


(k) of n-dimensional 


n 
(i) 6 (к) 9 — S (x) ' (к) EN, 


(ii) = max 
(к) Тт 


n-dtmenstonal interval I,=(0,T,]x...xf{0,T]. 


I8 (ку (17-х) | converges for every finite 
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Obviously, condition (ii) implies that > 9 (x) 
(k) 


exists and is ETE IE of the order of summation. The sum 


U(X) ,... XQ) - 5 9 (x) (Kyo 7X) is in Co (R ) and o g' 


3. QUASI-ANALYTIC CLASS 


Let M (p) be a somone of positive real numbers de- 
pending on multi orders (p) LUN and К a reaular.compuct set in R`. ve 
always suppose М (о) =e 0<М (>) 5° for each (р), M <= for in- 
finitely many (p). 


By e(K,M(,)), we mean the class of all the infinite- 
ly-differentiable functions on K, such that there are con- 
stants вғ>0, апа he depending on f and 


(p) в lP] 
(39195) max |р'” £f|s8,.h,^'M 
SER Faf (p) 


for each (p)€Nb, (p)-(p,,... Py) 1 |PIEP] +- -+P 


Pi P 


n 
3x, XA 


р(Р) ғ = 


€ (К, м )) is а vector space under the pofutw ae ad- 
dition of functions If К, and K are compact sets in в and 
(a), (b) n-tuples of ET numbers such that (x) €K, implies 
(ax*b) ex, then for f in EE (K,M p)? we have ER C 
ee MUI 


For an open set QcRP, by E (QM op)? we mean the class 
of all functions f, such that #Єє (K,M,,) for each compact 
set KQ. 

0 (8,M(5) is the set of all єє (RM (рр) which have 
a compact support. 


A sequence Mp) is said to be logarithmically con- 
vex if 


(*) (ax*b) = (ах, +b) ,.. . ,ayXy Pn) 
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2 n 
(3.2) Mp) < SD (pra)? for each (p), (a) END. 


In Theorem 4. of ([7], p.158) Roumieu proved the 
following: 


THEOREM 3.1. If there exist constants A and H euch 
that 


\р+а| п 
(3.3.) М (р) (q) < АН М pta)” for each (р), (9) ЄМ, 


the vector space E GU, MC) ts an algebra under the 


potntwise multiplication of functtone. 


REMARK. If n=l, condition (3.3.) follows from 
(3.2.), but for n>2 this is not always true ([7], p.159). 


DEFINITION 3.1. A class М (р) is вата to be quasi- 
-analytic, tf D (R^, Mc) = {0}. 


For n=l, a necessary and sufficient condition for 
the quasi-analyticity of a class М is known, 


THEOREM 3.2. ([8], p.375) Let M, be a logarithmic- 
ally convex sequence. The class M їв quast-analytic tf and 
only if £€e(R/M,), XER and DP£ (x) =0 for each р=0,1,..., 
impiies Е(х)=0 on В. 


In the proof, we shall use that E (В.М) is an al- 
gebra under the pointwise multiplication of functions. In 
view of the remark in case n»1, we must suppose that the 
sequence М (р) satisfies (3.3.). 


Now, we shall prove a similar characterization for 
the quasi-analyticity of a class Mp for nxl. 


THEOREM 3.3. Let the sequence М (р) 
satisfy inequality (3.3.). The class М (р) ts not quasi-analy- 
tie tf and only tf there exist a function ф(ху,...,х)#0, 


ЕЕ (R^ Mq) and some pont lazr- erap) ER” such that 
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p (P) y (x) =0 for each (х) = (хуу...) with x 


=a, for some 
i-1,...,n, and each (p) ENG. 


i 


PROOF. If the class M, . is not quasi-anal;tic, 


then by Definition 3.1, D (R°, Mop) 
tion which evidently satisfies the hypotheses of the theorem. 


L 
) contains a nontrivial func- 


Conversely, let v(x) #0. We May assume (х) > (а). If 
g(x)=Ņ (х) for (х) > (а) and (х) =0 otherwise, then g (х) єє (RP, 
Put h(x) =9 (х+а)9(2х-а-х). By Theorem 3.1. h (x) Е? (во, 


M (p)! в (X-a) =p? (x) 40 and h(x) has a compact support. Thus 
h(x) is a nontrivial member of D (85,6). 


There is a simple characterization due to Lelong, 
of the quasi-analytic classes in terms of the sequences м. 


THEOREM 3.4. (Lelong, Theorem 1. [7], p.155.) Let 
MS be the rectified sequence of the sequence inf М (р) tn the 
sense of ([7], p.154.). PIP 
The class М (р) ts not quasi-aralytic tf and от у їр 
о M 
У _р-1 < œ 
= M 
p=l р 
or 1 
E = 
= (ME) <<. 
p= P 
(a) 


4. THE CONVERGENCE OF POWER SERIES IN THE OPERATOR s 


The normal convergence of the power series 


(4.1.) ЗЕЕ an s 
(k) 
where а= (a)r -era ) ERO а (к) are complex numbers depending 
a,k а К 
оп multi orders (К) NG and в Gk ву дата пд сап Бе сһа- 


racterized in terms of the quasi analyticity of Lelong-Carle- 


man class. 
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Put 


max а (к) l 


( | 
([ak1)2 (p) if such a exists, (р) UA 


k) 


0 otherwise S, 


([ak1) = (lak, ls.. Co k DD, [y] denotes the biggest irteger 
Sy. 


THEOREM 4.1. If the clase Ci) is not quast-analy- 
tio, the series (4.1.) ts normally convergent. 


THEOREM 4.1% If the sequence С; satisfies (3.3.) 
and $ ts normally convergent тп M(R™), then the class eo is 
zot quast-analytic. 


PROOF of Theorem 4.1. Let I,*=[0,TY]x.--(0,TA] be 
some finite interval. Since the class Co is not quasi-analy- 
tic by Corollary 1. [7], Ps 156, there is a nontrivial поп-педа- 
tive function ф (х) є (В? (Ст) with the suprort in the interior of 
тї. If x is a constant, such that (3. т. ) holds and f (x)= "PUR 
for Thy £(x)=0 otherwise, then #2 £40 and by Theorem 1. 
of лр (RP) for each (к) ENG and (a)>(0). 


For each compact interval In there is some constant 
C such that 


пах [а (к) s? 276 |< max Іа cx oles (ak) p25 (Lak]) $ 
x€L хЄІ* 
T 
as Gas | 
(2hy) q жады, | 
(| (fok]) | *Ca, X4 15. . [o к 1). Thus EX ems (os) is normally 


E (к) 
convergent in M(R ). 


PROOF of Theorem 4.1% If S is normally convergent 


in M(RP), there is a factor of convergence gEC oD which 
must be a nontrivial infinitely differentiable function such 
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that p (P)g (x)-o for every (х)=(ху,...,х) with x,70 for some 
i-1,...,n (Theorem 1. of [3] and Definition 2.2.). Let Ip be 
some compact interval which contains the support number of g. 
By condition (ii) of Definition 2.2, there is a cons.ant By 
such that 


a 
(4.3.) max [а | s К) | <p ‚ (ken? 
хет 


(к) 


The function ф=Ёд satisfies (3.1.). Thus if (p)=([ak]) for 
some (к) ENS we have 


max [р (P? £g| = TAA К) - (р) g ( К) eg | «vcl 


, 
X€I, In (p) 


where у is a constant. For other (р) END , (3.1.) is obviously 
satisfied. ЕВЕ the function nnn ‚суз The function ў 
and the sequence e ) satisfy ене requirements of Theorem 3., 
which proves that the class eo y is not quasi-analytic. 


From Theorem 4.1. and Lelong's Theorem 3.4, we have 
another simple criteria, in terms of coefficients аку” 
for S to be normally convergent. 


THEOREM 4.2. Let € (p )? (РЕМ be given by (4.2.). 
-1 
If Mp ts the rectified sequence of the ее: С(р) 
p|=P 
tn the sense of ([7], p.154.), the sertes S te normally con- 


vergent tf one of the following conditions is satisfied: 
1 
ae 
1 Р Р=1 


со 
а) = 
Р= 


REMARK. Conversely, if the sequence е) satisfies 


(3.3.) and S is normally convergent, then, by Theroem 4.1. 
and Theorem 3.4, conditions A and B are satisfied. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


grs ЧР“ 


106 Digitized by Arya Samaj Foundation Chennai and eGangotri Skendžić, M. 


REFERENCES 


| Boehme,T.K., On Power Series їп the Differentiation Oper- 
ator, Studia Math. 45(1973), 309-317. 


кә 


Boehme,T.K., The Support of МїКивїпвКї Operators, Trans. 
Amer. Math. Soc. 176(1973), 319-334. 
3 Gutterman,M., An Operattonal Method in Partial Different- 
tal Equations, SIAMJ. Appl. Math. 17(1969), 468-493. 
4 Lelong,P., Sur une propriété de quast-analycité dee func- 
tions de plusieurs variables, С.В. Acad. Sct. Parte, 
232(1951), 1178-1180. 
5  Mikusinski,J., Operational Calculus, New York, 1959. 
6 Skend£ic,M. and Stankovié,B., On Power Series in the Ope- 
rators 5°, Studia Math. $7(1976), 229-239. 
7 Roumieu,C., Ultra-dtstrtbuttons définies sur В" et sur 
certaines classes des variétés différentiables, d. 
Anal. Math. 10(1962/63), 153-192. 
8 Rudin,W., Real and Complex Analysis, New York, 1966. 
Wloka,J., Uber die Einbettung von Belfand Roumieuchen Dis- 
trtbuttonen in den Mtkustnskichen Operatorenkórper, 
Math. Annalen, 164(1966), 324-335. 


REZIME 


NORMALNA KONVERGENCIJA STEPENIH REDOVA n-DIMENZIONALNOG 
OPERATORA DIFERENCIRANJA MIKUSINSKOG 


ak) 
Pitanje konvergencije operatorskog reda > eye 
4 (k) 

čiji članovi zavise od uredjenih n-torki, su kompleksni 


a 
(ak) (к) 


je n-dimenzionalni operator diferenciranja Mi- 
kusinskog, dovedeno je u vezu sa osobinom ne kvazi-analitió- 
nosti klase Carleman-Lelonga. Ovo je prirodna veza jer seu 


brojevi a s 


toj klasi u slučaju konvergencije nalazi funkcija koja pred- 
stavlja takozvani faktor konvergencije. Dati su dovoljni uslo- 
vi za konvergenciju Teorema 4.l. i Teorema 4.2, kao i potre- 
ban i dovoljan uslov za konvergenciju uz dodatno ograničenje 
(3.3.) Teorema dq Ovo ograničenje je prirodno u slučaju 
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dimenzije n»1, jer (3.3) nije više posledica logaritamske 


konveksnosti niza kao и slučaju n-i. Data je і jedna karakte- 
rizacija ne kvazi-analitióke klase u više dimenzionalnom elu- 


čaju (Teorema 3.3.) koja je родоіла za ovu problematiku ope- 
ratorskog računa. 


Received by the editors February 28, 1986. 
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21000 Novi Sad, Yugoslavia 


ABSTRACT: 


The aim of the paper is to study some properties 
of G-nearly compact (nearly compact), q-almost compact 
(almost compact) and compact sets (spaces) in topologi- 
cal spaces which are not Hausdorff or regular (almost regu- 
lar). Some results concerning compactnessu are generalized. 


1. PRELIMINARIES 


Throughout the present paper, spaces will always 
mean topological spaces on which no sparation axioms are 
unless explicitly stated. 

A subset of a spece X is regularly open (regu- 
larly closed) iff it is an interior (closure) of some clo- 
sed (open) set or equivalently iff it is an interior (clo- 


— — —— Mn € UT uut 
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Key words and phrases:a-nearly. compact, a -almost compact, 
a-regula>, a-almost regular, a-Hausdorff. 
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sure) of its own closure (interior), [1] . A space X is 
nearly compact iff every regularly open cover has a fini- 
te subcovering, [5]. 

A space X is almost compact iff for every open 


cover (v, :ier) there exists a finite subfamily I, of I 
such that X=U{U,:ieI,}, [4]. 


A subset A of a space X is said to be a-nearly 
compact (N-closed) iff for every regularly open cover 
u={u,:ieI} of A there exists a finite subset I, of I such 


that АСО ÍíU,:ier ), [6]. 
1 о 


A subset A of а space Х is said to ре a-almost 


compact (H-closed) iff tor every open cover U={U,:ieI} of 


A there exists a finite subset То of I such that ACU {0:161}, 
[4]. 

A subset A of a space X is a-Hausdorff iff any 
two points a,b of a space X, where a€ A and b€X-A, there are 
disjoint open sets U end V ccntaining a and b respectively, [3]. 

A subset A of a space X is a-regular (a-almost 
regular) iff for any ponit aCA and any open (regularly open) 
set U containing a there exists an open set V such that 
a€VcycU or equivalently, for any closed (regularly closed) 
set F and any point x€A such that x€X-F, there exist disjo- 
int open neighbourhoods of x and Е respectively, [3], ([2]). 

A space X is almost regular iff for any regularly 
closed set Е and any point x ¢ Е, there exist disjoint open 
sets containing Е and x respectively, [7]. 


2. SOME RESULTS 


Theorem 2.1. If A is an a-regular and compact 
subset of a space X, then А is compact. 


Proof. Let 


u={U, :ier) 


be any open covering of A. For each x€A, there exists an 
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open set U, containing х. There exists an open set V such 


that 
XcV.cV. cU... 
Let 
(= (v :хЄА). 
There exists а finite points Xj Xorte eX, in A such that 
n 
Ае TUM 


Hence A is compact. 


Theorem 2.2. If A is an a-almost regular and 
а-пеаг1у compact subset of a space X, then А is a-nearly 


compact. 


Proof. It is similar to the proof of Theorem 2.1. 


The closure of an a-regular and compact (a-almost regular 
and a-nearly compact) subset is not always a-regular (a-al- 
most regular). The following example servws the purpose. 


Example 2.1. Let 


X={a,b,c,a,:i=1,2,...} 


Let 


A-(b,a, :1=1,2,...} 
Let each point а; be isolated. Let a point с be isolated. 


Let the fundamental system of neighbourhoods of a be the 
set 
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Е, 2. Г. у; 


where 
V" (a)={a,a,; :i»n). 
Let the fundamental system of neighbourhoods of b be the 
set 
(0205):n21,2, ...), 
where 


u” (5) -V? (a)U {b,c}. 


The set A is a-regular and compact. 
A-(a,b,a, :171,2,...) 


is compact, but is not a-almost regular (hence A is not 


œ- regular) (for any regularly open neighbourhood УП (a) of 


a V" (a) 2v? (a) u{b}). 
The closure of a regular and campact subset is not always camact, 


as we can see from the following example. 
Example 2.2. Let 


X-(a,a, :1=1,2,...} 


Let a point a be isolated. For each а; let the fundamental 
system of neighbourhoods be the set 

{a,a,}. і 
The set 

А={а} 
is regular and compact, but A=x is not compact (А is not 
a-regular). 

The followina example shows that there is a dense 


a-reqular (a-almost regular) and comnact (а-пеаг1у compact) 
subset of a space X, which is not regular (almost recular) 


E 
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Example 2.3. Let X be a space in example 2.1. Let 
A= {b,c,a,;:i=1,2,...} 
А is a dense a-regular and compact subset of a spece X. X 


is not almost regular (regular) at a, hence X is not almost 


regular (regular). 


Theorem 2.3. Every a-regular a-almost compact is 


compact. 
Proof. Let 
uz sj 
{U,:ier} 
be any open cover of an a-regular a-almost compact subset 
A. For each x€A there exists an i(x)€I such that XEU; (x) - 


There exists an open set V. such that 


xev V 
xc Ух ОЗ 50) 


Let 


у= {Ух =хе А}. 


Since ( is an open cover of A, there exists a finite sub- 


family 
(V. :j21,9,...,n) 
J 
such that 
n2 
Ac Ч у e 
Шр J 
Then, 
IU: oc Осе вон) 


is a finite subcover of Ц, hence A is compact. 
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Theorem 2.4. Every a-almost regular a-almost 
compact is a-nearly compact. 


Proof. It is similar to the proof of Theorem 
2.3. 


Corollary 2.1. Every a-ragular a-nearly compact 
is compact. 


Proof. Every a-nearly compact is a-almost com- 


pact. 
Theorem 2.5. If in a space X there exists a 


dense a-regular (a-almost regular) compact (a-nearly com- 


pact), then X is compact (nearly compact). 
Proof. The closure of oregular compact (o-almost 
regular o-nearly compact) is compact (a-nearly compact). 
Theorem 2.6. Let A be any dense a-regular sub- 


set of a space X such that every open cover of A is an open 
cover of X. Х is almost compact iff it is compact. 


Proof. If X is compact, then X is almost compact 


(every compact is almost compact). Let X be almost compact. 
Let 


U-(U, :ier) 
be any open covering of X. For each point x€A there exists 
i(x)€I such that XEU; (x) * Since A is a-regular, there exi- 


sts an open set Ух such that 


xev, cV. c а, (x)* 
Let 

V={v_:xeA} . 
У is an open cover of A i.e. of X. Since X is almost соп- 
pact there exists a finite subfamily 
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such that 


Then, 
Inox ad RM E 


is a finite subcovering of И, hence X is compact. (A is 


compact). 
Theorem 2.7. Let А be any dense q-almost regu- 


lar subset of a space X such that every regularly open 
cover of A is a regularly open cover of X. X is almost 


compact iff it is nearly compact. 
Proof. It is similar to the proof of Theorem 2.6. 


In Theorem 2.6. we assumed that every open cover of a dense 
a- regular subset is an open cover of X. This assumption 
cannot be dropped, as can be seen from the following exam- 
ple. 


Example 2.4. Let 


X-(2,,7a,,a:1,j-71,2,....) 


Let each point а; - Бе isolated. Let the fundamental system 


of neighbourhoods of а, be the set 


{0° (а,):п=1,2,...}, 
мһеге 


п . 
U (a4)712a,,a,,:3»n). 
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Let the fundamental system of neighbourhoods of a be the 
set 


(VP (a) :n21,2,...), 
where 


УП (а)={а, а, .:i»n,j2n). 


ij 
X is a Hausdorff space which is not regular at a point a, 
hence X is not compact (every Hausdorff compact is regular). 
X is almost compact. 

Let 


a={a;5,a,} 


A is an open a-regular subset of X. A is a dense subset. 
А is not compact (А=Х is not compact). 


We know that every regular almost compact is compact. 


Example 2.3. shows that there exists a space with properties 
as in Theorem 2.6., which is not regular. 
This example shows that thare exists a pace with properties 


as in Theorem 2.7., which is not almost regular. 
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REZIME 


а - REGULARNOST I KOMPAKTABILNOST 


U radu se ispituju neke osobine a-regularnih od- 
nosno a-skoro regularnih skupova povezanih sa kompaktno$- 
ću. Dokazuje se ekvivalentnost skore kompaktnosti sa kom- 
paktnošću (blizu kompaktnošću) u prostorima koji nisu re- 
gularni (skoro regularni). 


Received by the editors November 24, 1987. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


МОРИ 
кв атса 
Кера, We 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Univ. u Novom Sadu REVIEW OF RESEARCH 
Zb. Rad. Prirod.—Mat. Fak. FACULTY OF SCIENCE 
Ser. Mat. 19,1.119—128 (1989) MATHEMATICS SERIES 


SOME PROPERTIES OF SUBSETS AND 
ALMOST CLOSED MAPPINGS 


Ilija Kovaéevté 


SE Institute for Applied Fundamental Disciplines, 


Faculty of Technical Sciences, Veljka Viahovica 3, 


21020 Novi Sad, Yugoslavia 


ABSTRACT 


In the paper some properties of a-Hausdorff sub- 
sets and almost closed mappings are studied. 


1. INTRODUCTION 


No separation properties are assumed for spaces 
unless explicitly stated. 

A subset A of a space X is regularly open iff 
IntClA-A. A subset A of a space X is regularly closed iff 
CiIntA = A, [9]. 

A subset A of a space X is a- paracompact (a-near- 
ly paracompact) iff for every open (regularly open) cover 
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U of A there is an open X-locally finite family V which 
refines U and covers А, [13],[5]. 

A subset A of a space X is a-paracompact (a-near- 
ly paracompact) with respect to a subset B iff for every 


open (regularly open) cover U- (0, : ier) of A there exists 
an open family V-(V,:5e2) such that: 


- V refines U, 
- А cUiv.: jeJ}, 


- V is locally finite at each point xEB, [6]. 


Subsets A and B of a space X are mutually а-рага- 
compact (mutually o-nearly paracompact) iff the subset А 
is a-paracompact (a-nearly paracompact) with respect to 
the subset B and the subset B is a-paracompact (a-nearly 
paracompact) with respect to the subset A, [6]. 

A subset A of a space X is a-nearly compact or 
N-closed iff every regularly open cover U-iU, : iei) of A 


has a finite subcover of A, [1]. 

A space X is nearly compact iff every regularly 
open cover of has a finite subcover, [11]. 

А space X is locally nearly compact iff for each 
point хех, there exists an open neighbourhood U of x such 
that ClU is G-nearly compact, [1]. 

A subset A of a space X is a-Hausdorff iff for 
any two points a,b of a space X, where a8A and b€X-A, the- 
re are disjoint open sets U and V containing a and b res- 
pectively. A subset A of a space X is a -regular (a-almost 
regular) iff for any point а@А and any open (regularly 
open) subset U containing a there is an open subset 
V such that aevccl1vcu,[71;[4]. 

A space X is almost regular iff for any regularly 
closed set Е and any point x£F, there are disjoint open 
sets containing F and x respectively, [10]. 2 

A mapping Е:Х+У is almost closed (almost open) iff 
for any regularly closed (regularly open) set Е of X,f(F) 
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is closed (open) in Y, [9]. 

A mapping #:Х-Ү is almost continuous at a point 
хех iff for every open neighbourhood M of f(x) there is 
an open neighbourhood N of X such that f(N)cIntClM. f is 
almost continuous iff it is almost continuous at each po- 
int of X, [9]. 


2. RESULTS 


The following theorem was proved in [7]: 
Theorem A. If A is ап`а-геда]аг a-paracompact 


subset of a space X, then ClA is a-paracompact. 
We can generalize this result with the following results: 


Theorem 2.1. ТЕ А is an a-regular a-paracompact 


subset with respect to a subset В, then СТА is a-paracom- 


pact with respect to В. 


Proof. It is similar to the proof of Theorem 2.4 
in [7]. 

Theorem 2.2. If A is an a-almost regular a-near- 
ly paracompact subset with respect to a subset B, then ClA 


is a-nearly paracompact with respect to B. 


Proof. It is similar to the proof of Theorem 3.2 


in [4]. 
Lemma 2.1. Let 
ü ={U, :1ет} 


be a family of open a-regular subsets of a space X such 
that: 
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а) ü is locally finite at each point of a subset B 
b) Ui is a-paracompact with respect to B, for each 1ет. 
Then, U-U (0, :ier) is an open o-regular subset which is 


a-paracompact with respect to B. 


Proof. By Lemma 2.1 іп [2], the set U is о-ге- 
gular. Let у= (V,:3e7) be an open covering of U. Then, 


упо; :367) is an open covering of Us, for each i€I. Since 
Чү is o-paracompact with respect to B, there is a family 


v= (D :keK } of open sets such that: 
= ví refines (V3n0,:3e77, 
- U,cu (b, :D,€v, J ' 
EU, is locally finite at each point of B. 


Consider the family 
v= (р, :kekt ‚зет Jj 

It follows that 

- 0 refines V, 

- UcUip:peV), 

- Vis locally finite at each point of B. 

Thus, U is paracompact with respect to B. 


Similarly, we can prove the next result: 
Lemma 2.2. Let 
= (U, :ie1) 


be a family of regularly open a-almost regular subset of a 
space X such that: 
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а) И is locally finite at each point of a subset B, 


b) for each 1ет, Ui is a-nearly paracompact with respect 


to B. 


Then, U-U(U, : ет} is ап open a-almost regular subset which 


is a-nearly paracompact with respect to B. 


Theorem 2.3. Let 
ü= (U, :ier) 


be a family of open a-regular subsets of a space X such 
that: 

а) Ч is locally finite at each point of X-Uff (U-UtU, :ieI}), 
b) U, is a-paracompact with respect to X-U, for each іеї. 


Then, U is on open - and - closed a-regular subset which 
is а-рагасопрасе with respect to X-U. 


Proof. By Lemma 2.1, U is an open a-regular sub- 
set which is o-paracompact with respect to ХУ0. By Theorem 
2.6. in [6] , it follows that there is an open set V such 
that 


Uc Vc С1Ус О. 
Thus ClU=U. Hence, the result. 
In [12], Singal M.K. and Arya S.P. proved the next theorem: 


Theorem B. Every nearly paracompact Hausdorff space 15 al- 
most regular. In that theorem the Hausdorff property can 
be weakened as is shown by following result: 


Theorem 2.4. Let X be a paracompact (nearly pa- 
racompact) space such that every closed (regularly closed) 
Set is o-Hausdorff. Then X is regular (almost regular). 


Proof. Let X be a paracompact (nearly paracompact) 


Space and let F be any closed (regularly closed) subset of 
a space X and let x£F. Since every closed (regularly closed) 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


123 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
124 I. Kovačević 


subset of a paracompact (nearly paracompact) space is a-para- 
compact (G-nearly paracompact) and Е is a-Hausdorff, it fo- 
llows that there are open (regularly open) sets U and V such 
that 


x€U,F c V,U П у= $. 


It follows that X is regular (almost regular). 
Similarly, we have 


Corollary 2.1. Let X be a compact (nearly compact) space 


such that every closed (regularly closed) subset is а-Нацѕ- 
dorff. Then, X is regular (almost regular). 


Theorem 2.5. Let f X*Y be a closed almost conti- 


nuous mapping of a space X onto a locally compact space Y 
such that for each yey ғ! (у) is a-Hausdorff a-nearly com- 
pact. Then X is locally nearly compact. 


Proof. By Theorem 2.3 in [4] Y is Hausdorff. Sin- 
ce Y is locally compact and Hausdorff it follows that, for 
each point x€x there is a closed compact neighbourhood V 
of f(x). Since f is almost continuous, the set u=f 1 (Inty) 
is open in X. By Theorem.l in [8], the set f^ l (v) is a-near- 


ly compact in x. Since for each point yex,£ lty) is o-Haus- 


dorff and the union of a-Hausdorff sets is a-Hausdorff, it 
follows that f !(V) is a-HauBdorff. By Theorem 2.1 in [4] 
Е l(v) is closed. Now, we have 


1 


x€UcClU cf (V). 


Since every regularly closed subset of an а-пёаг- 
ly compact set is a-nearly compact, it follows that ClU is 
a-nearly compact. Now, U is an open neighbourhood of x such 
that ClU is a-nearly compact, hence X is locally nearly 
compact. 
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Corollary 2.2. ([8]) Let f:X+Y be a closed almost contin- 
uous surjection with N-closed point inverses. If X is Haus- 


dorff and Y is locally compact, then X is locally nearly 
compact. 


Theorem 2.6. Let f be an almost closed mapping 
of a space X onto a space Y. Let B be a closed subset of 


X such that for each x@X\B the set £ (£9) is а-геда]1аг 
and a-paracompact with respect to B. Then, f(B) is closed. 


Proof. Let 


yevr-f£(B). 
Then 


£^ l(y)c ХХВ. 


By Theorem 2.6 in [6], 


there is an open neighbourhood of = l(y) such that 
Е l(y)jevecivcx-B. 


Since f is almost closed, then there is an open set W in Y 
such that yeW and £^l(y) c£ l(W) cIntClV cX-B. Thus, we ha- 


ve yeWCcY-f(B). Hence the statement. 


Theorem 2.7. Let X be an R, space such that for 
each хех IntCl(x)#$. If f:X*Y is an almost closed mapping 
of the space X onto a space Y such that the family 


{= (y) :yey} consists of 4-Hausdorff subsets which are mu- 
tually a-nearly paracompact, then f is continuous. 


Proof. Suppose that f is not continuous at some 


point хех. Let U(x) denote the family of all the open neig- 
hbourhoods of x. Let y-f(x). Since f is not continuous at 
x, there is an open neighbourhood V of y such that 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


125 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
126 I. Kovačević 


мә —————— 


Е (U) П (YW) #ф 
for every UeU(x). Thus, 
A={£(C1U)N (YV) :UEU(x) } 
is a family of closed subsets of Y such that 
п {£ (C1U) п (ҮУУ) :UEU (x) }#ф 


(X is Во such that IntCl(x)Zzó, for each хєх. Thus, 
оо П {u:uel4(x)} is an open set containing x and hence а 


member of U(x). So (ҮСУ) n £(0)) £6. i.e. 


n {А:АЄА)=# (CIU,) n (YV)£$). 


Thus, there is a point Усе п {А:АЄА}. Hence we have YEY 


1 


and xgf (yg). Since the family (#71 (у) :y€Y) consists of 


a-Hausdorff subsets which are mutually a-nearly paracom- 
pact, there are disjoint regularly open sets U, and Uo 


such that 

x€U, and £ ly) c 00: 
From 

clu, n£ (у) cc10, пи =$ 
we have 


Yoff (clU,) 5 
On the other hand, since Ux belongs to U(x), we have 
у.е (C1U,) n (ҮУУ) cf (C1U.) 3 


This is a contradiction. Hence, Е must be continuous at х. 
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Thus, Е is continuous, 
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NEKE QSOBINE PODSKUPOVA I SKORO 
ZATVORENIH PRESLIKAVANJA 


{ U radu se ispituju neke osobine a-Hausdorfovih, 
a-regularnih i a-skoro regularnih podskupova topološkog 
prostora X. Daju se i uslovi kada je blizu parakompaktan 
prostor skoro regularan u prostoru koji ne mora da bude 
Hausdorfov. Daju se takodje i uslovi Кайа je skoro zatvo- 
reno preslikavanje neprekidno nad prostorom koji ne mora 


da bude Hausdorfoy. 
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ABSTRACT 


In this paper a generalization of a fixed point 
theorem from [7]:is proved for a class of Takahashi convex 
metric spaces. 


1. INTRODUCTION 


In 1970 Takahashi [6] introduced the definition 
Of convexity in a metric space and generalized some impor- 
tant fixed point theorems previously proved for Banach 
Spaces. Subsequently, Machado [4], Talman [7], Gauy and 
Singh [1] , Hadžić and Gajić [2], Gajić [3], among others 
have obtained additional results in this setting.This pa- 
per is a continuation of these investigations. 


AMS (MOS) Matnemattcs Subject Classification 0): 47Н10. 
Key words and phrases:convex structure, fixed point. 
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2. PRELIMINARIES 


Definition 1. Let X be a metric space and I be 
the closed unit interval. A mapping W: XxXxI>X ts satd 
to be a convex structure on X iff for all x,y€X, del, 


d(u,W(x,y,A)) SAd(u,x)+(1-A)d(u,y), for all чех. 


X together with a convex structure ts called a 


Takahashi convex metric space. 
Any convex subset of a Banach space is a Takahashi convex 


space with W(x,y,A)=Ax+(1-A)y. i 
^ 
t 

Definition 2. Let X be a convex metric space. 


A nonempty subset К of X ts convex iff М(х,у,\) ЄК whenever, 


X,y€K and: ет. 

Takahashi has shown that open and closed balls are 
convex and that the arbitrary intersection of convex sets is 
convex ([5]). 


For arbitrary CGX let; 

W(C) :={W(x,y,A):x,yec,Ael0,1]}. (1) 

It ts easy to see that W:P(X)9P(X) is a mapping 
wtth properties 

1. CeEW(C), for СЕР(Х) ; 

2. CSB implies (С) = W(B), for В,СЕР(Х) ; 

3. W(CNB)CW(C)NW(B), for any B,CeP(X). 


Using this notation we can say that KSX ts con- 
vex iff W(K) SK. 


A few additional definitions and propositions 
will be needed subsequently. 


bs. 
E 
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Definition 3, А convex metric space X is said 


to have Property (С) tff every decreasing net of nonempty, 


closed convex subsets of X has a nonempty intereectton. 
Remark, Every weakly compact convex subset of 


a Banach space has Property (C). 


Definition 4. Let X be a convex metric space 


and А a nonempty closed convex bounded set in X. For хех 


we set: 


r „(A)= sup d(x,y), 
yeA 


r (A)= inf r (A), 
x xen x 


А 7 {хЄА:г, (А)=г(А) }, (centre of A); 
6(А)= sup {4(х,у):х,уЄА); (dtametar of A). 


Definition 5. А point x€A ts a diametral point 


of Atff sup d(x,y)=6(A). 
yeA 


Definition 6. A convex metric space ts said to 


have a normal structure iff for each closed bounded convex 
subset A of X, which contains at least two potnts, there 
exists x€A which is not a diametral point for А. 


Remark. Any compact convex metric space has a 
normal structure ([1]). 
For sets K,HcX by 9pK we shall denote the boun- 


dary of K relative to H. If K is closed then: 
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Энк={=ек |В(2,г) n (HNK)# Ø for each r>0} 


(В(2,гх)={хех|а(х,2) <r}). 


Lemma 1. [1] Let H and К be two closed subset 
of the Takahashi convex metric space X such that H N K# Ø 


If W:X xX x I> X ts continuous in ЛЕТ and н їв 
convex, then gK-g«-»HcK. 


Lemma 2. The continuous image of the convex 


subset К of a Takahashi convex metric space with a conti- 


nuous convex structure М is a connected set. 


Proof. Since K is convex and W is continuous, K is 
pathwise connected, and since a continuous imace of a path- 


wise connected set is pathwise connected, it is connecteC too. 


Now, let us recall that the convex hull of a set 
A, AcX is the intersection of all the convex sets in X con- 
taining A, and it is denoted by conv A. 


It is obvious that if A is a convex subset of a 
convex metric space X, then 


W'(A)-W(W(...W(A))..)C A, for any пе м. 


For n€N we set 
a =W (a). 


The sequence А ем is increasing so Zim inf 


and Zim sup exist and 


Lim sup A= lim inf AM Lim А = U A 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Reet ee чут + «тер 


l—— 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Fixed point theorems in Takahashi convex metric spaces 133 
SSC pomo "eorems in laKamaghi convex metrio еси ИАА 


Proposition 1, [3] Let X be a Takahasit convex 


metric space. 
Then, 


conv A= Lim A= nun An” (Acx). (2) 


In the remainder of the paper, (X,d) will denote 


a complete metric space with a convex structure W. 


Proposition 2. [3] For any subset А of (X,d) 


6(conv A)=6(A). 


Lemma 3. Let KcH be two nonempty closed subsets 


їп (X,d),let Н be convex and let М be continuous їп А. If 
хек and  yGH«-K then there exists Age (0,11, such that 


W(X, Y; ào) €9,K. 


Proof. Let L-í(Ae[0,1]lw(x,y,A)eK)since L is 
bounded and nonempty (1€L), there exists inf L. Let А = 
= inf L. If Age (0,11, then for every n€N there exist Ant 


Ao <, л >л, and so that W(x,y,\,,)€K. Since W is con- 


tinuous W(x,y,Ag)ekK, too. On the another hand, there exist 


{А 0А <А ХА so that W(x,y,A,,) EHX and, then, 
М(х,у, А) W(x,y, AQ) so we prove that W(x,y,A,)€0,K. 
For ^о=0, since d(y,W(x,y,A))=Ad(x,y), one can 


prove that уєк=к. Contradiction! 
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a ee 


3. RESULTS 


Theorem 1, Let(X,d) be with a continuous con- 


vex structure and let H,K(K cH) be nonempty closed convex 
subsets of (X,d). Further, let H be a normal subset and K 
a bounded set wtth Property (C). 


If A:K2»H,A(94K)cC К, and А ts a mapping which, 


for all x,y€K satisfies the tnequaltty; 


d(Ax,Ay)«ad(x,y)*b[d(x,Ax)*d(y,Ay) ]tc[d (x,Ay) + 


* d(y,Ax)], (3) 


where a,b,c are nonnegative constants such that а+2Ь+2с< 
«1,atb»0, then A has a fixed point. 


Poof. We shall assume that a+2b+2c=l. For fix- 
ed Хек and arbitrary x€K we have from (3): 


d (Ax, AX,) «ad (x, X.) +b [d (x, Ax) +d(x,,AX,) ] + 
*c[d (x, AX.) +4 (x, ,Ax) }<ad (x, x) *bá (x, X ) + 
+bd (x, ,Ax,) thd (Ax, ,Ax) tbd (x, ,Ax,) ted (x, Xo) + 


*cd (AX, Xo) tcd(x,,AX,) *cd (Ax, ,Ax) 


and further, 


S atb+c = 2(b+c) са о 
о Бе о) © T=b=c S orato) 


This and the boundness of К means that А is bounden оп K, 


Let, as in [7],F be the family of all the clo- 
sed convex subsets of H so that for FEF, FN Kf f and 
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А:ЕП K*F. Since НЄҒ, [А В. Let {F} be a decreasing chain 
of sets of F and let Fo=n Е. Note that Fyn К is nonempty 
since (rn K) is a decreasing chain of a nonempty closed 
convex subset of a set with Property (C). Also, since 

А:Е П KF a’ for each a, clearly А:Роп K?Fg. Since Fy is a 


closed convex, FEF so it follows by Zorn’s Lemma that 
F has a minimal element. 


Let F be a minimal element and suppose 9pK* я. 
Ме shall prove that М get ЕПК has only one element. Sup- 
pose that M has more than one element. Then, center Мс is 


a nonempty closed convex set so that; 
8 (M,) <r (M) <ô (м). 


Furthermore, if conv N denote the clused convex 
hull of set N, then we have 


(convA(M)) K> A(M) П Кэ A(3,K) П K=A (3pK)# Ø 


A(convA(M)N К) с AFN K)-A(M)C convA(M). 


From this two facts and from the minimality of 
the set F we get 


convA(M)=F. 


This and the boundedness of A give ô(F)<+%, 


Let y€M.. If Ay€M set x =y. ТЕ АУМ, then у ¢ 
с о 
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Éd РК апа by Lemma 3 there exists 0<AQ<1 such that W(y,Ay,Àg) 
езьк. In this case put Xo W (YAY; Ло). In any case we have 


Xo AXo ем (since A: ðpK>K) and that 


ro def sup [d (xo, z) |zeM)« SF). 


Further, for all x€M we have: 


d (Ax,Ax ) Sad (x, x, )*bd (x5, Ax) *bd(x, Ax) * 


* cd (x,,Ax)*cd(x,Ax )«(atb)ro*(b*2c)6(F), 


so, since we prove that Е = convA(M), 


Шея 


E sup (d(Ax,,z) |zeF)« &F). (4) 


Now, we shall define a transfinite sequence of 


the set (M) setting 


Mo ={Ax9} 


M,= conv((M, ,n M)UA(M, ,nM)) if 0-1 exists, 
M7 U Mg if а-1 does not exists. 
В<а 

Obviously, the sets Ma are nonempty convex (W 
is continuous) and closed subsets of the set F for which 
Ma K Ø. For a<a~ it is Ma € Mar Taking an ordinal num- 
ber a* greater than the cardinal number of the power set 
of F, we see that in the sequence (M, | 0<a<a*} there must 


be repetitions. If ao is an ordinal number for which 


My +1 


=М (0<0 <а*), then we have 
0 бо 9 
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A(M,M M) ceonv((M, П M) U A(M, n M))- 
o о о 


= М mc (5) 
We shall prove for all (O<a<a,) that 


ô (M) Sr. (6) 


For a=0,(6) is true. Let 0<asa, and suppose 


that for all В, 0<B<a 


ô (Mg) Sx (7) 


and 


d(x,Ay)<r for x,y€M, nM. (8) 


Suppose that a-1 exists. Taking a sequence 


(en) 6,20, e, +0 we can find Х,У еМ, so that 
$ (M.)-e,«d(X ,y,), п= ИЛ ооо © (9) 


Further, we may assume that one of the following is true: 


i) *rY,EM,_ 1 M; т=Л2 ско В 


11) х Ах Yn AY 1X rYnOM 10 М, 
ndr E ; 


111) х rz 
) хем n M, Y AY p y, 8M, 19 M, 


n=1,2,... 
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If i) or iii) is true, then from (7), (8), (9) 
it follows immediately that 6(M,) &. If ii) is true then 
(3), (7), (8) and (9) give $(M,) <r, зо inequality (7) is 
proved for o8. 

Let хем „П М. Then for а хем п М and а given 


€>0 we may take x'e conv (M, n M) U A(M, ,f M) ) for which 
d(x,Ax) <=+а(х”,Ах). 


Using Proposition 1 we have that there exists 
~k 
* o К 
коем, зо that хен СМ 4 M)U A(M, п M)). By (3), (7), 


(8) we get ав in [7] that: 


а(х,Ах) <є+ } ш,а(а; , Ax) + (atb*c) (1-0) r+ 


ier; 
+b (1-w)d(x,Ax) +c ) w,d(u, ,Ax) (10) 
ier, 
ko 
Ii UI,-I, card I«2 1,70, ier, = 9,71 
ier 
w= E Wy and u,eM,_ 49 M, for all i € I. 
ier, 

This means that the set S of all В, 0<В<а for 

which 


a(x,Ax)<e+ X Y4,d(v, ,Ax) ty (atb+c) г + 
ier 
+ybd(x,Ax) (11) 


for some v,€Mgf M and some real numbers ү,ү;>0 .(r-finit 


set) for which 
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Y(at2b4c) + > y,74 
ier 


is nonempty. Let 86 be the first element in S. Suppose 


that 8520. If 857 does not exist, then уем 6,880, beca u- 


зем = у M 
CRT ли" 


first one in S. Hence 86 - 1 exists and by definition 


. This is impossible becavse 86 is the 


v,€ сопу { (Mp -1N M)UA(M, N M)}. 
о о 
Repeating for the distance d(v, AX) the above procedure, 
we may assune that in (11) V4 €Mg and that үү,ү are поппе- 
о 
чаі уе constants and y(at2btc) +5ү,=1 . This is а contradicti- 


on to the fact that Во is the first elenent, so we have 


Now, we can assume that in (11) v,€M, so 


а(х ,Ax)<e+ ( X У; ) r+y(atbtc) = + 
ier 


+ybd (x , Ax ) 


and further, 


Ly. +Y (а+Ъ+с) 


Se А: 


d(x ‚Ах ) < 


1-yb 1-ҮБ 
or since 0<y< 1 
ак ‚вк ) < rg + г. 


Because є>0 is arbitrary, ме get 


d(x ‚Ах )Sr (1 2+ 
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Now, in a similar way, usinc (12) one can prove that (8) 
is true for В=а. 


In the case that a-l does not exist, from (7) 
for В<а it follows immediately that (7) holds for В=а. 
Inequality (8), for B=a, may be proved in a similar way 
as in the case when a-l exists, so we have that (7) and 
(8) are valid for all a, 0<а<а . 

Finally, we have that M. is a nonempty closed 


о 
convex subset of the set Е with properties that 


а) (M, )<r<é (F) 
to 


b) м N кым N MZ d 
ao 96 


c) A(M, n K)c My о 


о о 


But this is a contradiction to the minimality of 
the set F, therefore M=F NK has only one point. 


Let {x*} =F ПК. From aK #9. We have {х*} =9 К. 
Then, Ax*€F ПК=х* and x* is the fixed point of A. 
If a pK=9 then, by Lemma 1, FcK and A:F N K>F 


would imply A:F+F. If F has more than one point, from the 
fact that H has a normal structure, one can see that there 
exist x €F, for which 


sup {a(x,,y) |yer}< ФЕ). 


We can now construct the sequence (Mj, with 
M= {xo} and repeating the above procedure, with some sim- 


plifications, we again get a contradiction. Hence, F has 
only one element. This and А:Е+Е imply that A has a fixed 
point. 
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Theorem 2. Let (X,d) be with a continuous con- 
vex structure, H and К, KCH, nonempty closed convex sub- 
set of X. Further, let H be a bounded normal subset and 

К with Property (C). If A:K+H,A(0,K) cK and £f А satis- 
fies (3), where a,b,c20 and а+2Ь+2с<1, then A has a fixed 
potnt. 


Proof. Let F, F, M have the same meaning as in 


the proof of Theorem 1. 
Suppose that M=F NK has more than one element 
and dpK7 9. Since FcH and H has a normal structure, there 


exists XýEF for which 
хо = supíd(xj, y):yer)«ó (ғ). 


Define X €M in the following way : 
1) if xy EM put x9-xj 
2) iE ху ¢ М take Xp" EMNOLM , chose iE(0,1) 
such that W (xo" хо” rÀ) E M= pK and хо= (xp ,X9 ,3) 
(Note that in the case ху £M we have that MNO LMA J because 
in the opposite case 9, M-M and therefore A:M*M. From the 
ninimality of the set F, we now have M=F so ху €M). 


It is easy to see that in any case we have 


supíd (x o Y) |xer)« SF). 


Now, we can construct the зеачепсе (Mi), startinc with 


Мо={ хо } and so on. 
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REZIME 


TEOREME 0 NEPOKRETNOJ TACKI U TAKAHASIJEVIM 
KONVEKSNIM METRICKIM PROSTORIMA 


U ovom radu dokazane su teoreme o nepokretnoj 


tački и klasi Takaha$ijevih konveksnih metričkih prosto- 
ra koje uopštavaju rezultate za normirane prostore iz ra- 
da [7]. 
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OF SEVERAL COMPLEX VARIABLES ON A POLYDISC 


Endre Pap 


Institute of Mathematics University of Novi Sad, 
D» Ilije Djuriéida 4,21000 Novi Sad, Yugoslavia 


ABSTRACT 


In this paper a version of the results, from the 
previous author's paper [8] for the space Xp(f4f2) of the 


functions representable by the absolute and uniform conver- 
gent generalized Dirichlet series on a polydisc 0=0(Р;,8,), 


is obtained. A representation of the continuous linear fun- 
ctional on Xp(f4.f2) is constructed. 


1. INTRODUCTION 


We have investicated in paper [8] the space 


Supported by the US-Yugoslav Joint Fund Project JF 838 
AMS Mathematics Subject Classification (1980): 30B50, 46A45. 


Key words end phrases:Generalized Direchlet series,entire functions of 
order р and type o, Mittac-Ieffler function. 
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X(£1,f5) of the absolute convergent ceneralized series 


(in the whole c?) 


(1.1) } ал nfi (81) 22 On Sz) 
m,n=0 
where fi and fj were entire functions of the given corres- 


ponding orders Py and types c, and 89 1AQ=Ho =0. On) пра, 


(pA nda are two sequences of complex numbers such that 


o«[3I«122]« M. 0 


< ма |<| > |<... += 
and further 


(1.2) lim 
mine 


In this way we have generalized some results by S.Daoud 
[17-[3]. 


In this pper we shall investigate the cenerali- 
zed Dirichlet series (1.1) on a polydisc D(R,,R,)= 


={s,:|s,|<R,}x{s.: |s |<R,} with а more restrictive condi- 
tion on the sequences Oe) and (ид) than (1.2). Nemely, t 


we shall suppose that 


lim. Gan) 0 holds. 


mno 1 р 
Da + Iul 
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In this paper, for simplicity, we consider series and func- 
tions of only two variables, but all the results can easily 
be extended to any finite number of variables. 

We shall construct a representation of the continuous li- 
near functional on the space Xp (£31,£2) of functions which 


have a representation with the generalized Dirichlet series. 


2. Generalized Dirichlet series on a polydisc 


The entire function 


f(z) = J az 


is of order р, O<p< and type of0,> if 


sup|£(z) |exp(- (ote) 1218) <+= 
zec 


for all є, 0<є<1. 
Let E © denote the set of all entire functions 
, 
of order p and type g such that ay70 (k70,1,2,...). 


Let us consider the double generalized Dirichlet 


series 


(2.1) F(s,,s5) = Y E ап, nfi (№51) £2 052) 
m,n=0 


of complex variables s 


1 and so, where ера 00 


coefficients ап are complex numbers, Àg7ug70, On m»1' 


(un n21 are two sequences of complex numbers such that 
о<[А [Sià [S ... + = 


and 
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ом 1116 > e 


and further 


(2.2) lim ИШИБИ ить к» c7... On! 


m+n?° р р р p 
WAR 2 | 2 
oR) m + 2R2 n 
where к, апа R, are positive real numbers. 


Theorem 2.1. Let 


1n|a. ssl 
(2.3) lim sup о <-i. 
mine 
SIA | lig 2 | 2 


ОБТ m 2R2 ES 


Then, the series (2.1) converges absolutely and uniformly 
on the polydisc 


D (R) ,R2)7( (5,5): |s} | R1, || «R2). 


" 
1 7 Хо 


2 и" 
and rj such that rj “r< В, and r< ro< R5. By (2.3) there 


Proof. We take the real numbers го p 38 


exist NGIN, such that 


1п |а n! 
Pa 1 2 DS я 
Path lnl Y 2*2 EN 
for m*n2N. Hence, 
т 02 02 
(2.4) Гаа, п «exp for, || 2-02, |ы тй 


for ш+п?М. 
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Since Е, ЕЕ 7» ‚ (i-1,2),there exist natural numbers 
Pi o4 
N,=N, (Е) and N =N, (=) for arbitrary Е, 0<є<1, such that 


p p 
ТЕ oim 2 
[Е Os) | <Куехр{ | д | rá (0, +Е) }, (ls, |<r5, >N) 
22915) 
Bio) I я 
12 (0152) 1<к, exp( |н, | r5 “(ар+е) |, (18 |< ,n2N5) 
for some 


k,?0,k,>0. 
Then, we obtain by (2.4) and (2.5) 


р 
T 1 
(2.6) lan,nllf1 (51) 11£2 (Q452X | 1k; exp{-|A,| > 


p p p р p 
1 2 т 2 2 2] 77) 
[or] = (ote) го l- |u| 0022 -(c4*e)r5 ^1) 
for m+n>N -max(N,N;-*N5]. 


There exists such a positive number € that the number u de-' 
fined by 


p p p p 
1 1 2 2 
or, -(c,-*e)r- с.г =- (с„+Е) с" 
ui: = min( A o ees 
01 02 
ОК, OR, 


is positive. Now, we can choose a positive number t such 


that + < u. By (2.2) there exists Мем, such that 


ва 2 
t (с. В [Anl +0 )>1n (m+n) 


ibl al 


for mtn>N~. Hence, by (2.6) 
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Py 2 
làn, nl [1 51) | 1 £2 01552) <) exp{-u(o,R, lAl +05R, EN 


кук 


<К.К, exp{- + 1п{т+п)}= 
172 t (m+n) 2/6 


for m*n2max(N,,N^)and |s|«xj r [s2 [< 
For special entire functions fi, we have the following 


Theorem 2.2. Let 


1/p 


i 12), 0<р<о,0#0 „о,і=1,2, where Ey is the 


Ё. (2)=Е (c 
і Pi 


Mittag-Leffler function, i.e. 


n 
2 


Е (2) = —— 
р L "(s 41) 


The series in (2.1) converges absolutely and uniformly on 


D(R,,R3), iff (2.3) holds. 


Proof. Ву Theorem 2.1. we have to prove only that 


if the series in (2.1) converges, then (2.3).holds. We suppose 
the contrary, i.e. that for some series 


= 1/0, 1/9, 


0 ?n,nPp, (91 S 52) 


m,n= 


the relation (2.3) does.not hold, although the series is an 


absolute convergent for arbitrary (s1,S5) €D(R, ,R2) . 
Let r, (i=1,2) be such numbers that r,<R, holds. Since (2.3) 
does not hold for rí B O«ri«r, ‚ there exist two subsequen- 


ces (n) and ín), such that 
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inlay n | 
Е > - 1 (келч) 
р р р р 
оа 1 10,221 | 2 
II k 22 k 
Hence, 
221 2Р2 P 
(2.7) ее. -0,, LM 2) . 


We shall need the following asymptotic behaviour of the func- 
tion Ер (see p. 134 in [4]) 


1/p р. 
1 ži 0:5, i = 
(2.8) CT S)-0,e 171 *0 (1/s,) , (1=1,2) 


in a small angle |arg з; |<¥,- There: exist subsequences {зү} 
ОЕ (m, ) and (ui) of {п}, such that arg Às?’ and 


0 -i 
arg Hy *$2 as ke, By (2.8), for s,-r,e IESU 


for some small =>0 and koko 


1/p, 0 01 " 
IESKO Ag Eiroa | в] } 
(2.9) 


1/р р 
о 7 2 
(о, ва 52012020092 Е) г) [и 


So for К>Ко (2.7) and (2.9) imply 


1/0; 
1 2 0 
las ry HIE, (о, A з) HE, (e) Hy, 52) | 
>exp{|A_ | llor, l-(c TES 

D Sn 171 y EY ois 
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02 


Po Po я 
(а [a r, -(o59*€)r5 ^1) . 


We can choose a positive real number c small enough so that 
the numbers 


01 01 05 Po 
суг, -(оу+є)гү апа Tory - (92+Е)х> аге 
positive. 
Hence, 
1/p, 0 1/р2 0 
las rol Soj о Ц Bassa? [22 


and the series in (2.1) does not converge for the point 


(s?,85)€D(R,/Rp) - This contradiction implies that condition 
(2.3) must hold. 


Using the idea of the preceding proof, we can prove 
the following theorem. 


Theorem 2.3. Let 


1/p; 
о < 2), 0<р<®. O«p«o, of0,~,i=1,2. 
If condition 
1n|a. =| 
(2.10) mito sup e h = -1 
1 1 2|u 2 
oR) lAl +0,R n 


holds for some positive real numbers Ri and Ros 
any pair (K, ,K5) of real numbers such that K,>R, (i=1,2), 
there exists a point s°=(s°,s9) ес? such that 


о E КЕ: 
R, <|5; |«K; (i=1,2) and the series 
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ss 1/р 1/р 
(2.11) Y ав RC вту, (05 5489) 
m,n=0 USt AY P2 


does not converge. 


Proof, Let К. (1=1,2) be positive real numbers 


i 
such that В; *K, (1=1,2) holds. We shall find a point 


5°= (50,59) such that the series (2.11) does not converge. 


Let г; (i-1,2) be real numbers such that R <; <Ky (i=1,2). 


T 
By (2.10) there exist two subsequences (m. } and пу) such 


that 
1n[a 2 | 
кок 
>-1 (КЕ с 
91 91 гу гу (KEIN) 
viri |A | +9552 № | 
Непсе, 
р р p p 
1 1 2 2 
2.12 = = p 
( ) 5 отат In| 0252 lHa | } 


There exist subsequences {s;lof (m) and (uj) of (ny) such 


that arg ^s +o) and arg и $5 аз k+o, By the asymptotic 
k 


u 

k 1/р 

behaviour (2.8) of the Mittag-Leffler function Е, (о, ls 
i П 


-1ф 
i=1,2) for some small є>0 and к, 


Om i 
we have for s;=K,e ( 


р р 
0 1 1 
А аде ар [Ау] 


1/0, 


0 02 22 
|E, (92 у, 2 [>ехр{ (057€) K) LN 


bc 
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Hence, by (2.12), 


1/p 
[к GS 
01 


ST ( P. ) | 
AL s Е с [ies 
Sk l 0 2 uk 2 


a 
Sk Uy 


P p p 
ВОЛ, | ок." - (1+6) к) 27 


02 02 P2 
-luy [c9K) "-(o,*e)r, “I}. 


We can choose a positive real number є small enough so that 
the numbers 


Py Py 02 92 
94K, — - (o, +e) ry and , оК) "-(c,*e)r, are positive. 
positive. 

Hence, 
1/05 
2 


| | |E pura. Olim. ( 
a (е) 5 Е g 
1 k 1 Po 


0 
SkrUk Py s Hexe) > 1 


and the series (2. 11), does not converge. 


3. Linear continuous functionals 


Let ioco aE tt-1¢2) denote the set of all 


the functions defined by the absolute and uniform convergent 

series from (2.1) on the polydisc D(R,,;R5), where the sequen- 

ces fr} and {н} satisfy condition (2.2) and fan п} satisfies 
(А 


the condition (2.3). 
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We can introduce а paranorm (see [9]) on X,(f£,,f5) 


in the following wav 


01 01 P2 2 жй 
| 
(oR) la] +508) Inl ) 


E } 
ПЕ = sup{lag gl,la, y/o r+n#0, m,n20j 


02007 


We can prove, in an analocous way as in [2], the 
following 


Theorem 3.1. The set Xp (£45 f2) endowed with the 
metric 
d(F,G)-IlF - СЇ (F, GEX (f1,f5)). 


is a linear metric space. 


We shall need the following version of Lemma 2 
from [8] 


Lemma 3.2. The following conditions are equivalent: 


a) 
lim ln (m+n) =0; 
mna ба | Pry в. |°2 
18] !^m 9585 IPn 
b) 
lim: 222 о, 
т» 1 
lf 
lim es 
+o P2 З 
Я 
n 
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с) for any a,0<a<~, the series 


01 P2 
l lae) 


Py ‚02 
ў exp{ -a(o,R, lAn +98, ly, 


converges. 


Proof. The proof is analogous to the proof of 


Lemma 1 from [1] with some obvious modifications. 


Theorem 3.3. Every continuous linear functional Ф 


on Xp (£1 £2) is of the forn 


(3.1) Ф(Е) = ў an nĉm,n 
m,n=0 


со 
Е = FHC 
(51,83) d cd ап nia (51) £2 (№152), 
where 


In|e, о|<М<а апа 


01 
(в: |А 
(3.2) In|c, nl 


(min20, m+n #0). 


Conversely, for each infinite matrix lenn]! with 
property (3.2), (3.1) represents a continuous linear funci- 
tional on X(f]: f3). 

Proof. Let Ф be a continuous linear functional on 


Xp (1,2). We can take 
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Using the fact that the series representing the function Р 


1) Е2 (915 


is uncoditionally convergent, we have 


?G) = pha 


m,n 


ome . 


By Lemma 3.2 and 
(3.2) holds. 
Assume 
First we have to 
n 


m,n=0 


By (3.2) we have 


(3.3) Ic, ol «exp 


"BL 0 


i,j ej 


со 


- } 


m,n- 


2)) Сп, п (в, пед) (0)). 


а с 
а m,nm,n 


Е (А51) 5200152) 


(2.3) ме have that for the matrix [с 


now that for the matrix д, 


prove that the series 


a c 
m,n-m,n 


M, 


[с 


converges. 


р 
п|<ехр (суву |А 


nl 


01 


n 


1, 


m,n 


(3.2) 


By (2.3) there exists a natural number N such that 


lag, п! *exPt -o4R 


"1| 


p Po 
oR |, | } 


for m+n>N. Hence, by (3.3), 


an, nom,n 


Since, by Lemma 3.2, 


| <exp{ - (1-м) (cR 


E p 
1 1 
eal 


the series 


+0 dut |n 72 
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р 
ў ехр(- (J-M) (o, R, |А 
m,n=0 


Рі P2 
л! 09280 Iu, 


converges, we obtain that the series 


со 
an n^m,n 
m,n=0 И f 
converges absolutely. 


It is obvious that the functional Ф is linear. 
We have to prove that it is continuous. Let {F,} be a seguen- 


ce from Xp (£1,£2) which tends to zero with respect to the 
convergence in Xp (£17£5). We have to prove that jime(Fy)-0. 
Let 


(к) 
Loo mn 


Е, (5.,5.) = 
eV) meno 


Е} AS )) £2 (052) (kem). 
X íf] £5) 
The condition F,__-__-__“, 0, as k>% implies that there 


exists a natural number Ко such that 


la, €) 1<ехоСск) 1509 


02 


р 
1 2 
UAE, Iul ) 


By 
|< exp{-k (ов, [Al 


for each К such that k>k,- Hence, by (3.2), 


$ о (к) . 
Ф (Е. < = 
KA x)! Lo [акт | | Съ, п XP Ur к} + 


ел Cater) ( Rta j^ 
expt (M-k) (c +0 
m,n>0 11 m 


p 
в 


2 
282 lun 


for each К such that kek, . Letting k>, we obtain by Lemma 
3.2 (since М<1) that Ф(Ех)+0. This completes the proof of 


the theorem. 
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REZIME 
PROSTOR UOPSTENIH DIRICHLETOVIH REDOVA OD | 


VISE KOMPLEKSNIH PROMENLJIVIH NA POLI-DISKU 


U radu se daje karakterizacija koeficijenata uop- 
$tenog Dirichletovog reda od više kompleksnih promenljivih, 
a koji konvergira apsolutno i uniformno nad poli-diskom 
D(R,, R5). Daje se reprezentacija neprekidne linearne funk- 
cionele nad prostorom Xp(f1^f2); funkcija razvijenih u 


uopšteni Dirichlet red nad poli-diskom DzD(R,,R,). 
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ON TWO DEFINITIONS OF THE NON-COMMUTATIVE CONVOLUTION 
PRODUCT OF DISTRIBUTIONS 


Brian Fisher 
Department of Mathematics, The University, 
Leicester, LE1 7RH England 


ABSTRACT 
Two generalizations of the standard definition of the convolution product of two 
generalized functions are given. It is shown that neither is a generalization of the 


other. 


The standard way of defining the convolution product f * 9 of certain pairs of 
distributions f and g is as follows, see for example Gel'fand and Shilov [1]. 
DEFINITION 1. Let f and g be distributions satisfying either of the following 
conditions: 

(а) either f ог g has bounded support, 
(b) the supports of f and g are bounded on the same side. 


Then the convolution product f * 9 is defined by 


((1*9)(=), 4(=)) = (gly), (F(z), (2 + 90) 


AMS Mathematics Subject Classification (1980): 46F10. 
Key Words and Phrases: convolution product, distribution, neutrix, neutrix limit. 
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дд 


for arbitrary test function ¢ in the space D of infinitely differentiable functions with 
compact support. 

This definition of the convolution product is very restrictive and in order that 
further convolution products could be defined, the next definition was introduced 
in [2]. 

DEFINITION 2. Let f and g be distributions and let т be an infinitely differentiable 
function satisfying the following conditions: 

(i) т(2) =т(-2), 

(ii) 0<т(т)<1, 

(iii) r(z)=1, |z| < 1/2, 

(iv) т(2) = 0, |z| > 1. 

Let /.(2) = f(z)r(z/n) for п = 1,2,.... Then the convolution product f * 9 is 
defined as the limit of the sequence (f, * g}, provided the limit A exists in the sense 


that 


Jim (f, * 9,4) = (h, 9) 


for all ¢ in D. 
In this definition the convolution product f, * 9 is in the sense of Definition 1, 
the distribution f, having bounded support. | 
It was proved in [2] that if a convolution product f * 9 existed by Definition 1 
then it also existed by Definition 2 and defined the same distribution. Definition 2 | 
is therefore a generalization of Definition 1. Although the convolution product of 
Definition 1 is always commutative, the convolution product of Definition 2 does 
give some convolution products which are non-commutative. Е 
The next definition also generalizes Definition 1 and was given in [3]. 
DEFINITION 3. Let f and g be distributions and let Tn be the infinitely differen- 
tiable function defined by 
1, |z| < п, 
та(т)= 4 т(п”= — п"+1), z >n, \ 
T(n®z+n"t1), = «-n, | 


where т is defined as in Definition 2. Let f,(z) = f(z)t(z) for n = 1,2,.... Then 
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the convolution product f *g is defined as the neutrix limit of the sequence (f, * 9), 


provided the limit A exists in the sense that 


N -lim( fn *9,9) = (h, $), 


for all ¢ in D, where М is the neutrix, see van der Corput [1], having domain 
№ = {1,2,...,n,...} and range the real numbers with negligible functions finite 


linear sums of the functions 
n? 1n'^! n, In" n 


for А > 0 and r = 1,2,... , and all functions e(n) for which lim, e(n) = 0. 

The convolution product f, *g in this definition is again in the sense of Definition 
1, the support of f, being contained in the interval [-п — n^^,n + пг"). 

It was shown in [3] that all the convolution products which were proved to exist 
by Definition 2 in [2] also existed by Definition 3. Examples were also given where 
the convolution product existed by Definition 3 but did not exist by Definition 2. 
Since then, in [4], [5] and [6], further examples were given where the convolution 
product existed by Definition 3 but not by Definition 2. All this suggests that 
every convolution product which exists by Definition 2 must also exist by Definition 
3. This however is not the case and we now give an example where a convolution 
product exists by Definition 2 but not by Definition 3. 

EXAMPLE. The convolution product 


oo co k 
35r (-k- оё") « У) &(z + kt ak"), 
k=1 k=1 


where 1/2 < a < 1, exists by Definition 2 but not by Definition 3. 


PROOF. Put 
f(z) = Yir*"6(s-k-ak*) 
k=1 
= =k 
g(z) = Уу ó(z+k+ak ). 
k=1 


Then with n > 3, 


falz) = у 2-85 (= — Е — ak-*)r(z/n) 


k=1 
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= JO 2-*6(z-k- ak") 
n-1 и -k 
+ D 27 (m) 6 (2 — k — ak^*) 
kz[n/2]41 n 
es k + ak-* k 
Denar > 5(z —k – ак“) 


k=[n/2)+1 


fin(z) + fan(z) — fan(z), 


where [n/2] denotes the integer part of n/2. 
The convolution products fj, * g, j = 1,2,3, exist by Definition 1 and 


оо [n/2] Е 
fintg = »» № 2-46 (2 +k- i+ ak^* — аі), 
k=1 1=1 
oo n-1 ; ;—i 
Љһ*9 = 2-'7 (==) 6'(z - k 1+ ak^* — ai), 
k=1 i=[n/2]+1 n 
оо n-1 ; „і 
fan*g = D n-1Q7*7! (=) (z +k- 1+ ak^* — ai). 
1 kz1iz[n/2]41 г 


It is clear that the supports of these convolution products are contained in the unions 


of the open intervals (r — dirt 3) forr = 0, +1,+2,.... 
For a given г let ¢ be an arbitrary function in D with support contained in the 


interval (г — 3, r + 1). If r > 0, then 


r*[n/2] 
(fine 9,¢)=— Y, 27$ (г – ak-* + a(k — r-*), 


k=r+1 


and so 
lim (fin*9,9) 2 У) 2°-*6'(r - ak^* + о(Е— r) ^^). 


К. k=r4+1 


If r < 0, then 
r[n/2]. 
(fin*9,9) =- У) 2'-*é(r— ak-*  a(k — r)'-*), 
k=1 
and so 
lim (fin * 94) = — 92d (r ов + a(k — т)". 
k=1 


п— со 
Next, if r > —[n/2], then 


-1 
nir T k 
n 


Y 


(fon *9, Ф) = 
k=r+1+[n/2] 
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Thus 


ntr-1 
Км Y z>, 
k=r+1+[n/2] 
where 


М = sup{|¢(z)|:r — 1/2 < z « r+ 1/2) 
and so 


lim (fon * 9, $) = 0. 


n-oo 


If r < —[n/2], it follows similarly that 


lim (fen * 9, $) = 0. 


It can be proved similarly that 
Jim (fon * 9,4) = 0 


for all r. 

We have therefore proved that lim,..(fn * g, $) exists for all test functions ф 
with supports contained in the interval (r — 1, r+ 1). It now follows that the limit 
exists for all ф in D, proving that the convolution product f + g exists by Definition 
2. 


Now put 


fn(z) 


УЭ 2-65 (2 — k — ак *)т, (2) 
k=1 


n-1 
= » 2—^5'(= — Е — ak-*) + 2-"7,(n + an^ ")6 (2 — n — оп") 
k=1 
—27"n"7/ (п + an™)6(z — n -— an^). 


The convolution product f, * 9 exists by Definition 1 and 
со n-l _ х 
fa*g = УУ) 26 (Ета * – оі") 

k=1 i=1 


+2-"т(а) У ó'(z+k-n+ ak-* — an^") 
k=1 
oo 
-27"n^r'(a) Y; (z+ k — n+ ak^* — опг"). 
k=1 


Let ¢ be an arbitrary function in D with support contained in the interval (—1/2, 1/2) 
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and $(0) 3 0. Then 
2-"" (а) 6(z +k —n+ ак“ — апт"), $) = 2-"n"r'(a) (0), 
k=1 


which is not а negligible function, unless т’(а) = 0 or (0) = 0. It follows that 
N -lim(fn * 9,9) 


does not exist for all ¢ in D and all т. The convolution product f * g therefore does 


not exist by Definition 3. 
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O DVE DEFINICIJE NEKOMUTATIVNOG 
KONVOLUTIVNOC PROIZVODA DISTRIBUCIJA 


Data su dva uopStenja standardne definicije konvolu- 
tivnog proizvoda dve uopStene funkcije. Pokazano je da 


nijedno nije uopštenje drucog. 


Received by the editors August 15, 1989. 
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THE DIAGONAL RELATION IN THE LATTICE OF WEAK CONGRUENCES 
AND THE REPRESENTATION OF LATTICES 


Gradimir Vojvodié,Branimir Šešelja 
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Dr Ilije Буиртёзва 4,21000 Novi Sad, Yugoslavia 


ABSTRACT. 


The problem of representation of an algebraic lat- 
tice L by the lattice C CA) of weak congruences of an al- 
gebra А (i.e. of all congruences on all the subalgebras of 
А) is closely related to the localization of a diagonal 
relation A in С„(^А). А is a co-distributive element in С„(А) 
([6]), and it can also be neutral ([6]) and exceptional 
(as shown here). 

Here we shall discuss the following question: 

If a is a co-distributive (neutral, exceptional) 


element of an algebraic lattice L, is there an algebra A, 
such that С„(А)=ь, and that f(a)=A under that isomorphism? 


ж * ж 


САН5 Sub Class. 06815: ааа 
Key words and phrases:reprezentation of lattices, soecial 
elements in a lattice 
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Every positive answer to this guestion gives a 
representation of L by COE 


We shall show that the answer is positive if 
a is a minimal element of L. Thus, every algebraic lattice 
has at least one respresentation by weak congruences. This 
representation turns out to be the only one for lattices 
having no co-distributive elements different from 1 and 0. 

However, the general answer to the above mentio- 
ned question is negative, because of some algebraic prope- 
rties of С„(А) that we prove here. In order to give a lat- 


tice-theoretic interpretation of these algebraic results, 
we define A-suitable element of an algebraic lattice das 

the one that satisfies all the mentioned necessary conditi- 
ons under which an element corresponds to A, 


1. INTRODUCTION. 


A weak congruence р on an algebra А=(А,Е) is a 
symmetric, transitive and compatible relation on A, which 
is also weakly reflexive: it c is a constant оп A, then 
coc ([4]). We denote by c OD, c(A) and S(A) the algebraic 


lattices of weak congruences, of (ordinary) congruences, 
and of subalgebras of А, respectively. 


ce, UO coincides with the lattice of all the con- 


gruences on all the subalgebras of A(under set inclusion). 


Moreover, С(А) is its sublattice (as a filter generated by 
4={ (х,х) | хеА}), and S(A) is a retract of с СА) (ideal gene- 
rated by А) ([4]). Subalgebras are represented in c, OUO by 
diagonal relations (865 (А) which correspond to 

кушку geb 


We shall use the following special elements of 
a bounded lattice L: if a€L then 


(1) a is co-distributive, if for all x,yGL 
а^ (хуу) = (алх) у (алу), 


or, equivalently, if mi? x*xAa is a homomorphism ([1]); 
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thus, a co-distributive element uniquely determines the fol- 

lowing sublattices of L:(al,[a) (ideal and filter generated 

by a), and for every хег (xl, , where е4 is a congruence on 
a 


L induced by m, ; 


(II) a is neutral, if m,:xX^a, and па:х+хуа are homomor- 
phísms, and f а> х? (хла, хха) is an embedding of L into (a]x[a) 


(111); 


(ІІІ) а is exceptional, if it is neutral and the classes 
of the congruence induced by m have maximum elements which 
fom a sublattice M, of І (131). 

For x€L, let x be the maximum of the class to 
which x belongs; thus m, (x) =m, (x). 

Considering the algebraic lattice c, (A) of an al- 


gebra А, we get the following statements, the proofs of 


which are straightforward. 
1. ^ is a co-distributive element of CCA) . 


2. The mapping пд: P*PAA( PEC, (A) ) is a lattice homomorphisam 


(the homomorphic image is S(A), as already pointed out). 


3. The mapping n,?e+pvA(pEC, (A) ) is a lattice homomorphism 


if and only if A satisfies the Congruence Intersection Pro- 
perty (CIP) ([4]). In that case, А is a distributive ele- 
ments of С (А). 


4. А is neutral in c O9 if and only if А satisfies both 


CIP and CEP (the Congruence Extension Property) ([6]). 
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5. The classes of the congruence induced by m, have maximum 


elements forming a set м = (в? | Bes (А) ) (M, is not necessarily 
a sublattice of C, (А)). 
w жжх 

Now, let Г be an arbitrary algebraic lattice. In 
order to give an answer to the question at the beginning 
of the article, we shall start with the fact that the mini- 
mal element, 0, is co-distributive in L. Thus, we have the 
following Represetation Theorem. 


Theorem 1. Let L be an algebraic Lattice. Then 


there ts an algebra A such that tits lattice of weak cong- 


ruence С (А) is isomorphic го L. 


Proof. If L is algebraic, then there is an al- 
gebra A17 (A,F) such that its lattice of (ordinary) con- 
gruences С(А у) is isomorphic to L (G.Grátzer, E.T.Schmidt, 
[2]. Now, let A=(A,F) be the algebra constructed on the 
same set A as A, and with the same set of non-nullary ope- 


rations, but in which the set of constants K is the whole 
set A (K=A), i.e. such that F=AUF,. Then, obviously, 


С„(А)=с(А)=с(А,), and we are аопе.п 


If L has no co-distributive element other than 0 
and 1, then the only way to resperesent it by weak congru- 
ences is the one given in Theorem 1. 


EXAMPLE 1. The lattice M,(Fig.1) can be represen- 


7 ted by the latice of weak congruences only by adding to the 
set of operations all the elements of a suitable algebra 
Я" (КІеіп 5 group, for example) as constants. 
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2 ES 

A А= ({е,а,Ь,аЬ}, •, 1 e,a,b,ab) 
e ab ab 
e a b ab 
aja e ab b 
bib а еа 
ab jab b a e 

A 
с (А)=С (A) Fig. 1 


in the following two examples A is a neutral and 
exceptional element (respectively) in the lattice of weak 
congruences of the corresponding algebra. Ап example in 
which A is co-distributive (but not neutral) is C, (93) ; 


where $. is a symmetric group on a three-element set (see 


850. 


3 


4-neutral, ) A={a,b,c,d} 


but not 
exceptional > | a b c d Аш Ev ley Gl 
| ааас f, Баас 


С - any cyclic group of order 


р.а р,а-ргіт, pfq. 


A- exceptional 
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However, the localization of an arbitrary co-dis- 
tributive (neutral, exceptional) element a in an algebra- 
ic lattice L is not sufficient for the existence of an iso- 
morphism f between L and the lattice of weak congruences 
of an algebra (with f(a)=A). In order to prove that there 
are co-distributive elements which could not correspond to 
А, we advance the following propositions. 


LEMMA 2. Let PiP EC (A) ,0, #9" for an arbitrary 


algebra A, and let 9. be the congruence on С„(А) tnduced 


by TA (see 2.). aen: 033g, $02] implies that [teal 11. 


OK 
(In other words, there are no pairs of one-element compara- 


ble classes modulo өд, unless the first contains the empty 
relation.) 


Proof. Obvious, Since a one-element class consi- 


sts of a diagonal relation of a one-element (or empty) su- 
balgebra. п 


An immediate consequence of this lemma is that 
in a bounded chain the only element other than 0 which co- 
uld correspond to A is the atom (if there is one). All the 
other elements in a chain are co-distributive, but the cor- 


respoding classes of weak congruences are one-element and 
| 
1 
M 


Fig. 4 Ед 5» 


1) It is possible that the weak congruence is an empty re- 
lation (see[4]). 
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comparable (see Fig. 4 and 5 for the lattices in which co- 


-distributive elements violate Lemma 2). 


LEMMA 3. If В,СЕЗ( А) for an algebra А, then 


BAC# Ø implies B^vC?-(BvC)? in C, (А. 


Proof. Let BAC-DZ Ü. Then 


B^vc?, (вус) "ec (BvC) (the lattice of ordinary cong- 
ruences on BvC). Now, from 
[22] 2 _2€S(BvC) 
B vC 


2 


([D7] 2 is a class in the congruence BANCA to which D 


BuvGc 


belongs), it follows that 


(15417, 29) 5 8 vo dlc (1) 
B vC 


Clearly, 


в,с<[р2] (2) 


В vC 


From (1) and (2) we get 


27022 


(вус) 2< (гь? ] 2 2) <B vC , 
Bv 


(© 
i.e. (вус) 2<в2ус2 2 
Since obviously 


в2ус2< (вус) e n 


finally we have 


в2ус2= (вус) 2 .о 


COROLLARY 4. If n (B| Bes (A) ) 7 8, then MA ts a sublattice of 


С 0А) - о 
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REMARK, The converse of Corallary 4 is not valid: see the 


groupoid on Fig. 6. МА is there а sublattice of C,, (C) ,but 
the minimal element of this lattice is the empty set. 


2 


G 


(G,*) G={a,b,c} 


(d 


C (<) Fig. 6 


COROLLARY 5. If А їз neutral element їп cO and the тї- 


nimal subalgebra of ^ is not empty, then A is exceptional 
in e, OD. 


Proof. By Corollary 4 and by (III). б 


Lemma 3, and Corollaries 4 and 5 exclude a 
wide class of co-distributive elements as possible diago- 
nal relations in the representation of lattices by weak 
congruences. A co-distributive element a in the lattice 
in Fig. 7 violates Corollary 5, since it is neutral, the 
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minimal class of the congruence induced by m, has two ele- 


ments (the corresponding minimal subalgebra could not be 
void), but a is not exceptional. 


For an arbitrary algebra А, and BeS (A), 6ЕС(В), 


lec? 


вө ] ÎSf{ аед| (abeB) agb} . 


LEMMA 6. а) В<В[0]<А; 


b) if {0, 1ет}<С( А), and B[0,1-B'for 


every t, then В [у 9, 1=B. 
iei 


Proof. 
a) Obvious. 


b) If аев[у6,], then there are а=ау,...,а„_уёА, 


а=Ьев, апа Эа” ба, есеп such that суо: 


If agB, then a, £B for some jé{l,...,n-l}. But this contra- 


dicts the assumption Biop ae EIUS п 


For ВЄС(А), let 


BaS v(gec(A) |в(0]=8). 


Obviously, 6,€C(A), and for every eC (A), 


a) B[6]-Be6«6,. 


Moreover, 
b) BL6,]=B. 


1) The consideration that follows, concluding with Theorem 
9, was suggested by E. Kiss. 
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(6, is thus the greatest congruence on A in which the subal- 


gebra B is a union of some classes.) 


LEMMA 7. For every BeS(A),0€c(A) 


B^ve-B[0]?v6, in Cy (A) 


Proof. By the definition of B[o0], 
B[o]?«n (ре c (Al B^vo«po) -B?ve. 


Thereby, B[0]?vo«B?vo. 


The opposite inequality is trivial. n 


COROLLARY 8. If В[Ө]=А , then B^vo-a?. п 


THEOREM 9. For an algebra A, let ве$ (А), and 


A>B(B ts a coatom in  S(A) Then, 


(єс (4) |evB? <a“) ZA. 


Proof. For ВЕ <(А).,Азв, and 60€ € (A) вув2 «A? im- 
plies В[0]# A (by Corollary 8). Hence, B[0]-B (since, by 
assumption, there is no subalgebra between A and B ). Thus, 


6g»0, and A^»e,»y (ee c(4)| ov? «a2). a 


So far there is no name for an element which 
satisfies all the listed necessary conditions under which 
it corresponds to a diagonal relation in a representation 
ОЕ a lattice by weak congruences. Therefore, we shall give 
the following definition (for the notation, see the introdu- 
ction). 


DEFINITION 1. An element a of an algebraic lat- 


tice L is A-suttable if it is co-distributive and satisfies 
the following conditions: 
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i) xay#0 implies xvy-xvy, for all x,yéL ; 
ii) if x£0 and x«y, then улафула, for all x,y€L; 
iii) if x£0 and x=a(y|yeLN{0}), then xfx, for 
every XEL ; 
iv) if x€L and х< (x is covered by 1), then 


v (yeL| y2a , yv x« 1) £1. 


It is clear that a A-suitable element must be 
co-distributive. Condition i) is required by Lemma 3, and 
ii) as well as iii) by Lemma 2; iv) follows by Theorem 9, 

Obviously, a A-suitable element which is neu- 


tral, must be exceptional, if 070. 


As a final example, we note that in a free di- 
stributive lattice with three generators (Gpg(3), see Fig.8), 
these generators are the only 
A-suitable elements. 

Since aA-suitable element sa- 
tisfies only some necessary 

conditions under which it cor- 
responds to a diagonal rela- 
tion, it is still an open pro- 
blem whether these conditions 
are sufficient,as well. To be 


precise: 


PROBLEM. If a is a A-suitable element of an algebraic lattice 
L, is there an algebra A, such that СА) е, and that f(a)-A 
under that isomorphism? 
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REZIME 


DIJAGONALNA RELACIJA U MREZI SLABIH 
"KONGRUENCIJA I REPREZENTACIJA MREŽA 


U radu je dokazana teorema reprezentacije proiz- 
voljne algebarske mreže uz pomoć mreže slabih kongruencija 
algebre. S obzirom da to predstavljanje zavisi od lokalizo- 
vanja elementa mreže koji se u reprezentaciji preslikava u 
dijagonalnu relaciju, daju se neki potrebni uslovi pod koji- 
ma proizvoljan kodistributivan element algebarske mreže 
odgovara dijagonali. Definiše se о9доуага] 161 A-podoban ele- 
menat proizvoljne algebarske mreže. 
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OF HAMILTONIAN GROUPS 


Branimir Šešelja, Gradimir Vojvodić 


Institute of Mathematics,University of Novi Sad 
Dr Ilije Djuriéida 4,21000 Novi Sad, Yugoslavija 


ABSTRACT 


It is snown that the lattice of all the congruen- 
ces on all the subgroups (i.e. the lattice of all weak con- 
gruences) of a group is modular if and only if the group 
is Hamiltonian (this is the solution of a problem stated | 
in [4] ). It is also proved that a group is Hamiltonian if 
and only if its diagonal relation is an exceptional element 
in the above-mentioned lattice. 


А weak congruence relation ([3]) on an algebra 
A-(A,F) is a symmetric, transitive and compatible relation 
р оп А, satisfying a weak reflexivity: if c is a constant 
in А, then 

срс. 

For a given algebra A, let 5 (А), C(A), and C, (А) 


OO eee 
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be the lattices of subalgebras, congruences and weak соп- 
gruences on A, respectively. 
ТЕ is clear that С, (А) is an algebraic lattice 


under set inclusion and that it coincides with the lattice 
of all the congruences on all the subalgebras of A. 
c(A) is a sublattice of c, (А), namely, it is а 


filter [A), where A={(x,x) | x@€A} (diagonal relation on А). 
s(A) is isomorphic with the ideal (A], under the 


mapping B?d 5, where d 2={ Gc, x) |хев) (а diagonal relation on 
вез (А)). В P 


Moreover, S(A) is a homomorphic image of cO. 
under р-+В, where S Ed 2, and ар рад (a diagonal of р). 
B 


In the following, we shall identify the subalge- 
bras of A with the corresponding diagonal relations in 
c (9. 


А is said to have the congruence intersection 
property (СІР) (13]) if for all р,өєс, (A) 


(p^8) A705 ^0, , 


de 


where рд fn(cec(A) | pco) . 


Obviously, РА=РУА, and thus CIP expresses a dis- 


tributivity property of A. 

Recall that A satisfies the congruence extenston 
property- (CEP) if every congruence on an arbitrary subal- 
gebra of Á is a restriction of some congruence on Á. 

It was proved in [3] that: 


(I) An algebra А has a modular lattice of weak congruences 
if and only if А satisfies CEP and CIP, and both $(А) and 
С(А) are modular lattices. 

It was proved in [5] that: 


(II) А satisfies CEP and СТР if and only if the mapping 


DŘ 


p*(dp,p,) is an embedding from c, (A) into S(A)xC(A). 
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If G is a group, then every e ec, (6) uniquely de- 
termines a pair (H,K) of subgroups of G, where K4H, K=[ e], 


(an equivalence class containing a neutral element e - cons- 


tant in G), and H is represented by a diagonal relation а, 


аз mentioned before. Conversely, every pair (H,K) of sub- 
groups of G, such that K is normal in H, determines one 
weak congruence of С, namely the congruence on H which cor- 
responds to KdH. Thus, the lattice C, , (G) is isomorphic with 


the lattice of all pairs (H,K), where H runs over all the 
subgroups of G, and K over the normal subgroups of H. 
Now let K be a least normal subgroup of G con- 


taining a subgroup K i.e. let 


=z def | 

K = N (K;qG|KSK;). 

РКОРОЗТТТТОМ 1. A group G satisfies CEP and CIP 
tf and only if КЭК is an embedding from S(G) into C(G) (the 


latter considered as a lattice of all the normal subgroups 
of G). 


Proof. 
By the above-mentioned isomorphism between c,, (G) 
and the lattice of ordered pairs of subgroups, the embed- 


ding from (II) can be given by (H,K)+(H,K), KqH<G, and hen- 
се by K+K.o 


COROLLARY 2. A group G satisfies CEP and CIP 
tf and only if it ts Hamiltonian. 
Proof. 


If G satisfies CEP and CIP, then the embedding 
КЭК from S(G) into C(G) maps the normal subgroup into it- 
self. Thus, S(G)=C(G), and G is Hamiltonian. The converse 
follows from Proposition 1. о 
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Corollary 2., together with (I), yields the following. 


THEOREM 3. A group 28 Hamiltonian if and only if 
its Lattice of weak congruences is modular.a 
PROBLEM . Characterize groups catisfying CIP, 


which in this case has the following form for any two sub- 


groups H,K of G, 


НИК = НПК . 


(ТЕ С is finite, then CIP is equivalent with being Hamil- 


tonian, see [4]). 
Some other characterization of Hamiltonian groups 


can be given by means of the neutral and exceptional ele- 
ments of the lattice c, (в). 


Recall that an element a of a bounded lattice L 
(with 0 and 1) is said to be neutral if it satisfies the 
identity 


(алх) v(xAy) у (ула) = (ахх) л (хуу) л (уха), 


for all x,y8L. 


One can prove that; 
a) a is neutral in L if and only if the mappings 


m, :xtXAa and па:х+хуа (x€L) 
are homomorphisms and 

Е.:х+(хла,хуУа) 
is ап embedding from Г into (alx[a). 


An element a of a bounded lattice L is excepti- 
onal if itis neutral and the classes of the congruence 
induced by m, have maximum elements which form a sublattice 


of L(see[2]). 
Now, if we consider the bounded lattice c, (A) 


а 
of ап algebra A, and the diagonal relation Аес (A) , then 
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we have the following statements, the proofs of which are 
i straightforward: 
a) m, : р*рлА (eec, (A) ) is a lattice homomorphism 
(a homomorphic image is S(A), as already stated). 
2) ny: prpvd (eec, (A)) is a lattice homomorphism 
if and only if A satisfies CIP. 
3) A is a neutral element of the lattice Cc, (^) 
if and only if A satisfies CEP and CIP (зее[ 4]). 
4) The classes induced by the congruence m, in 


c, (A) have maximal elements; the set of such elements is 


Å w- 


— m 
M,- (B^ | B<A}. 
(M, is not necessarily a sublattice of c, 0). 
In the case of groups, this yields the following: 
LEMMA 4. If С ie a group, then M, (E^ |u«c) 75 a 
sublattice of c, (в). 
Proof. 
Since н2пк2=(нпк)2, for the subgroups H,K of С, 
all we have to prove is that in the lattice C,,(G) 
(НУК) 2<H? vK? 
1 A 2.12. 2 
(since obviously H^vK^«(HvK) ). 
If e is a neutral element of G, then 


2% 2 20 2992 
(нук) <= (Eel uk) 2)^«(Le]42, 2) =H vK“ . о 


THEOREM 5. A group С is Hamiltonian if and only 
tf А ts a neutral element of the lattice c, (© + 


Proof. 
By 3) and Corollary 2. o 
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COROLLARY 6. A group G ts Hamiltonian tf and 


only tf A ts an excepttonal element of the lottice с„ (9). 


Proof. 


By Lemma 4 and Theorem 5. a 
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0 NEKIM MREZNIM KARAKTERIZACIJAMA 
HAMILTQNQVIH GRUPA 


U radu je dokazano da je proizvoljna grupa Hamil- 


tonova ako i samo ako je mreza njenih slabih kongruencija 
modularna. 
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n-KBAS3MWIPYTITIBI БОЛА 
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РЕЗЮМЕ 


В работе рассматриваются п-квазигруппы (Q.A), п = М\{ 1}, 
удовлетворяющие тождествами 


A(ACXI Aly," ),2073) 


Ш 


АПУ Aly." ,А(х,2171))) 


A(22 75 Atat у), Pd )) ACACA G7 x), P2, y), 7х1), 
которые для n = 2 превращаются B левое и правое тождество Bona [2-4]. 
Автор позволил себе (Q,A) назвать п-квазигруппой Bona. Доказано, 
что (QLA), n € М\ {1}, обладает (п-2)-арной опперацией e(1,n) удо- 
влетворяющей условию: 


(ма; є 9)"72(ухе ОХА(е „уа aT xX) = x A 


A (Alxa) "en SICURA =x); 


€(1,n) називается {1,п}-нейтральная операция п-группоида (Q,A), вве- 
дена автором в [1]. (Таким образом, п-квазигруппы Бола для п = 2 яв- 
ляются лупами Муфанг.) Притом, е{1,п} для п = 3 подстановка множест- 
ва О, и (О,е{1,г}) (п-2)-квазигруппа для п > 3. В основе построения 
п-квазигрупп bona для п € N\{1,2}: теорема 9 и теорема 10. 


AMS Mathematics Subject Classification (1980): 20N05. re 
Key words and phrases: quasignoups, groups, Moufang Loops, (4,4 }-neutral 
operations on n-groupoids. 
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ООО uu———— 
* 
ОПРЕДЕЛЕНИЕ 1. [1] Пусть (Q,A) п-группоид, n є N\{1}. 
Пусть, далее, ет п} отображение множества Gum в множество 
r 
О. (п-2)-арная операция *(1,n) {1,п}-нейтральная операция n- 
группоида (Q,A) тогда и только тогда, когда имеет место фор- 
мула: 
п-2 п-2 п-2 у 
(1n) (va; e Q), (хе Q) (A(e(1 nj (ay ),ai ',X) x ^ 
n-2 n-2 = 2) 3) 
A (A(x,a4 '?(1,n) (21 )) Хх) 
Если п = 2, то (1n) превращается в 
(15) (vx € Q) (А(е{1,2} (8) ,x) EKIN А(х,е{ 1,2} (?)) = x). 
Таким образом, если п = 2, то речь идет об определении единицы 


группоида, т.е. об определении нульарной операции е, 5) - взя- 
L4 


тие единицы eç} 2} (2) 9 


ЛЕММА 1, . [1] B п-группоиде (Q, A), пе N\{1}, не 


существует больше чем одна {1,п}-нейтральная операция. 5) 


ЛЕММА 1». [1] Пусть (Q,A) n-rpynnoun, пе N\{1}. 
п-2 


Пусть, далее, существуют отображения е 8 о) эо ‘ие TE 
n-2 (1,n) (n, 

: 0 > Q удовлетворяющие условиям: 

1) Последовательность Вр, + „ба (где p,...,q последовательность 


2) 


натуральных чисел следующих друг за другом) для краткости об- 
означаем через gj; в частности: Бр = Б. Подобно, последова- 
тельность а,...,а обозначаем через D Йалее, под 52-1, pe Ми 
под g понима пустую последовательность (отсуствиЁ последова- 
тельности). Притом, если речь идет о, например, БЗ, е? (или 
81,6), то giel (или #},ё) считаем последовательностю Bi, 
и если речь идет о e? (или её) в некоторых случаях будем об- 
означать через а ; например F(a?) будем обозначать через F(?). 


<=> (va, € Q)2-2 (vx e Q) (A(e(1,n) (3272) ,a2-2,x) = x) A 
n-2 n-2 n-2 ч; 
Л (Va; € 0)  (Yx е 9) (A(x,a, 1204 п} (81 )) = х). 


{1,п}-нейтральная операция п-группоида является частным случаем 


{1,5} -нейтральной операцией п-группоида, введеной автором B [1]. 


т.е. о определению отображения е }:9 > Q, 0° ge? {о}, yno- 
влетворяющего условию (12). Иначе, &41,2}(в) є Q, обозначаем 
только через е. 
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"Рамка Q)AG a ЖАУ 


n-2)) 


n-2 n-2 
Rn) (va; € Q)4 (ухе Q)A(x,a /(n,1) 1 


Тогда имеют место равенства: 


2 


п-2 " n- 
E ЛИ 


2 
ет, п) (21 ) 


" n- 
чеже ж у (21 
для любого (ал) = 0172, где е{1 5) {1,п}-нейтральная операция 

ГА 


п-группоида (Q,A). 9 


В любом группоиде (2-группоиде) е{1 2} является нуль- 
арной операцией. Если в 3-квазигруппе (Q,A) существует {1,3}- 
ней яе , тое является подстановкой 
тральная операци {1,3} {1,3} 


множества О. Именно, так как уравнение 
А(е {1 3109 0a) = а 
+ 


для любых е {1 3j, 09? = БЕО и а є О обладает (единственным) 
, 
реюением по неизвестной X, TO е{1 3} отображение на. Далее, так 
, 
как из предположения, что существуют ху € Qn x, € О удовлет- 


воряющие равенствам 


е {1,3} (1) = Би е {1,3} 2) b, 


т.е., ввиду (ln), что имеют место равенства 
A(b,x,,a) = аи A(b,x,,a) =a, 


находим, что €(1,3) Является и отображением 1-1. Если в п-ква- 
r> 
зигруппе (Q,A), п > 3, существует {1,п}-нейтральная операция 


е(1,п) TO (9, е{1,п}) (п-2)-квазигруппа. Именно, так как уравне- 
ние 


1-1 n-3 
х.,а; 
ГА i5 


а) = а 
1 ГА 


1-1 n-3 
Alec, п} fa, РАНЕ ) ‚ат 


5) 
Речь идет об частном случае утверждения 1 из [1]. 


6) 
Речь идет об частном случае утверждения 2 из [1]. 
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для любых SU ora") = b, HL OE. Е О обладает 


(единственным) решением по неизвестной х;, то уравнение 


1-1 п-3 
*(,njà1 ‚х.,а. 


i'ai =, d ae an2); 


п-3 
для любых а, 7b © О обладает по меньшей мере одним решением 
по неизвестной х; - Далее, наконец, из предположения; что сущест- 


вуют x; € Q и Xi € О удовлетворяющие равенствам 


1-1 п-3 1-1 - п-3 
а "T. = х.,а. =b 
Cnn}! п UY ) bu е {1, п} (а1 т ) р 
т.е., ввиду (ln), что имеют место равенства 
1-1 п-3 1-1 - n-3 
A(b,aj ‚ху,а+ ‚а) = a и A(b,a LER ‚а) =а, 
находим, что Xi = х; - Таким образом, мы доказали, что имеет 


место следующее утверждение: 


УТВЕРЖДЕНИЕ 2. Пусть (Q,A) п-квазигруппа и n € N\{1,2}. 


Пусть, далее, (Q,A) обладает {1,п}-нейтральной операцией е{1 п}: 
Li 
Torna: 


1° если п = 3, то егі n) подстановка множества О; и 
, 


2° если n» 3, то (Q,e ) (п-2)-квазигруппа. 
: (1,n) 


* * 


ОПРЕДЕЛЕНИЕ 2. Пусть (Q,A) п-квазигруппа, n € №\{1 }; [5]- 
(Q,A) назовем п-квазигруппой Bona тогда и только тогда, когда 
имеют место формулы: 


aB, (ух © 0) (чу є 0) (42; e ОП a (aa (Pkt, acr, Px1)) 20>) = 


= ACXI a (y,"x?,n(x,2271))) ; и 
п-1 п-1 п-1 nzl = 
DBR (¥x е Q) (vy = Q) (#2, = 9) 1 A(z, ‚А (А ( х ry) „Хх )) = 


= А О > ,x) ,"x?,y) ,Pxl). 


Если п = 2, то формулы под NBr, и nBg превращаются B фор- 
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мулы: 
ВТ] (vx € 0) (vy є 0) (¥z, € О)А(А(х,А(у,х)),21) = 
7) 
= A(x,A(y,A(x,21))) ; и 
2B, (ух e 0) (vy e 0) (¥z, € Q)A(z, ,A(A(x,y) ,*)) = 


= A(A(A(21,*),9),x) 


ТЕОРЕМА 3. Если (Q,A) п-квазигруппа Bona, п = М\{1}, 
то (Q,A) обладает (в точности одной?!) {1,п)-нейтральной опе- 


рацией. 


Доказательство. 

Пусть (Q,A) п-квазигруппа Бола, n € NM(1). Пусть, na- 
лее, aay любые элементы множества .Q. Тогда, так как (Q,A) m- 
квазигруппа, уравнение 


(а) EY crm 


,X) =a 
обладает единстенным решением по неизвестной х. Решение этого 


уравнения обозначим через 


(а) n-2 
(6) е(п,1) (21 м 


Притом, для каждого а є Q SA является отображением множества 
, 


n-2 
Q B MHOXecTBO Q. 

Пусть, далее, а Фиксированный элемент множества О. Тогда, 
так как (Q,A) п-қвазигруппа, для каждого b є 0 существует в точ- 


ности один у Е Q удовлетворяющий уравнению: 
(ц) b= Аа д ба), 


? в (Q,A), n 2, имеет место левое тождество Бола; [2-4]. 


9 B (0,А), n 
9) 


2, имеет место правое тождество Bona; [2-4]. 


CM. JleMMy li- 
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Учитывая (a), (6) и (ц), ввиду ПВ}, из определения 2, находим, 
что имеет место следующая цепь равенств: 


-2 (а) п-2 
"е (п,1) (а1 )) 


А(Ь,а? 


п-2 (а) п-2 ай 
1 ʻe (п,1) (81 )) = 


А(А(151,А(у,191)),а 


A ("23 ,a (y, a Alaan 2 , e (8), (а “УШШ 


APR  A(y,Pa^,a)) = 


A(Pala(y,Pal)) = 


b, 
откуда получаем, что имеет место формула: 


n-2 n-2 (a) n-2 ж 
(жа; є 9) 1 (¥b = Q)A(b,a, ге (п,1) (21 )) » b 


Притом, так как e 


(а) 


а є о, е обозначим через е . В самом деле, мы доказали, 
(n,1) (n,1) 


a 
Uem одно и TO же отображение для каждого 
, 


что B п-квазигруппе Bona (Q,A) существует отображение ? (n,1)! 
- , 
o? 25 О удовлетворяющее условию: 


Же 500) 


п-2 n-2)) 


(д) (va; e Qi ^ (vx e Q)VA(K,aT 2,е п 1) (а? 


Подобним способом, учитывая nB доказывается, что су- 


R' 
ществует M отображение е (1 09 2 + О удовлетворяющее условию: 
, 


n-2 


1) 
1 5 


(a) — (va, є Q1 ^ (vx є Q)A(e ах 


n 
(1,n) G1 


Так как мы доказали, что существуют отображения еџ |): 
, 


опа QUUM a a > Q удовлетворяющие, в TOM же порядке, 
условиям (д) и (д’), ввиду лемы 15, существует отображение 
n- 
е{1 п}: Q 25 О такое, что 
, 


1 Еее (пу) ае (п) и 


10) см. формулу под (1р1) из леммы 1.. 
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2 €(1,n) Является {1,п}-нейтральной операцией в n- 
-квазигруппе Bona (Q,A). Притом, ввиду леммы li; {1,п}-нейтраль- 
ная операция e(; p} однозначно определена. 

Теорема доказана. 


жек x 


Пусть (Q,B) квазигруппа. Пусть, далее, К фиксириованный 


элемент множества Q. Тогда Loo и тА определены следующим об- 
разом 

(04) у = nU деф B(k,u) и 

(а) у = ва ae? B(u,k), 


подстановки множества Q; левая M правая трансляция квазигруппы 
(Q,B) [2-4]. Ввиду этого факта, учитывая (a,) и (a4), находим, 


что имеют место равенства: 


(а) ц = UO od. 
(a5) u = SS. 


- -1 
Так как (Q,B) квазигруппа, TO (Q,B 1) и (0, в), где 


(В) B^ (х,у) =z e B(x,z) =y и 
(85) -l (x,y) = 2 2450. В(2,у) = х, 


также квазигруппы; B Ти ^B, в том же порядке, правая и левая 
обратная операция операции В [2-5]. Отсюда, учитывая (d) и (95), 


находим, что` имеют место равенства: 


(а) u= B (x,v) и 
(a5) u = 71в(у,к). 
ll)BOGE ит 


см. формулу под Cin? из леммы 1,. 
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АЈ 


Наконец, учитывая (ау), (a,), (a5) и (25), находим, что 
имеют место равенства: 


ву = Bt (k,v) 
ROSE, = Clg(v,k) 


для любого v e 0. 


Таким образом, имеет место: 


ЛЕММА 4. Пусть (Q,B) квазигруппа. Пусть, далее, К фик- 
сированний элемент множества О. Тогда, если 


деф деф 
та === B(k,u) и RÍK) u == B(u,k) 
для каждого u EQ, TO 
un = Bl (k,u) и Ru = ~13(u,k) 


=] = | 
для каждого u Е Q. Притом, В и В определени через (B,) и (85). 

Учитывая определение 1, находим, что имеет место следую- 
щее утверждение: 


ЛЕММА 5. Пусть (Q,A) п-квазигруппа обладающая {1,п) -ней- 
тральной операцией e(1,n)! 2 € N\{1,2}. Пусть, далее, ene любые 
, 


фиксированные элементы множества О. Тогда (0,8 (сп-2)), где 
1 


деф = 
(о) вс духту) = A(x,ci 2 y) 


12) 


для любых x,y © Q, лупа с единицей е (ens?) 
(1,n)'*1 


JIEMMA 6,. Пусть (Q,A) п-квазигруппа Bona; n € NN {1,2}. 
-2 


Пусть, далее, ат и ph? любые фиксированные элементы множества 


Q. Притом, пусть: о 


neo n-2 


Е (9225 Gc = A(x,ai J) и 


12) лупа - квазигруппа обладающая единицей [2-4]. 
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деф n-2 
52-2) (x,y) === A(x, b] ry) 


для любых х,у € О. Тогда имеют место равенства 


a ео ОЛЫ 
В B,,n-2, (x,y) = В, п-2, (x,L 5 y) и 
" NS Сл (алд) 
-1 
(eg, n} O) 
(В) B, п-2, (х,у) = В, п-2, (В zn ry) 
2 (БТ?) (ат o (ae) 


для любых x, е 0, где e нейтральная операция п-квазигру- 
Y (1,n) P 


ппы Bona (Q,A) 135 


Доказательство. 
Сначала равенство под nB, из определения 2 запишем B 


следующем виде: 
(1) A(A(x,"X?,A(y,"X?,x)) 502,2) = 


= = =2 

= A (x, Px? Aly, "x? A (x, z? ,2)))- 
п n=2 n-2 E 
усть ау ^, Ьу ^,c любые фиксированные элементы мно 


жества О. Если в равенство под (L) положим 


учитывая определение под (о) из леммы 5, получаем равенство: 


(а) B, n- -2 (Bn 52) (с, ‚В (75 z2) (У,с)), izan 


(а Бї 


= В nz2) (с,В n32) (у, В 


( AES) fer ‚2))). 


(а 
Если, далее, в равенство под (L) положим 
e n-2 . 
x= CH 27 = Ьу, 


учитывая определение под (o) из леммы 5, получаем равенство: 


13) см. теорему 3. 
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(6) 26:8 me?) Ge.» 2) E 
= P (ng?) (6,8052) (УВ српт2 (crams 
Ввиду леммы 5, определений транслаций квазигрупп ( (a4) и (а>)) 


и факта, что трансляции квазигрупп подстановки носителей квази- 


групп, равенства под (а) и (6) превращаются в равенства: 


, (c)-1 Келес) 
sven (Yr Lic n- = - ) 
(а (ап ) (У (an-2) 2) Rta P (e?) (nz2) 10952372) и 
' В (с) -1 c) (c) 21, (с) -1 
DENIS bgg-2) z)-7 P(nz2;P(nz2) (Rnz2)* (nc2) Ye?) 


Hs (a') и (6') следует равенство: 


(c)-1 (c)-1 
(u) B,_n-2, (y,L = z) = B,,n-2, (y,L ө Ж} 
«е7 0) (ал, 2) (590) Pe 


Если B (u) положим y = е {1 nn (bi 2), ввиду (ал) и леммы 


5, находим, что имеет место равенство: 


-2 
(е (5535) 
ü {1,071 


(с) -1 (c) -1 

(n) L z-L Ze 
n-2 n-2 n-2 
(ai ) (ат ) (bi ) 


Из paBeHcTB (ц)и (n), учитывая факт, что транслации 
квазигруппы (Q,B) подстановки множества О, находим, что имеет 
место равенство 


n=2,,-1 
(ep, ny (61 D 
n-2 у). 


n-1) (x,L 
(a4 ) 


B,,n-2, (х,у) = B 
(bi ) (ат 


Подобним способом, учитывая равенство под nBR из опре- 
деления 2, находим, что имеет место равенство 


-2 1 
(e (5532) 
- (at nl 
B,,n-2, (x,y) = B,.n-2, (R х,у). 
(bi ^) (а ^) (81-2) 


Лемма доказана. 


Ввиду леммы 61 и леммы 4, находим, что имеет место сле- 
дующее утверждение: 
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JIEMMA ЛЕММА 6,. Пусть (Q,A) п-хвазигруппа Bona; n є N\{1,2}. 
Пусть, далее, aT EX BN любые фиксированные элементы множест- 


ва О. Притом, пусть: 


деф = 
Banus, 0 == А(х,а? ‚у) и 


деф c 
В(ып-2, (х,у) == A(x,by “,у) 


для любых х,у є О. Тогда имеют место равенства: 


z r -1 

(B1) В = Вал" Е айл) 2 (a, п} (Pd ),.y)) и 

(Bj) B,,n-2, (x.y) = В, п-2 ("lp n-2, (x,e (57-2) ) у) 
2 (5700) UY (aj ^) (am 5) V SUD Nf ; 


для любых x,y € Q, где 


у нейтральная операция п-квазигруппы 
Bona (0,А)13). 


* (1,n 


ЛЕММА 7. Пусть (Q,A) п-квазигруппа Bona, n € N\{1,2}. 


Пусть, далее, {1 п}{1/п}-нейтральная операция п-квазигруппы 
(0,А)13). Тогда, если 

а) an? любые фиксированные элементы множества Q; и 

деф n-2 jj. 

6) P (авт) (х,у) == A(x,ai vY); 
TO: 

1) (Q,B,_n- 2j ) является лупой c единицей en, jl 237 и 

(а ат n 
2) в (Q,B,_n-2,) имеют место равенства 
(а, ) 
СА1 = 
в (аге 2) Шага 2,(Ех, В(а a 2) (y x)) 2) 
- В(ап-2) (Ех,В(ап-2) (У,В (ап-2) (x,z))); 
1 1 1 

GA2 - = = = 

В (ап уде т! 2) Gy) ,ex)) 

В(а ng 2а 2) (Bi, Sv Mon .X).y),09x); и 
-1 
СА - - = = =? 
3 В (ап 2) ( в (2532) (x,y) ,2) P gna) oe Je у G2 
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для любых х,у,2 € Q, где F: Q+ О и ХФ: 0+ О определены 
следующим образом: 


деф -1 п-2 

Fu == Эбу ЧУС у, йе )) и 
деф 

Фа == 


-1 n-2 
B(an-2) (© 1, п} ц), ц). 


Доказательство. 


п-2 
Ввиду леммы 5, (Q,B(4n-2)) лупа c единицей е{1, п} (а1 ) 
Далее, равенства под DB; и пВр из определения 2 запишем 
в следующем виде: 
(L) A(A(x, x^, A (y,Px2,x)) 227 2,2) = 
(R) A(z,z27? A (A (x,Px? y) ,Px?,x)) = 


п- 2 22 


= А(А(А(2, 21 Ох у) хаж), 


п-2 

где X,y,2,24 любые элементы множества 0. 
Учитывая определение 

п-2 


n-2, (u,v) де A(u,c V) 


(ci 


= A(x, "X, A(y, "X? ,A(x,2272,2))); и 
B 


для любых u,v,cl Е 0, равенства под (L) и (В) превращаются B 
равенства: 


(L') (= teed Exe B (n2 (Xe), 2) = 

= Maxon АГА (2х2 (zB (zn-2) (x: z)) и 
(R') 22852) (B mx25 Ge) х9) = 

= B (ng2y (B ng, (B (15-2) (2x) iy) x) 


для любых ху, 2202 Е 0. 
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Отсюда, учитывая условия a) и 6), ввиду леммы 61, нахо- 


дим, что имеют место равенства: 


(L") 


(R") 


(етт Н 
n-2, (B,_n-2 х,В (а 2 


B (R 
(a, ) (ат ) 


) ‹ 
-1 


2) = 


(a37?) 


1 
y,x)),L 


се 
1 
(etia C007 : 
(an-2) 


n- 
(ep, ny 41 )) 


(R $ 
(aD7 4) 


c csl 

(e (2х^)) 
{1,n} d 
E 2) 


= В -2, (В 
(ap?) P (an-2) 


nz2,,-1 
(e (1 up xu) 


R - 7B n-2 (x,L = 
ат “(ат Ур а 


п-2 
x к. dn bia )) 
(ау >) (an-2) 


nz2,,-1 
е{1,п} х°)) 


(т, < 
(а? 2) (a4 


= B, n-2, (B,_n-2, (B, ,n-2, (К 2,х), 
а ) ) а 


(a, 


22 
для любых X,y,2,2] Е 0. 


Ввиду леммы 4, имеет место: 


=2,,-1 
(e (2x9) a -2 
Y-7L (1,n) у = В 15 (e(1,n) ("x ),у); 
(ау ©) (ат ^) 
=2,,-l 
leli, 5) CX 0) = VT 
Ets R (an-2) у В (an-2) Qe (1, N ке 
1 
—2үү-1 
(efi 30i ) 1 n-2 
Z-L Е muB (z ),2); 
(ал72) pre c ue o o 
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-2,,-1 
(е (1, 2021 )) 15 
Z= = -2 
mx 2) 2 SX CUR 2) (z, en, n 24 )). 
Отсюда, так как (Q.B (ап-2)) квазигруппа, находим, что 
1 
деф = seu z2 
C) YF аап оне Ux ),у) Ay © 9}; 
деф -1 -2 
34 S= 8222) | ¥ = ас? ге nyt = ) луе9}; 
деф -1 -2 
Ygn-2 == { (2,2) | 2 = Bae 2) (е{1.п}(21 Z) Az © 0}; 
и 
6 деф -1, 
zn —— { (2,2) | 2 = (а 2, (=. "TP Epi. Л ze Q} 


ябляются подстановкамы множества Q для каждого x е О и (сй 2, 
п-2 
е о ; n € NV(1,2). Учитывая этот факт, находим, что равенства 


€ 


под (L") и (R") превращаются B равенства 
-1 


(T1215) B(a x -2 ) (Bia PRI ) C" (and) азау 02 = 
С У 
(ap?) Ceant, MES eure 
-2 1 
(e (Px^)) 
(R") B (2,8 ge 2) (B ce 2, (х,у), {1,0} х)) = 
(а 2) ) ) n-2 
al (ai ) 


az -2, (в( an -2, (B,_n-2, (Z,x) , Y) ,L = х) 
В(а ) (a a, ) (а? ) 


для любых x,Y,Z є Q. Отсюда, обозначая X,Y,Z, 


-1 n=2,,-1 
Mot zx x')) 


n=2 
mist x^)) 
n- 2 


x x и 
(a7?) "(an 


x, 
) 
B томе же порядке, через x,y,Z,FX и Ox, притом, учитывая лемму 4, 
находим, что имеют место равенства под GAl и GA2 для любых х,у,2 © 
Е Q, где 


ак 7. 
à 


E п-2 
Еи = Эн Зу е um u)) и 
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41 n-2 
Фи = B, n-2 u u). 
(a272) (601,1) (98 2790 
Наконец, учитывая лемму 61: лемму 6, и утверждение 2, 
находим, что имеет место и равенство под САЗ для х,у,2 € 0. 


Лемма доказана. 


ЛЕММА 8,- Пусть (Q,B) лупа с единицей e, удовлетворя- 


ющая ревенствам 


14) 
SB, B(B(Fx,B(y,x)),z) = B(Fx,B(y,B(x,z))) ;и 


GB, B(z,B(B(x,y) ,®x)) = B(B(B(z,x) ,y) , xy? 


для любых х,у,2 є О, где Е и Ф унарные операции B множестве 


О. Тогда B (Q,B) имеют место равенства 


B(~+x,B(x,z)) 


=z cee 
-1 ps 
B(B(z,x),x ) = 2 
- -1 
для любых x,z € Q , где B( lr, x) = е и В(х,х ) = е, т.е. тогда 
(Q,B) IP-nyna [2-4]. 
Доказательство. A 
Если в равенство под GB, положим у = x, получаем ра- 


венство 
B(Fx,z) = B(Fx,B( !x,B(x,z)), 


откуда, ввиду закона сокращения, находим, что имеет место равен- 


CTBO: 


в(71х,в(х,2)) = z. 


W) для Е = І равенство под GB, превращается в левое тождество Бо- 
‘ла; [2-4]. 


15) для Ф = Г равенство под GBp превращается в правое тождество 
Бола; [2-4]. 
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Подобно, если в равенство под GB, положим у = x полу- 
чаем равенство 


в(2,Фх) = B(B(B(z,x),x >) ,ox}, 


откуда, ввиду закона сокращения, находим, что имеет место равен- 
CTBO 


B(B(z,x),x 1) = 2. 


ЛЕММА 8,. Пусть (Q,B) ІР-лупа [2-4] .18) тогда, если в 


(0,В) имеет место равенство 
в(71в(х,у),2) = B(x,B 1 (y, z)) 1D 
для любых x,y,z 6 0, то (Q,B) группа. 


Доказательство. 


В ТР-лупах (Q,B) имеют место равенство 


для каждого x © 0; эквивалентность 


1 


B(a,x) = b <=> x = B(a `,b) 


для любых a,b,x € О; M эеквивалентность 


i 


Bly,a) = Ь <=> у = B(b,a ^) 


для любых a,b,ye Q [2-4]. 


Отсюда, ввиду определений 


= e 
B 1(х,у) =2 ences B(x,z) = y; и 
= ned 

13 (x,y) = z <=> B(z,y) = x 


16) см. лемму 8,. 
17) см. равенство под САЗ из леммы 7. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and ебапдо 


201 


в-квазигруппы Бола 


для любых x,y,z € О, находим, что имеют место равенства 


-la (u,v) B(u, v1); и 


B`} (u,v) 


1 
ш 
с 
= 


для любых U,V 6 Q. Ввиду этых ревенств, равенство 
=1 E =L 
B( В(х,у),2) — B(x,B (y,z)) 


превращается в равенство 


1 


B(B(x,y 1) ,z) = В(х,В(у 1,2) ) 


для любых х,у,2 © О. Отсюда, так как отображение 


utut 


подстановка множества О, находим, что утверждение доказано. 


ТЕОРЕМА 9. Пусть (Q,A) п-квазигруппа Bona, n € N\ {1,2}. 


Тогда, если 


: ned n-2 
(a) B (an. 2) Mery) == A(x,ai Y); И 
neo n-2 
(6) Вы = A(x,bi ry) 
для любых x,y е Q, где 8952 и Бора любые фиксированные элементы 


множества О, то (Q,B n-2j и (Q,B (yn-2j изоморфные группы. При- 
1 


(а 
том, имеет место равенство: 


n-2 n-2,-1 
(ц) A(x,b4 ‚У) = B (араа) EP CET) (е{1,п} 01 ) Y»), 


где ej], п} является {1,п}-нейтральной операцией п-квазигруппы 
, 
(Q,A) 13). 


Доказательство. 
Ввиду леммы 7, леммы 8, и леммы 85, (ore Ge y) и 
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SEO aay группы. 
Далее, ввиду леммы 61, группы (0,В (an-2)) и (Q, B (yn-2)) 
изотопные. Таким образом, ввиду известной тебремы Алберта 


[2-4], jura 272)) и ео 2} изоморфные группы. 


Наконец, так как (Q,B (4n-2)) группа, учитывая (a), (6), 
лемму 6, и доказательство леммы 8,, находим, что имеет место pa- 


венство под (ц). 


ТЕОРЕМА 10. Пусть (0,В) группа и Е отображение множе- 
ства 91-2 в множество О, n € N\{1,2}. Пусть, далее, для п = ЗЕ 
подстановка множества Q, и для п > 3 (О0,Е) (п-2)-квазигруппа. 


Тогда, если 


= neo STE 18) 
(A) A(x,by 2y = в(х,В(є(Ь? 2t y)) 
для любых ИН € 0, то (Q,A) п-квазигруппа Бола и ғ ee 


{1,п)-нейтральная операция. 


Доказательство. 

Так как (Q,B) группа а € подстановка множества О при 
п = Зи (0,=) (п-2)-квазигруппа при п > 3, учитывая определе- 
ние под (A), находим, что (Q,A) п-квазигруппа; [5]. 

Из (А), так как (Q,B) группа, непосредственно находим, 
что € {1,п}-нейтральная операция п-квазигруппы (Q,A). 


Далее, равенства под nB, H nBg из определения 2 запишем 
в следующем виде: 


(D A(A(,Px^, A (y,"x2,x)) 227 2,2) = 
= A(x, "X? a (y, Ix? , A (x,2272,2))) 5 и 
(R) А(2,2172,А(А(х, 22у) ,Px? ,x)) = 


= АА (А (2,2012, х) "X y) x,a). 


Учитывая определение под (А) и Факт, что в группе имеет 


-2,-1 
18) = B(B (75b. у). 
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место обобщенная ассоциативность, находим, что имеют место cne- 


дующие цепи равенств: 


(15). 9972 (4 (x; ПРАХ 722 75 2 les 

= B(B(x,B(e("x?) 1, B (y,B(e (x) 1,x))) ,B(6 (2272) 71,2)) = 

= B(B(B(B(B(B(x, (12) 1) y) ,£("%) 1) ,x) ,e(2177) 71) 2); 
(2) A(x,Px?,A(y,"x?, A (x,2272,2))) = 

= B(B(x, c("x?) 1) ,B(Bly, (7x?) 1) ,B(B(x, £27 2) 1),2))) = 

= B(B(B(B(B(B(x, £x?) 3, y) , 6(192)71),х), (2272) 1) ,2); 
(Rj). A(z,22 ,A(A (x, хуу x) NO 

= B(B(z, c(z272)71) ,B(B(B(x, (052) 71) ,у),в(=(952)71,х))) = 

= B(B(B(B(B(B(z, (27-2) 1) x) , 60952) uy), 60952) 71) 3) ; 
(R5) A(A(A(z, 20 7, x) ,Px? y) ,Px? x) = 

= B(B(B(z,B( (2272) 71,x) ) ,B(e(?x7) 1,у)) ,B(e(?x7)1,3)) = 

1 } 


),у), (952) 71) ,x) 


Epas E c 
B (B (B (B (B (B (z, e(z} °) 71) x) , e(?x^) 
для п-2 
любых х,У, 2,21 ео. 

Учитывая (L,) и (15), находим, что имеет место равенство 
под (L) для любых x,y,z, 2h 2 € Q. Подобно, учитывая (Ri) и (R2), 
находим, что имеет место равенство под (R) для любых хоу є 
Е Q. 

Теорема доказана. 
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REZIME 
n-KVAZIGRUPE BOLA 


U radu se razmatraju n-kvazigrupe (Q,A), пе N\{1}, u ko- 
jima važe zakoni 


ACACH Aly," = AC АСУ, AG); i 
A(z, A(AC1,y),9x")) = ACA(A(z 1, x) y), x), 


koji se pri n = 2 svode na levi i desni Bolov zakon [2-4 ]. Autor je ovak- 
ve n-kvazigrupe nazvao n-kvazigrupe Bola. Dokazano je da u (Q,A), n€ 
€ N\{1), postoji (n-2)-arna operacija e{],n} koja zadovoljava uslov: 


(Va; € Q1 (Yx eQ)(ACeq п) (81 ap ux) = x ^ 

2) = x); 
е {1,п} Se naziva (1,n)-neutralna operacija n-grupoida (9,А), Који je autor u- 
yeo u radu pod [1]. (Ма taj natin, n-kvazigrupa Bola pri n = 2 jeste lupa Mou- 
fang [2-4].) Pri tom, e(1,n) za n = 3 jeste permutacija skupa ©, а pri n ? 
> 3, (Q,e 1,0) jeste (n-2)-kvazigrupa. Sledeéa dva tvrdenja leZe u osnovi 
konstrukcija n-kvazigrupa Bola (n є N\{1,2 D: 1. Ako je (Q,A) n-kvazi- 
grupa Bola, п € N\{1,2}, ie(1,n) je njena (1,n)-neutralna operacija,on- 
“da postoji grupa (Q,B) takva da је. A(x, bI" 2,y) = B(x,B(e(1,m (Ъ1-2)-1у))/ 
2. Ako je (Q,B) гира a t permutacija skupa Q, ili i (©,=) (n-2)-kvazi- -1 
grupa, ne NV(1,2,3), onda je (Q,A), gde je А(х,5П-2,у) def B(x, B(e(bP-) 5 
y)), n-kvazigrupa Bola, pri бети је є njena (1,n)- neutralna орегасіја: 


n-2 n- 
^ A(x,84 ry ny 01 
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SUMMARY 
BOL'S n-QUASIGROUPS 
T In this paper n-quasigroups (Q,A), пе N \{1},satisfying the 
в 
A(CACTACy, Pb), 2071) = ACM Ay, Pa A(x,21 |))) 
апа 


А(2П7Ї,А(А( І, у), 1)) = А(А(А(тү Li), 3 y), Ж) 


are considered. For п = 2 these laws reduce to Bol's left and right law 
[2-4]. The author call such n-quasigroups Bol's n-quasigroups. It is 
proved that in (Q,A), пе NV (1), there is ап (n-2)-ary operation e(1,n) 
satisfying the following condition: 


(Ха, € QT? x e QC „уау sap o =х Л 


A INCH cian Yemen (Cr) = x); 


e } 15 said to be a {1,n}-neutral operation of n-groupoid (Q,A), intro- 
айга by the author in the paper [1]. (Hence, for п = 2, a Bol's n-quasi- 
group is a Moufang's loop.) For n = 3, e (1,n) is a permutation of the set 

©, and for n > 3, (9,е{1 пу) is an (n-2)-quasigroup. Constructions of Bol's 
n-quasigroups, n € М teat are based on the following two propositions: 

1. If (Q,A) is a Bol's n-quasigroup, пе М\ {1,2}, and e(1,n) is jt's {1,n}- 
-neutral operation, then there is a group (Q,B) such that A PI y) = 

= B(x,B(e (b ?72-1,y)).and 2. If (Q,B)is a up, and either ғ is a per- 
mutation of the set Q ОУ (ОУ) is an Саа UNA ои) пе N\ {1,2,3}, then 
for A(x,b??,y) def B(x,B(c(b?-2)1, у)), (Q,A) is а Bol's n-qasigroup, where 
€ is it's {1,n}-neutral operation . 


Received by the editors February 7, 1990. 
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о ДВУХ КЛАССАХ АЛГЕБ Р 
BNN3KNX ГРУППАМ 
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РЕЗЮМЕ 


В работе определяются и рассматриваются классы алгебр среди ко- 
торых, кроме групп, являются, например, клики [1] и полуклики [2]. 
Алгебры этых классов автор позволил себе назвать К-группами и L-rpyn- 
памы. * 


ОПРЕДЕЛЕНИЕ l. Пусть о бинарная операция в множестве 
С. Пусть, далее, f подстановка множества G, удовлетворяющая 


условию 
(0) £ 0 £ = І, 


где ® является умножением подстановок, а I единичная подстанов- 
2l 
ка множества С. Объект (G,o,f) назовем К-группой ) тогда и толь- 


ко тогда, когда имеет место: 


RG1 (va є G)(vbeG) (vc є С) (аоЪ)ос = aof(fbo c); и 
RG2 (31 є С) (3) ЕС) (va є б) (34a e С) (ЗаЪе 6) (34ае с) 
(3a ЕС) (ао і = а Лу оа = Ға Л дара = і л 


Л aoa® = іл4аоа= ј ласо а? = j). 


D) правой-группой. 


AMS Mathematics Subject Chassification (1980): 20405. 
Key words and phrases: quasignzoups, groups, R-groups. L-groups, cliques, 
semicliques. 
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Примечание 165 


Если Ё = І, то речь идет о группах. 


ЛЕММА 1. Пусть © бинарная операция в множестве С. 
Пусть, далее, Е подстановка множества С, удовлетворяющая усло- 
вию 


(о) fef = І, 


где • умножение подстановок, а І единичная подстановка множест- 
ва С. Тогда справедливо: 


1° Если существуют і,ј Е С удовлетворяющие условию 
(1) аоі=алј о Ь = Ғ#Ь для любых a,beG, 
то имеет место: 
(2) з = 


2° не существуют больше чем один 1 є С и больше чем 
один j € С удовлетворяющие условию (1). 


Доказательство . 


а) Ввиду (1), находим, что имеет место: 
a} Ok = М j пад = fi. 
Отсюда получаем равенство (2). 


6) Пусть существуют i,j ЕС и i,j Е С удовлетвор- 
яющие условиям: 


Ға и 


m 
о 
H 
Ii 
w 
> 
ы. 
о 
w 
\! 


ЕЪ 


с 
о 
H4 
M 
с 

> 

a 
n 
с 
И 


для любых a,b Е С, т.е., ввиду (2), условиям 


а п 1 = ал Е1 са = fa и 


1) и: fj =i, ввиду (0). 
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boi-=baA fi o b= fb 


для любых a,b Е С. Отсюда, например, для a = fi и b =i, 
что имеют место равенства 


получаем, 
fi dai = te 


fioi-=fi и 
T.e., что имеет место равенство 


Так как Е подстановка множества С, и утвреждение под 6) доказа- 


но. 
Учитывая определение 1, и лемму 1, находим что имеет 


место следующее утверждение: 
Пусть (G,o,f) К-группа. Тогда спра- 


УТВЕРЖДЕНИЕ 2. 


ведливо: 
I. если i Е Си j Е G удовлетворяют условию RG2, то 


имеет место: 
л) 


fi EM 


(2) 

2. существуют в точности один i € G M B точности 
один j Е С удовлетворяющие формуле под RG2. 

Пусть (6,0,#) R-rpynna. Тогда B (G;°) 


УТВЕРЖДЕНИЕ 3. 
выполняются законы сокращения: 


Ш 
с 
o 
[t] 
и 
У 
w 


(Ya є С) (VbeG) (¥c € б) (aoc 


M 
О 
n 
= 


(Уа є С) (УЪЕС) (vc e С) (coa 
Доказательство. 
а) Пусть a,b,c € С удовлетворяют условию а о с = boc. 


Тогда, учитывая RGl, RG2 и утверждение 2, находим, что имеет Mec- 


то следующая цепь импликации: 


1) и: fj = i, ввиду (О). 
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t — —— M —— — ————— 


а ос = Ъос => (а %c)a(fc)™ = (b ос) о (Ес) 


=> a о f(fco (fc)™) = bof (Ес a (fc)™) 


=> а o fj =bofj 


т.е., что имеет место импликация: 


6) Пусть а,Ь,с є С удовлетворяют условию с ва = 


с o b. Тогда, учитывая RG1, RG2 и факт, что f подстановка 


множества С удовяетворяющая условию (0), находим, что имеет 


место следующая цепь импликации: 


T.e., что 


место: 


A 4 иь, 


В самом деле, 


b => f(c са) = f(c o b) 
=> f(ffc о a) = t(ffc о b) 
=> 4(fc) а f(ffc o a) = 
= 4(Ес) о £(ffe9b) => (4(fc) о Ес) ва 


= (4(fc) о Ес) 0 => j 9D a=job 


утверждение доказано. 


Учитывая лемму 1 и утверждение 3, находим, что имеет 


ЛЕММА 4. Пусть (С,0,Е) R-rpynna. Тогда множества 4, 
определена следующим образом 
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й Де {а, 4а)|а є б}, 
ь ЯФ ү аЪ )|а = G}, 
4 деф (a, Ча) |а є С} и 
M dep {(a,a™)|a є G}, 


вляются унарными операциями в множестве С. 
Ввиду леммы 1 и леммы 4 имеет место: 


ТЕОРЕМА 5. Пусть (G,o,f) В-группа. Пусть, далее, 
4, à; 4 M à унарные операции в С, a i нульарная операция в 
множестве С. Тогда К-группе (G,o,f) однозначно соответствует 


объект (G,0,f,4,5,4,,i) удовлетворяющий условиям: 


VRG1 (Уа Е С) (Vb є б) (Ұс є С) (ао b)oc=a о f(fb вс); 
VRG2 (Ча Е С) (ао і = а Afi са = Ға); и 
VRG3 (ҹа Е С) (дао а = 1 Лао аБ = і Л Часа = #1 A 

A а оак ЕЕ 


И обратно. 


Примечание 2. 


Ввиду теоремы 5, объект (G,0,f£,4,%,4,%,i), удовлет- 
воряющий условиям VRG1 - VRG3, также, позволим себе назвать R- 


группой. 

Ввиду монотонии и утверждения 3, имеет место: 

ЛЕММА 6. Если (С,0,Е) R-rpynna, то в (6,0) имеют место 
формулы: 
(34) (Ҹа є С) (У є G)(Vc С)(а = <=> асс = Бос) и 
(35) (Ҹа Е С) (Vb e Сб) (Уус є G)(a = <=> соа = c o b). 
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УТВЕРЖДЕНИЕ 7). Пусть (6,0,#) R-rpynna. Тогда (6,0) 
квазигруппа и имеет место: 


(41) a 0 x = <=> x = #(4(Ға) o fb) и 
(4>) уса = Ь <=> у = Ь о (fa)*. 
Доказательство. 


а) Учитывая факт, что Ё подстановка множества 6 удо- 
влетворяющая условию (О), КС1 и RG2, ввиду леммы 6, находим, что 
имеет место следующая цепь эквиваленции: 


а ох = Ь <=> F(a о x) = fb 
<=> f (ffa о х) = fb 
<=> 4(Еа) о f(ffa о х) = 4(fa) о fb 
<=> (4(fa) о fa) ох = 4(fa) о ҒЪ 
<=> ј ох = 4(fa) о fb 
<=> Ех = 4(fa) u fb 
<=> х = #(4(Ға) о fb). 
Отсюда получаем, что имеет место эквиваленция: 
(4) a 0 x = b <=> x = #(4(Ға) о fb). 
Ввиду леммы 4 и факта, что (41) имеет место для любых a,b Е С, 


из (41) находим, что уравнение а O х = b однозначно разрешимо 
для любых а,Ь є С. 


б) Учитывая RGl, RG2 и утвреждение 2, ввиду леммы 6, 
находим, что имеет место следующая цепь эквиваленции: 


уча = b <=> (ya а) о (Ға) = b о (fa)™ 


<=> y о (Ға o (fa)™) = b o (fa)™ 
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<=> уо fj = bo (fa)™ 
<=> ува і = bo (fa)™ 


Бо (fa)*. 


^ 
Ш 
У 
<< 
и 


Отсюда получаем что имеет место эквиваленция: 


(43) уса = Ъ <=> у = bo (fa)*. 


Ввиду лемы 4 и факта, что (43) имеет место для любых a,b Е С, 
из (45) находим, что уравнение усо а = b однозначно разрешимо 


для любых a,b Е С. 


Примечание 3. 
Учитывая утверждение 71, находим, что 4, ò, 4 и àa AB- 


ляются подстановками множества С. Притом, если 4 = “М ( 4 = а ), 
то 4 (4) удовлетворяет условию 4•е4 =І( 4 • 4 =. 


УТВЕРЖДЕНИЕ 7) . 
С. Пусть, далее, f подстановка множества С удовлетворяющая yc- 


Пуст о бинарная операция в множестве 


JIOBHIO 
(0) Ее Е=Т, 


где ® умножение подстановок а Т единичная подстановка. Тогда, 
если имеет место RGl и (С,0) является квазигруппой, то (G,u,f) 


является R-rpynrnok. 


Доказательство. 
а) Пусть а любой фиксированый элемент множества С. 


Так как (С,0) квазигруппа, то существует в точности один i£ 


Е С такой, что имеет место 


(а) aui = а. 


Притом, для любого Ъ Е С существует в точности один у є С такой, 
что имеет место 


(6) b= уо fa. 
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Далее, учитывая КС1, (o), (а) и (6), находим, что 
имеет место следующая цепь равенств: 


boi 


^ (y 9 fa) o i ers о. f(ffa о ES 


EXyNOt£(ü*u417)-e-y-o fa = 
= b. 
Таким образом, мы доказали, что имеет место формула: 
(в) (311 Е С) (Ух Е б)х о i = x. 
6) Пусть а любой фиксированый элемент множества С. 
Так как (С,0) квазигруппа, то существует в точности один Jm E 
Е С такой, что имеет место 


(а) j. са = fa. 


Притом, для любого b Е С существует в точности один X Е С такой, 
что имеет место 


(6) b = #(Ға о х) 1). 


Далее, учитывая ВС 1, (а) и (б), находим, что имеет 
место следующая цепь равенств: 


ВЕРЬ ое Са ох). -.(j, mn a) ох 
= fa п x = fb. 
Таким образом, мы доказали, что имеет место формула: 
(в) (a!j є G)(vy Е G)j оу = fy. 


в) Ввиду (B) и (B), находим, что имеют место равен- 
ства 


1) <=> fb = fa ох. 
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т.е. равенство 
(г) j= fih. 


г) Учитывая (B), (B) и (г), находим, что имеет место 
VRG2 из теоремы 5. 

д) Ввиду предположения, что (6,0) квазигруппа, имеет 
место и УКСЗ из теоремы 5. 

Наконец, учитывая теорему 5, находим, что утверждение 
доказано. 

Непосредственным следствием утверждения 71 и утверж- 


дения 72 является следующая: 


ТЕОРЕМА 8. (G,9,f) явлется К-группой тогда и только 
тогда, когда имеет место RG1 и (G,0) является квазигруппой. 


Нахождением решений уравнений 


Cap oD) OFX i; уп f(a o b) = 17 


(а o Б) o u= j a уп (ап Б) =, | 


полученых различними способами, ввиду утверждения 7i: находим, 


что имеет место следующее утверждение: 


ТЕОРЕМА 9. Пусть (G,f,4,S,4,%,i) R-rpynna? . Тогда 


имеют место равенства: 
(51) (a о b)d = £((4b o £4(fa)) о fi); 


(та (fb)*) a a^ ; 


(55) 4(f(a 9 b)) 


(54) (ас b)™ = £(4b o #(4(Ға))) и 


1) ввиду (о), и: fj =i. 
2) см. примечание 2. 
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4(£(a п b)) = £((£b)™) o a^ 
для любых a,b Е С. 


Примечание 4. 

Если Е = І, то (G,0,!),i), где -1 = 2 == 4 = Ы, 
является группой. Учитывая этот факт, мы находим, что каждое 
из равенств (51)- (54) сводится к равенству 
(5) (ас Den = 20. асі 


для любых a,b Е С. 


ТЕОРЕМА 10. Пусть (С,0,Е) R-rpynna. Тогда квазигруп- 
па, (6,0) usoronnua 1) некоторой группе (G,*). 


Доказательство. 


Положим: 
де 
(64) a * b де a a fb 


для любых a,b Е С. Ввиду (о), равенство под (61) эквивалентно 
равенству 


(65) ^ anbz-a * fb 


для любых a,b Е С. 


Используя (61) и (65) B RGl, находим, что имеет место 
равенство 


(a * fb) * Ес = ах ff(fb * fc) 
для любых a,b,c Е С. Отсюда, ввиду факта, что Е подстановка мно- 
жества С удовлетворяющая (о), находим, что (С,*) является полу- 
группой. 
Далее, ввиду (61), (G,o) и (G,*) изотопны. Отсюда, 


1) например: [3-5]. 
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учитывая утверждение 71, находим, что (G,*) является и квази- 
группой!) . 


Таким образом, мы доказали, что (G,*) является груп- 
пой, изотопной квазигруппе (6,9). 


Подобным способом доказивается следующее утверждение: 

УТВЕРЖДЕНИЕ ll. Пусть (G,*) группа, a f подстановка 
множества С удовлетворяющая условию (0)? . Пусть, далее, имеет 
место 


aob деф а * fb 


для любых a,b Е С. Torna (6,90,f) является К-группой. 


На табл. 1, изображена группа ({1,...,6},*) изоморфна 
группе подстановок множества {a,b,c}, т.е. группе ((a,b,c) 1,0)? . 
На табл. 1, изображена квазигруппа ((1,...,6),9), где 


‘ned (123456 
£89 (511255) 


Изот квазигруппы и сам является квазигруппой; например 
3-5]. i : 


CM. определение 1i. 
1 <=> (abc), 2 <-> (а), 3 <-> (®®?©)у, 4 <-> 025), 


1) 


2) 


abc acb bea 
С (ы) дә Em (ERS). 
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Так как f удовлетворяет условию (0)? , ввиду утверждения 11, 
((1,...,6),0,f) является К-группой. Притом клеет место: 


1=3, ј = fi = #3 = 12); 


4 = { (1,1); (2,2); (3,3); (4,6); (5,4); (6,5)) ; 
N= ((1,1); (2,2); (3,3); (4,5); (5,6); (6,4) }; 
4 = ((1,5); (2,4); (3,1); (4,2); (5,6) (6,3) }; и 
w= (01,3); (2,4); (3,6); (4,2); (5,1); (6,5) }. 


Заметим, что в рассматриваемой К-группе имеет место: 
ifj u|{4,0,4,au}| = 4. 
Таким образом, справедливо следующее утверждение: 


УТВЕРЖДЕНИЕ 12. Существует В-группа (6,0 f,4,5,4, 5, i)? 
в которой справедливо: 


Ca aA Ga м, 4, ь}| = 4. 


ТЕОРЕМА 131. Пусть (G,9,£,4,,4,e,i) К-группа. 


Пусть, далее, 


(61) 
для любых а,Ь Е С. Тогда, если 
(7) а= һ= 4 = Ь = І, 


то (G,*,f,i) группа, где i единица a fa є С обратный элемент 


элемента а Е С для любого a € С. 


1) см. определение 14. 

2) 1 = 3 правая единица в (G,0), а j = I единица в (G,x)! 
3) см. примечание 2. 

^) <=> ao b= а * fb; (65). · 
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Доказательство. 


а) Ввиду доказательства теоремы 10, (G,*) группа. 


6) Ввиду (7), имеют место равенства: 
aoa=i и ас а=? 1) 
для любого ає С. Отсюда следует, что 


Y. 


в) Ввиду 6) (fi =i), имеет место 


для любого a € С. Отсюда, учитывая (6,), находим, что имеет мес- 
то 


а* #1 = а и i * fa = fa 


для любого a Е С. Таким образом, ввиду б) (#1 = і) и факта, что 
Е подстановка множества С, i является единицей группы (G,*). 


г) Ввиду (7), имеет место равенство 


для любого а Е С. Отсюда, ввиду (61), находим, что 
а ж Ға = i 


для любого а є б, т.е., что Ға правый обратный элемент элемен- 
Ta a € б для любога а є С. Таким образом, ввиду факта, что (G,*) 


группа, мы доказали, что Ға обратный элемент элемента а є С для 
любого а є С. 


Теорема доказана. 
Подобным способом доказывается и следующее утверждение: 


ТЕОРЕМА 13.. 


Пусть (G,*,f,i) группа, где і единица a f 
унарная операция - 


взятие обратного элемента. Пусть, далее, 
2) 
aob=a * fb 


? см. утверждение 2 
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для любых a,b € С. Тогда (G,95,f,4,5,4,b,i) R-rpynna в которой 
имеют место равенства 


Ac mei = ТО 


. 


Учитывая равенства под (7) из теоремы 13, в равенстве 
под (54) из теоремы 9, находим, что имеет место следующее утвер- 
ждение: 


УТВЕРЖПЕНИЕ 14. Если в К-группе (G,0,f,4,i,4,b,i) 
имеют место равенства 


AN = а= 6 = 7), 


то имеет место равенство 
(8) (ао Ъ) = Боа 
для любых a,b Е С. 


Притом, обратное не имеет место. На табл. 1, изображе- 
на группа ({1,...,6},*) изоморфна группе подстановок множества 
{a,b,c}, т.е. группе ({a,b,c}!,e). На табл. 1, изображена квази- 
группа ((1,...,6),9), rne 


Так как f удовлетворяет условию 
(o)? , ввиду утверждения 11, 
({1,...,6},9,£) является R-rpyn- 


пой. Непосредствено: из табл. 1; 
находим, что имеет место: 


i=1, j = Ғі= fl = 1; и 


1) равенства под (7) из теоремы 13} . 
2) см. определение 1,- 
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4=n=4== {(1,1); (2,2); (3,5); (4,6); (5,3); (6,4)} # І. При- 


том, проверкой находим, что имеет место равенство: 
Е (ао Ъ) = Боа 


для любых a,b € С. Таким образом имеет место: 


УТВЕРЖДЕНИЕ 15. Существует В-группа (G,9,f,4,5,4,®,i) 
неудовлетворяющая условию под (7) из теоремы 13, в которой имеет 
место равенство 


(8) (ао Ъ) = Боа 


для любых a,b Е С. 


Притом имеет место следующее утверждение: 


УТВЕРЖДЕНИЕ 16. Пусть B R-rpynne (G,5,f,4,h,4,%,1) 


имеет место равенство 
(8) Е(ас Ъ) = Боа 


для любых a,b Е С. Тогда справедливо: 


„ Ей з= 14е; EH 


Доказательство. 


Из равенства non (8) для а = b = і вытекает равенство 
f(i оі) = іо i. 


Отсюда, ввиду VRG2 из теоремы 5, вытекает равенство 


Далее, из 
Zaua-i и айпа = гл, 
ввиду (8) и fi= i, вытекают равенства 


1) мы уже доказали, что j = fi =i; 1. 
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ao4a=i и а о 4а = i. 


Таким образом, ввиду утверждения 3, мы доказали, что имеет мес- 


то равенства: 


Утверждение доказано. 


Притом, обратное не имеет место. На табл. 1i изобра- 
жена группа ({1,...,6},*) изоморфна группе подстановок множества 
{a,b,c}, т.е. группе ((a,b,c)!,o). На табл. 14 изображена квази- 


группа (ЧП =~ 76) 9), где 


о XN XS fy и 
1 
| neó (123456 
gom s ws Е 9 (173534) 
3| Gal АБ 2 
4 SY ise Ox Так как Е удовлетворяет условию 
5 Ü.- soo ea bts (о), ввиду утверждения 11, ({1,... 
6 Зе ВАЛ. 235 ...,6),9,f) является К-группой. 
табл. 1, Непосредствено из табл. 1, находим, 
что имеет место: 
Па = = fl = 01; 


= = 4 = А = {(1,1);(2,2);(3,3);(4,6);(5,5);(6,4) }; и 


Е (Зо 4) = £4 О бо 


Таким образом имеет место: 


УТВЕРЖДЕНИЕ 17. Существует В-группа (G,0,f,4,5,4,b,i) 
в которой не имеет место формула 


(va Е G)(¥b є G)f(a оЪ) = baa 


и имеют место 1 и 2 из утверждения 16. 
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Притом имеет место следующее утверждение: 


УТВЕРЖДЕНИЕ 18. Пусть в R-rpynne (G,9,f£,4,8,4,%,1) 
имеет место равенство 


(9) f(a о b) = fa o fb 


для любых a,b є Gh, Тогда справедливо: 


15 fiz i; и 


NI 
& 
Ш 
V 
и 
à 
и 
Ld 


Доказательство. 
а) Ввиду предположения, что f автоморфизм квазигруппы 


(С, о), имеет место равенство 


f(i a i) = fio fi. 
Отсюда, ввиду VRG2 из теоремы 5, находим, что имеет место равен- 


ство 
fi = fi o fi. 


Отсюда, как так, ввиду VRG2 из теоремы 5, имеет место равенство 


fi = Ғі р i, 


учитывая утверждение 3, находим, что 


6) Ввиду равенства i = fi (= j), на основании yTBep- 
ждения 3, имеют место равенства 


Ze и ь=ь. 


в) Ввиду VRG2 из теоремы 5 и равенства fi = і, имеют 
место равенства 


(да о а) о (fa) = i o (fa) = Е((Еа)^) и 


1) г.е.: пусть f автоморфизм квазигруппы (G,u). 
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да о f(fa o (Еа)№) = 4а n i = 4a, 


Отсюда, ввиду VPG1 из теоремы 5, находим, что имеет место 
равенство 


£((fa)>) = 4a, 
т.е., ввиду (о), равенство 


(fa)® = £(4a). 


г) Ввиду предположения, что f автоморфизм квазигруп- 
пы (6,0) и равенства fi = i, находим, что имеют место равен- 
ства 


i= fi = f(a о a) 


f(a) о fa, 
т.е. равенство: 
(Ча) о fa 


Отсюда, ввиду равенства доказаного под в), находим, что имеет 
место равенство: 


(fa ^9 Ға =i. 
Отсюда, как Tax, ввиду VRG3, имеет место. и равенство 
N A 
fa с (fa) = i, 


учитывая факт, что Е подстановка множества С, находим, что 


Наконец, отсюда, ввиду равенств доказаных под 6), на- 
ходим, что 


УТВЕРЖДЕНИЕ 19. Пусть (G,0,f,4,\,4,%,i) В-группа. 
Тогда, если 
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(10) fi =i, 


TO имеет место: 


(101) (fa) = £(4a); 
(105) 4(Еа) = f(ab); и 
(104) (ао b)* = £(2b о ad)», 


для любых a,b Е С. 


Доказательство. 

а) Равенство под (101) доказано в рамках доказатель- 
ства утверждения 18 под в). 

6) Так как f подстановка множества С, удовлетворяющая 
условию (0), мы из равенства под, (10,) получаем равенство 


a = f (4(fa)) 


для любого а € С. Отсюда, ввиду факта, что Е подстановка множе- 
ства С удовлетворяющая условию под (о), находим, что имеет место 
равенство под (105) для любого a € G. 

в) Равенство под (104) является частным случаем каждо- 
го из равенств под (54) - (54) из теоремы 9. B самом деле, ввиду 
справедливости равенств под (10), (104), (105), так как при 
fi = i имеют место равенства 4 = 4 и № =b, каждое из paBeHcTB 
под (51)- (54) превращается в равенство под (104) для moóoro a € 
є С. 

На табл. 1, изображена. группа ({1,...,6},*), изоморф- 
ная группе подстановок множества {a,b,C}, т.е. группе ((a,b,6)!, 


о). На табл. 1, изображена квазигруппа ((1,...,6),9), где 


хоу деф y fy и 


1) Если #1 = i, TO4= 44 &-N. 
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Tax как f удовлетворяет усло- 
вию (0), ввиду утверждения 11, 
((1,...,6),0,f) является R-rpyn- 
пой. Непосредствено из табл. 1 


5 
находим, что имеет место: 


4= {(1,1); (2,2); (3,6); (4,3); 
(5,4); (6,5) }; 


Ь = { (1,1); (2,2); (3,4); (4,5); (5,6); (6,3)}; и 
4 = 4 * ь=ь. 


Таким образом имеет место: 


УТВЕРЖДЕНИЕ 20. Существует К-группа (G,9,f,4,;5,4,^,i) 
в которой имеет место 


Если имеют место равенства 4 = № = 4 =h, то имеет 
место равенство fi = i. Отсюда, ввиду утверждения 19, находим, 
что имеет место утверждение: 


УТВЕРЖДЕНИЕ 21. Пусть (G,o,f,4,,4,%,i) R-rpynna. 
Тогда, если 


(11) 4=Мм = 4=ь 
то имеет место: 
(111) fi = i; 


(115) (fa)? = Е (а О; и 


1) т.е.: he f= feN. Притом, смотри примечание 3. 
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(114) (a а b)* = £(pho а“), 


для любых a,b e С. 
Учитывая утверждение 16 и утверждение 21, находим, 


что имеет место: 


ТЕОРЕМА 22. Если в В-группе (G,9,f£,4,8,4,%,i), 


справедлива формула 


ус!) (ма є G)(¥b e С)Е(асЪ) = b o a”, 
тогда имеет место: 
1. Е = 
Dia 40-2 E 4 =h ? и 
3. (Ya e С) (Vb e G) (a o b)^ = a5 о p^ 


Учитывая утверждение 18 и утверждение 21, находим, 


что имеет место: 


ТЕОРЕМА 23. Если в R-rpynne (G,0,f,4,5,4,&,i) спра- 


ведлива формула 
VRG5D (Va Е G)(Vb e G)£(a o b) = fa о fb”, 


тогда имеет место; 


+ 


fi= i; 


м 
& 
Ш 
Р 
Ш 
L3 
Ш 
Ld 


; M 
3 (уа є G)(¥b e G)(a o b) = (£b)^ o (£a)5. 
Клика введена в [1] как объект (G,0,f) (raen :G? + G, 
Е ЕС!, fef = Т и ЕЯ I) удовлетворяющий условиям: 
ci (Ya є б) (УБеб) (Усе б) (ас b)oc- ас (Ъ р fc); 
D CM. TeopeMy 5. 


2) см. (8) из утверждения 16. 
3) см. (9) из утверждения 18. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


228 Я. Ушан 
c2 (ма є G)(Vb є G)f(a o b) = b o a”; 
сз (Va Е G)(Vb є б) (а о b) = fa о #Ъ?); и 
Cå (Ya Е G)(Vb є G)(3x Е G)a о x= b. 


Притом, в клике имеет место: 


ПЕММА 24.11) Если (G,o,f) клика, то (6,0) квази- 
группа. 


Полуклика введена в [2] как обобщение клики. В самом 
nene, полуклика объект (G,0,f) (где о : С? > G, f € GI, fef =т 
и f ў І) удовлетворяющий условиям: 


Sci (Ya С) (УЬ є С) (ус є С) (а о Ь) ос = а a £(fb о c)’; 
Sc2 (Ya є G)(¥b є G)f(a о b) = bo a”; и 
5С3 (Ya Е С) (УЬ є G)(3x Е G)a ох =Ъ. 


Притом, в полуклике имеет место: 


ЛЕММА 24,-[2] Если (G,0,f) полуклика, то (6,0) KBa- 
зигруппа. 


Очевидно, что клика полуклика удовлетворяющая условию 
VRG5 из теоремы 23. Притом, ввиду теоремы 8, леммы 24, и леммы 
245, находим что имеет место: 


УТВЕРЖДЕНИЕ 25. а) (G,o,f) является полукликой тог- 
да и только тогда, когда (G,0,f) R-rpynna удовлетворяющая yc- 
ловию VRG4 и f # I. 6) (С,0,Е) является кликой тогда и только 
тогда, когда (G,o,f) R-rpynna удовлетворяющая условию VRG4, yc- 
ловию VRG5 4 f # I. 


Таким образом, утверждения 13-16 и 22, B самом деле, 
относятся к полукликам. Притом, теорема 135, B соответствующем 
виде, рассмотрена уже в [2]. 


1) VRG4 из теоремы 22. 
2) VRG5 из теоремы 23. 
3) RG1 из определения 1, и VRGl из теоремы 5. 
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На табл. 1, изображена К-группа удовлетворяющая усло- 
ВИЯМ: 


1 #3 и |{д,ь,л,ь)}| = 4. 


В утверждениях 16 и 18 речь идет о двүх достаточных условиях для 
спроведливости равенств: 
3 = 1 и 4 = һ= 4 =h 


Притом, на табл. 1, и 14 изображены соответствующие К-группы. 
На табл. 15 изображена К-группа удовлетворяющая условиям: 


На табл. 16 изображена К-группа удовлетворяющая условиям: 
j*i и 4-b5g4c-e, 
Притом, имеет место: 


ao paet as foe BE (123428) 


({1,...,6},*) изображена на табл. 11: 


1 
2. 
1 
6 
5 
4 
3 


Табл. 16 


На табл. 1. изображена К-группа удовлетворяющая условиям: 
j*i (i= 2,j - 1), Ли 4 - ЫС 
Притом, имеет место: 
aub деф a * Fb ' Е neg ( 5 2 3 1 2 s ) и 


((1,...,6),*) изображена на табл. l,. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


230 A. Yuan 


На табл. 1g изображена R- 
группа удовлетворяющая yc- 
ловиям: 


4=N nu 4 f bd. 


Притом, имеет место: 


» 
ao b ДЕФ à * £p 


[2 


е 15235455 6 
s GO. (214365) и (85-5-7677) 
изображена на табл. li. 
Непосредствено находим, что квазигруппа COL ee 2.6) 
изображена на табл. 1, является лупой, где единица i = 2. От- 
1 
сюда, ввиду теоремы 10, на основании теоремы Алберта 1) находим, 
что ({1,...,6},0) является группой (изоморфной группе ({1,... 
...,6},*) изображеной на табл. 1900 . Подобним способом, нахо- 
дим, что имеет место следующее утверждение: 


ТЕОРЕМА 26. Пусть (С,0,Е) В-группа. Тогда, если (6,0) 
обладает левой единицей, TO (G,u) является группой. 


ОПРЕДЕЛЕНИЕ 1). Пусть * бинарная операция в множестве 
С . Пусть, далее, f подстановка множества С, удовлетворяющая yc- 
ловию 


(о) Ее ЁҒ = І, 


где • является умножением подстановом, а І единичная подстановка 
множества С. Объект (G,*,f) назовем І-группой 3) тогда и только 


тогда, когда имеет место: 


1) например: [3-5]. 
2) Притом: Ё# I. 
3) левой-группой. 
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161 (Ya є С) (\УЬЕб) (Vc є G)f(a + #Ь)*с=а»(Ь * с); и 
162 (31 с 6) (3) ЕС) (va e 6) (31? a e б) (3а°”е G)(J a e G) 


5 


Ga" є 6) (1 ха=алаф j = fa^ ub uo 


лата = л asas јла O а ј). 


Примечание 1^. 


Если Е = Т, то речь идет о группах. 
Пусть (G,*,f) Г-группа. Пусть, далее, 
(к) ао b o 6. 


(для любых a,b Е С. Тогда 161 и 162 превращаются, в TOM же 


порядке, в: 
(а) (Ya Е b)(¥b Е С) (Ұс Е б) (со Ъ) оа = со #(#Ь са); и 


(6) (31 є 6) (3ј є 6) (ҹа є G)(3 "a є G)(3a™ є 6)( 
+s a 
(3 ае G)(3a € С)(ао1 =ал ] са = а л 
Aaa а = іла oasian ta = j A а" oa= j). 
Формула под (a), в самом деле, является формулом под RGl из 
определения 1,- Если, далее, в формуле под (6) 
an aues аиса 


в том же порядке, обозначим через 


a^ 4a, a» и 4a, 


TO формула под (6) превращется в формулу non RG2 из определения 
1i. Таким образом, (G,o,f) R-rpynna. Подобним способом, находим, 
что если (С,0,Е) R-rpynna и имеет место 


(X) TONS Uc 
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для любых a,b € С, то (G,*,f) является L-rpynnon. 


В самом деле, мы доказали, что имеет место следую- 
щее утверждение: 


ТЕОРЕМА 27. а) Если (С,%,Е) L-rpynna и имеет место 


(к) aob деф bea 


для любых a,b є С , то (G,o,f) R-rpynna; и 


6) Если (G,o,f) R-rpynna и имеет место 


(к) aod Де Ып а 
для любых a,b Е С, то (G,¢,f) L-rpynna. 


Учитывая теорему 27 и ее доказательство, находим, что 
имеют место, например, следующие -два утверждения: 


ТЕОРЕМА 5^. Пусть (G,¢,f) L-rpynna. Пусть, далее, +0, 


+a И в» унарные операции в С, a i нульарная операция в множест- 


ве С. Тогда L-rpynne (G,*,f) однозначно соответствует объект 
(G,*,£,+0,0+,+",5+,i1) удовлетворяющий условиям: 


VLG1 (Ya Е G)(Vb e G)(Vc є G)£(a è fb) è с = а Фо (b * c); 
VLG2 (Ма є G)(i * а = а ^a *fi = Ға); и 


VLG3 (ҹа є б)(За ә а= іла • а? = і л “а еа = j^ 


^а * a. = 1). 
И обратно.1) 


ТЕОРЕМА 87. (G,¢,f) явлется L-rpynnok тогда и только 
тогда, когда имеет место 161 и (G,*) явлается квазигруппой. 


Пусть (G,*,f) L-rpynna. Пусть, далее, имеет место: 


1) Ввиду теоремы 5^, объект (С,%,Е,+0,9+,+#,в+,1) удовлетворя- 
ющий условиям VLG1-VLG3,Taxxe, позволим себе назвать L-rpyn- 
пой. 
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(и) a * b деў fa + p? 


для любых a,b € С. Отсюда, ввиду определения 1, (ЕЕС!/!) и 
теоремы 8^, находим, что (G,*) квазигруппа. Далее, учитывая (и) 
и 161, находим, что (С,*) является и полугруппой. Таким образом, 
ввиду (и) ? и определения изотопии *), мы доказали, что имеет 


место следующее утверждение: 


ТЕОРЕМА 28. Пусть (G,*,f) Г-группа. Тогда квазигруппа 


(G,*) изотопна некоторой группе (G,*). 


Подобным способом доказивается следующее утверждение: 


УТВЕРЖДЕНИЕ 29. Пусть (G,*) группа, а # подстановка 
множества С удовлетворяющая условию (о) 2). Пусть, далее, имеет 


место 


a*b деф c. * b 


для любых a,b Е С. Тогда (G,*,f) является L-rpynnok. 


ТЕОРЕМА 30. Если (G,4,f) является В-группой и Г-груп- 


пой, то (G,A) является группой. 


Доказательство. 

Учитывая определение li и определение 15, находим, что 
(G,A) обладает левой единицей и правой единицей, и поэтому, еди- 
ницей. Таким образом, ввиду теоремы 8^, (6,4) лупа 3). Далее, так 
как, ввиду теоремы 28, лупа (G,4) изотопна некоторой группе 
(С,*), то, на основании теоремы Алберта?), (G,A) является группой. 

Теорема доказана. 

На табл. 21 изображена циклическая группа ({1,2,3,4},*). 
На табл. 2, и табл. 2, изображены квазигруппы ((1,2,3,4),9) и 
((1,2,3,4),*), где 


x o y EY x « £y, 


1) ввиду (о), имеет место: a*b = fa + b <=> fa * b= a * b. 
?) см. определение 1, (определение 1j). 
3) например: [3-5]. 
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x + у деў fx *у, и 


‚ч ШЫ 
Так как Ё удовлетворяет условию (o)? ‚ то, ввиду утверждения 11, 
({1,2,3,4},°,£) явлется R-rpynnoik,a, ввиду утверждения 29, ({1, 
2,3,4),*,f) является Т-группой. Отсюда, так как о = Ф, Ha осно- 
вании теоремы 30, находим, что ({1,2,3,4},0) = ((1,2,3,4),*) 


является группой. Притом, f # 11°) 


Табл. 21 Табл. 2, Табл. 23 


Примечание 5. 


((1,...,6),9,f), rne квазигруппа ({1,...,6},9) изобра- 


жена на табл. 1g и имеет место 


= деф (12 3 4 5 6 
2001 36 5 J^ 


является К-группой. Притом, ({1,...,6},9) является группой: Ho 
({1,...,6},0,Е) не является и І-группой. В самом деле, имеет Mec- 


то: 
£(3 о £4) а 5 = 6 и $} 2 @4 Gh Spy 2095 


Пусть (Q,A) квазигруппа (где A: Q >g) . Парастрофные 
операции операции А (^A, A", A, (A?) и (-1А) определени следую- 
щим образом “): 


ах, 


D £g т. 

23) fe f-I.- 

Э см. и примечани 1 и 17. 
*) например: [3-5]. 
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А-1(х,у) = z SR acx,z) = у; 
үч (х,у) =z aes, А(у,х) = Z; 
(А) (x,y) = 2 «Жеў» A(y,z) = x); и 


* 
(71А) (х,у) = 2 e$, A(z,x) = у?). 


Если (Q,A) группа и f унарная операция - взятие об- 
ратного элемента, то имеет место: 


1 А(а,Ъ) = A(a,fb) и 


А-1{а,Ъ) = A(fa,b). 


Отсюда, ввиду утверждения 11 и утверждения 29, в TOM же порядке, 
находим, что имеет место: 


(Q, "A,f) К-группа; и 


(Q,A? ,f) L-rpymna. 


Отсюда, ввиду теоремы 27, находим, что имеет место: 


* 
(Q,(7A),£) Т.-группа; и 


nk 
(0, (А? ),f) К-группа. 
Мы доказали. следующее утверждение: 


ТЕОРЕМА 31. Пусть (Q,A) группа и Е унарная операция 
~ взятие обратного элемента. Тогда 


* 
a) (0, A,f) и (Q,( A-?),£) В-группы; и 
6)  (Q,A5 ,£) и (Q,(7A )/Ё) Т-группы. 3) 


* * 
притом, имеет место: ( А, 1) = (А). 


žk.. 

притом, имеет место: (^!A ) = (A) - 
-* 

притом, (Q,A ) группа. 
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Примечание 6. 
Правое и левое деление в квазигруппе (Q,A), в TOM xe 
порядке, определени следующим образом: 


х \ у = 2 &, д(х, 2) 


Z ae, A(z,x) 


Ш 
ча 
я 


х/ у 


и 
<< 


Таким образом, ввиду определений парастрофов квазигруппы (Q,A), 
находим, что имеет место: 


\ =A’ и / = (A). 


Отсюда, ввиду теоремы 31, находим, что имеет место: если (Q,A) 
группа и f унарная операция - взятие обратного элемента, TO 
(Q,\,£) и (Q,/,£) являются L-rpynnamu. 


Примечание 7. 
в [6] В. Дэвидэ-ом введени и рассматривани группоиды 
и квазигруппы (Q,-,) удовлетворяющие условию 


(Ya Е Q)(¥b Е 90) (ус є Q)(a + b) - с = f,a - (£,b - f,c), 


где fi, f2, f, унарные операции в Q. В частности рассматриван 
случай когда (Q,-) квазигруппа а f,, f, и f, ee автоморфизмы. 
Эту структуру автор называет А-группа. Таким образом, клики 
являются и специальными А-группамы. 
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REZIME 
O DVE KLASE ALGEBRI BLISKIH GRUPAMA 


U radu se uvode i razmatraju dve klase algebri medu kojima se pored 
grupa nalaze, na primer, klike [1] i poluklike [2]. 
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Bogoljub Stankovié was born on November 1, 1924, in Boto&, Vojvod- 
ina. He graduated in mathematics from tlie University of Belgrade in 1949, 
the ycar of the beginning of his scientific work in mathematics. He received 
his Ph. D. from the Serbian Academy of Science and Arts in 1954. His 
thesis already contained profound results on singular integral equations. In 
the same year, Dr. Stankovié became one of the founders of the Department 
of Mathematics at the University of Novi Sad. Dr. Bogoljub Stankovié is 
Full Professor since 1964. 

Working on his doctoral thesis, he became interested in generalized 
functions, quite a new field in early fifties. These were the years when 
Laurent. Schwartz and Jan Mikusinski were formulating the theories known 
today as Schwartz’s theory of distributions and Mikusinski’s operator caleu- 
lus. Their research influenced many mathematicians throughout the world 
to work on their further development and application in different fields. 
Prof. Stankovié worked on applications of Mikusinski operators to differ- 
ent classes of ODEs aud PDEs in the sixties and seventies, and his papers 
published in leading mathematics journals, were highly valued by both Yu- 
goslav and foreign specialists in the field. In 1962 Prof. Stanković wrote a 
monograph on the Mikusinski calculus which is up to now the only such 
book in Serbocroatian. In the late seventies he started to work intensively 
on distribution theory, in particular on the asymptotic behaviour of dis- 
tributions and Abelian and Tauberian theorems for integral transforms. 
This work resulted in several papers and two monographs (as a co-author), 
the last published in 1989 by Teubner Verlag in Leipzig. Altogether, Prof. 
Stankovié has written more than a 100 mathematics papers and 9 textbooks 
and monographs. He was referee for several journals, editor of the Proceed- 
ings of the Conference on Generalized Functions and Convergences held in 
Dubrovnik in 1987 (and also its main organizer), published by Plenum Pub- 
lishing Company, and a reviewer for Zentralblatt fiir Mathematik und Ihre 
Grenzgebicte. 

Prof. Stankovié has contributed immensly to the teaching of mathe- 
inatics at the University of Novi Sad. He founded several courses at under- 
graduate and graduate levels, mostly in functional and complex analysis. 
He is well known both among his colleagues and his students as an excel- 
lent teacher. Parallel to his scientific work, lie established The Gencralized 
Function Group, which has been working for more than thirty years. In 


particular, this group was an excellent beginning for several of his pupils, 
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some of who are today well known Yugoslav mathematicians. He has or- 
ganized joint work with several mathematics institutes and departinents, 
either through agreements between the Academy of Sciences or between 
the institutions themselves. At the present, Prof. Stankovié is the princi- 
pal investigator for two scientific projects (one supported by the American 
NSF). It should be noted that he is not only the head of the Group and 
these projects, but also one of their most active members. 

Prof. Stanković has also contributed greatly to the University. Пе was 
the Director of the Institute of Mathematics, Dean of the Faculty of Natural 
Sciences and Mathematics, and Rector of the University of Novi Sad. In 
1963 he was elected to the Serbian Academy of Sciences aud Arts, and in 
1979 he became the first president of the Academy of Sciences and Arts of 


Vojvodina for a-period of four years. 
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Abstract 


On a differentiable manifold М and on the total space Е of a vector 
bundle there are defined p(3,-1), P(3,-1) - Finsler structures 
respectively and the Finsler connections which are compatible with these 
structures are determined. Furthermore the invariants of the Finsler 
connection transformations group are established, the integrability 


conditions are determined and some special cases are given. 


0. Introduction 


The main purpose of the present paper is to introduce the notion of 
p(3,-1)-Finsler structure on ап n-dimenslonal С”- manifold and the notion 
of P(3,-1)-structure on the total space Е of a vector bundle Е = (Е, п, М) 
and to study these structures by the method used by R. Miron [14] and by 
the first author in [1]. 

A P(3,-1)-structure on E we simply call a Walker structure. It is 
similar to the Kentaro Yano structure on E, [1]. 

In $1 we recall the notion of a Finsler connection on М [11], [12] 
and the notion of а distinguished connection on E [15], [16], [17]. We 
introduce, in §2, the notion of p(3,-1)-Finsler structure on M and all 
p(3,-1)-Finsler connections are determined in §3, using Obata’s operators 
(255) ит $4, we consider the group с, of transformations of 


p(3,-1)-Finsler connections and prove that it has twenty invariants, which 
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are Finsler tensor fields. Ву the lift in  Miron's sense [14], on TN of 


one p(3,-1)-Finsler structure from M, in §5, we obtain three structures 
on TM, that each of them, taken adequately on the horizontal distribution 
HTM and on the vertical distributlon VTM of T(TM), are p(3,-1)-Finsler 
structures. By means of the invariants of Saye in §6, we give 
characterizations of the integrability OD SCype IT, "TI or III- fon the 
p(3,-1)-Finsler structures based only on Finsler geometry. Finally, in 
$6, we define and treat the (h,v) P(3,-1)-structure on the total space Е 
of a vector bundle €, which we shall call а (h,v)-Walker structure оп Е. 

In particular, we have on M an almost product Finsler structure [3], 
18], [9], [10], or a (p,€,n)-Finsler structure [6]. 

The terminology and notations are all according to M. Matsumoto [11] 
and В: Miron [12,13,14,15, 16, 17]. 


1. Preliminaries 

Let M be a differentiable С” - manifold, paracompact, of dimension п, 
let T(M) = (ТМ, п, М) be its tangent bundle and let N be а non-linear 
connectlon оп TM: TM = М + (TH). We denote by (х! ‚у! (Gia RP as 2, п) 
the canonical coordinates on TM. Then e д, - Wray (ars а/ах', а, = а/ау', 
oe 5/5х' ) 15 а local basis of the horizontal distribution М, and д, 15а 
local basis of the vertical distribution (ТМ)”. The dual basis is 
(dx',dy'), where бу = ау! + м, ах". We have: 


и NS 2 
(1.1) [5 8,1 = Rey? (5,,8,1 CAGA 


" 
e 
D. 

= 
o 

" 
o 


We denote by 


(1.2) РЕ со М Ve нм айн! 
ки лк К) ) х 


the curvature and torsion tensor fields of М. 


А Finsler connection on M is a triad ЕГ = (N,F,C)(-V), where М is a 
non-linear connection on TM, and F, respectively, C are the h-and 


v-connection coefficients given by: 


1 ; (Ж TN] LEX ah 
(1.3) % ә, = Оо o) - Бутан, 78, - ESI vias Cea 


With | and | we denote the h-and v-covariant derivatives with respect 


to FT. For example, for a Finsler tensor field of the type (1,1) with the 
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components K (x, y) we have 


(1.4) Ki, 28K + Р Ке = F* К, К = dR) МНО Ш 
j [к k J sk J jk ) nr k J ak J Jk s 

The torsion Finsler tensor filed of FT will be denoted by: т. Rye 

С, P' , S' , and the curvature Finsler tensor flelds of FT will be 


Jk Jk yk н à 


J kh' (укку МЫ 


If FT = (N,F,C) and IT = (N,F,C) are two Finsler connections on M, 


111, (12]. 
then а unique triad of Finsler tensor fileds (A,B,D) is determined such 


(1.5) P T ey, UR PU ndpha $0 a p Ec MN UE 
J J J Jk Jk дв k Jk Jk )k Jk 


Conversely: given the Finsler connection ЁГ = (N,F,C) and the triad 
(A,B,D) of Finsler tensor fields, the connection ЕГ = (N,F,C) given by 
(1.5) is a Finsler connection. The map IT э ЕГ defined by (1.5) is called 


a transformation of Finsler connections. 


If Fr = сЁ, ё) is a connection fixed оп М, then the h - and 
У - covariant derivatives with respect to ЕЁ will be denoted, resceptively, 
by 1 and Ї 

Because a linear connection D = (Г) оп TM, expressed in the adapted 
basis (6.0) of a non-linear connection W and the vertical distribution 
(ТМ) has eight coefficients, in [15], [16] was Introduced Lhe notion of a 
d-connection on the total space E of a vector bundle & = (E,x,M) (in 
particularly on E = TM), that is, fundametal in the geometry of E. We 
Shall recall in short this important notion. 

Let Е = (Е,п,М) be a vector bundle of the class С”. We suppose that 
the total space E has ntm dimensions, the base M has п dimensions and the 
local fibre E n (x), хє М, 15 а real vector space of dimensions m. 
X(E), 7e (03); on (E) are. well-known sections. 

We denote by N a non-linear connection (horizontal distribution) on Е 


and by V Lhe vertical distribution complementary with №: 


? 


T.E = HETE VIE; Ма Є: 
u u u 


A linear connection D on Е is called a distinguished connection (for 
Short a d-connection) if: 0,Х є НЕ, D,Y € VE, for VX є HE, WY є VE, 
YZ є X(E). 
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lt follows that for a d-connection on Е we have a unique decom- 


position: D = [+ D'. D! is the h-covariant derivatives and 0” is 


v-covarlant derivative of D. 
In the canonical coordinates (х,у?) of the point и = (u*) є E, 1=1,п, 


a-1,m, a-1,n*m, we have (ә. ), (dx',5y") the dual frames adapted to 
N (Мх, у)). 


1 a 1 

The local components (к Gay), Ley), С (my), eb Ges У) of a 
d-connection on E are given by: 
(1.6) оО o = 19, D S =с 8, р. 5 =C à . 

ud) Jk | C bk а 8 } Je ! а b bc а 
хх н, у 

We denote by (X ) and o (o ), the horizontal (vertical) components 

of ХЕ X(E) and respectively o є SX CE) 


A tensor fleld t on E is called a distinguished tensor field 


pr 
(d-tensor filed) of the type m if it has the property: 


(1.7) { озш о: X,.... x | = 
1 P 1 q pel p*r q*1 q*s 


= dT сн Е w; 71 Вий х") , 
1 


р 1 q pri р+г q*1 q*s 


YX e X(E), Vo e X (E). 
а а 
Proposition 1.1. If Ё is a tensor field оп Е of the type (p,q), then it 


determines  2?*" d-tensor fileds on E of the type E: "| (r=0,1,. 


q-s s 206b 
s-0,1,...q). 


It follows that the torsion tensor field T of the d-connection Dr, 
(1.6), is characterized by five d-tensor fields of components: 


1 a 1 a 
Tue Bye Су, Ру, Spo (ТХ, У) = -T(Y,X)), where: 


И ТОЕ М нА 
(1.8) Jk Jk к) Jk к) yok’ “Je 

f Ор о (Seas) NES 

Je om) c) bc bc cb 


Also, the curvature tensor filed R of the d-connection DT, (1.6), is 
characterized by six d-tensor fields of components: К i ы Р : 


1 v "m Эк’ b к’ J) kl 
P* ,s* ,Ss"  ((RO,Y)Z)*.-»0, (R(X,¥)Z")" = 0), where: 
b kd с b са 
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в! 23,1! (2 8L! о о 
J kl 1 Jk k JI Jk hi Ji hk Je ki 
(1.9) 
1 
RI" = Nnm PTS ETSI А 
b ki 1 bk kbi bk rı bl fk be ki 
PES —RONDI 1 + СР 
) kd d Jk уч [к ус ка 
(1.9) 
2 
a = Ө (К x с? + ^ à 
b kd d bk ъа |x br kd 
s’ вас = aC! Me CCM 
) cd а ‘Je c jd Jc hd Jd hc 
(1.9) 
3 
S aL ed Ce CAG OCA ССА 
ь са а bc c ‘bd be fd bd fc 


If Е = TM, we have n-m and we can remain in the present notations on 

E, with the convention Lo assimilate x^ with Sex! 
р 

Then, оп TM have in general: 

(1.10) Be («a о WG enous on Я 
jk a J bk Jc a J be 

^ d-connection DF оп TM for which (1.10) is tranformed into 

equalities is called a d-connection of the Finsler type on TH (in 123] 


such a d-connection is called a d-normal connection). 


Remark 1.1. A d-tensor filed on the manifold base M is also called a 
Finsler tensor filed on M [11], [12]. 
2. p(3,-1)-Finsler structures 

Let M be an n-dimensional differentiable manifold of,class C^ and 


x=(x') and y=(y') denote a point of M and a supporting element, respectively. 


Definition 2.1. A Finsler tensor field р(х,у) * О of type (1,1) and of 
class С” is called а p(3,-1)-Finsler structures of index k, it is 


satisfies 
(2.1) р? - р = 0, rank | р(х,у)| = п-к, М(х,у) e тм, 


where К is integer and 0 = k < п. 
We denote by Jt and V complementary distributions of tangent bundle 


T(M), corresponding to the projection operators h(x,y) and у(х, у) given by 
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(2.2) в = KA v= =р? LL (J - the Identity operator). 
We have dim Jt -n-k, dimV =k and 
(x,y) (x,y) 
ph = hp = p ру = ур = о 
(2.3) 
2 
phe=h ри=о 


that 15, p acis on X as an almost product operator and оп V as а null 


operator. 


Remark 2.1. If the rank of p(x,y) is n, then h= I and v = О and р(х, у) 
satisfies: p= I. Consequently [һе p(3,-1)-Finsler structure of minimum 
index is an almost product Finsler structure [3], [8], [9]; the dimension 


n not must be even. 


Remark 2.2. If the p(3,-1)-Finsler structure is of index 1, then XW is 
(n-1)-dimensional and V is one-dimensional. Consequently 1f we denote by 
p, Gc y), hi (x, y) and vi (ху) (Л... 1,2,...,m) the local components of 
p(x,y), h(x,y) and v(x, y) respecitvely, then vy (х, y) should have the form 
vit n£, where m(x,y) and &(х, у) are covariant contravariant Finsler 
vector fields respectively. Taking into account the relations (2.2) and 
(2.3) we have 


(2.4) p 


Thus a p(3,-1)-Finsler structure of index 1 is equivalent to a 


(p,€,)-Finsler structure (see [6], p.26, Definition 3.2 and Remark 3.2). 


Definition 2.2. We shall call Obata's operators of the p(3,-1)-Finsler 


rs 


structure, (2.1), the Finsler tensor fields o0 and o given by 
1 2 
г 

гв 1 г XS г s їо га г s s 

Ее Уан ЕЗУ, calle 
(2.5) v 

rs 1 tes) г ЕВГ =. _ г 

2 5 [a af нзри киаз mp av v]. 
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These operators have the symmetry 9 i - ot (a=1,2) and act on a 


а а 
Finsler tensor field К of type (1,2) as (OK). = 0"! к. The product 0 0 
a ) а)" d а В 
is defined by (0 0)‘' = 0"! o'* (о, В = 1,2). 
a В is al” Bis 


Proposition 2.1. 0,0 are the supplementary projectors on the module т. of 
е 
the tensor fields of type (1,2): 


(2.6) о+0о= 1, 02 #0, 00=00= 0 (а=1,2), 
1 2 а а 
where І is the identily given by 5' 8': IK = К. 


Proposition 2.2. ОХ = o (resp. ОХ = o) has solutions, and its general 
2 1 


solutions are given by X = OY (resp. X = OY), where Y є т) is arbitrary. 
1 2 


3. p(3,-1)-Finsler connections 


An important problem concerning a p(3,1)-Finsler connections on M is to 
determine the existence and arbitrariness of Finsler connections with 


respect to wich py Gr y) is covariantly constant. 


Definition 3.1. Let рух,у) be а p(3,1)-Finsler structure of index К. А 
Finsler connection ЕТ = (N,F,C) is called a p(3,1)-Finsler connection or 
compatible with p, (2.1), if Р, is covariantly constant: 
(3.1) J =0 =0 

Py | P) |x 
Proposition 3.1. With EES to a Finsler connection ЕГ compatible with а 
a 1)-Finsler structure Р, (x,y), (2.1), the tensor fields h Gr, у) and 


7 (х,у) are covariantly cosntari: 


3. M — ME MM As саг. ай 
(З.2) UIT o, hy lx o, VIT о, ate о 


Theorem 3.1. (а) Obata tensor fields 9 and 9 are covariantly constant with 


respect to any рз) ES connections ЕГ; (b) The Finsler tensor 


fields OR" , e Tp O'"sS © and h-and v-covariant derivatives of 
2°! г kl sj) r kl’ ze r kl 


every order eS for every FT with the property (3.1). 
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Proof. The property (a) results immediately from (2.5), (3.1) and 
(3-2). By the Ricci identities applying to Р, and taking into account 


(a) we get the statement (b). 


Theorem 3.2. Let ЕЁ = (Я, F, Ё) be a fixed Finsler connection on M. Then 
there exist p(3,1)-Finsler connections with respect to the p(3,-1)-Finsler 


structures (2.1); one of these is: 


= 
И 
= 
=< 
os 
= 
Ш 
> 
+ 


1 1 1 
GORN > MI a зи} 


п or 1 гг SEN tor 
x E ё "В GEAN wal з) 


Proof. Ву straightforward calculus, (3.3) satisfies (3.1). 
Now, we determine all the p(3,-1)-Finsler connectlons based on 
О 
Proposition 2.2. Let ГГ be a fixed Finsler connection. Then any Finsler 
connection FT on M can be expressed in the form 
1 1 ИП 


3) мм. я р се AN = p. c = Gl р 
J J J Jk Jk Jk k Jk Jk Jk Jk 


where A, B, D are arbilrary Finsler tensor fields [12], [13]. 


We put Fr = FY in (3.4), where Е = (X, Y, б) 15 given by (3.3). 

In order that Fr 15 a p(3,-1)-Finsler connection, that is, the 
equation (3.1) hold for FT given by (3.4), it is necessary and sufficient 
that A, В, D satisfy 

ук р) DU DEN sm Dy - (Р.Р + ОГ = 0, 
which, after one long calculus (analogous to [6], p.23-24), 15 equivalent 


to 


OB=0 OD=o0. 
2 2 


From Proposition 2.2, however, the last system has solutions in Be 


De for any Finsler tensor field ^ - Xy. Thus, we have 


Theorem 3.3. Let ЕЁ be a fixed Finsler connection. The set of all 


p(3,-1)-Finsler connection FT with respect to the p(3,-!)-Finsler 


structure (2.1) is given by 
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(3.5) 
av! [ve и. «o5 , 
s nn m k mj sk 
D ow 1 1 1 а Га 
CME Mie: р rhe “he зи! |, | E. 
where X. Y. Zi are arbitrary Finsler tensor fields. 


Remark 3.1. The p(3,-1)-Finsler connection FE = (К, б) glven by (3.3) 1$ 
obtained from (3.5) for X'- 0, Y! = 0, 7! = 0. 

J Jk Jk 
Corrolary 3.1. If ЕЁ is a fixed p(3,-1)-Finsler connection, then the set 


of all p(3,-1)-Finsler connections FT is given by: 


м. д =р Tme wu. e ce ese. . 
J J Jk Jk 1 


ук’ 2 are arbitrary Finsler tensor fields. 
We denote by FT(N) the Finsler connections having the same non-linear 
connection N. 


Theorem 3.4. The set of all p(3,-1)-Finsler connections ЕГ(Й) is given by 
1 1 1 M 25 1 1.8 is 
= = - + 
к РУ YE D Pyl« "Tk 4 з} MI ide х 
1 1 1 1 s 1 ios Ya 
аў Св + 5 {ot р; |, SD зии * %: 2 Я 


1 
Jk 


(3.7) 


where ЕЁ is a fixed  Finsler connection and Y. 5 74 are arbitrary 


Finsler tensor fields. 


4. The group of transformations of p(3,-1)-Finsler connections 
P 


Let us consider the transformations FT(N) > ЕГ(М), [13], of p(3,-1)- 
Finsler connections, which preserve the non-linear connection N. Owing to 


Theorem 3.4. they are given by 


) ) pe my. 18) rk 
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Theorem 4.1. The set of all transformations (4.1), with the mapping 
product as a law of composition, form an Abelian group G which is 


isomorphic with the additive group of pair of Finsler tensor fields 
[о 2022. .|. 
1") гк 194 rk 

By a straightforward calculus we can prove 


Theorem 4.2. The following Finsler tensor fields are invariants by the 


action of the group C 


(4.2) fH A pid 


1 2 
(«ШҮ ОО = оор", Pm of ont РЫ. , М ortos, 


Jk 2rd, Jk rs Jk APARIK rs Jk ALS ra’ jk рч Jk rs 
т! эй T* TONER s T! ә г Т я т" 1 
jk m Jk Py P, ra Р, гк Р, Js РА У 
1 
\ = т г з 1 = г n m 1 
Rx z Um v quy he ae 5 Ке, ЕР к) ВАС 
(4.4) e = п! + p р @ = p. n RES p! 
Jk m Jk J^ k "rs ) rk к Js т ' 
1 
1 >. m 1 23, г m s m 1 
р к =i Pk S AUR Lem С rk H P, s) Uc : 
1 
1 = m r 1 = г m 1 
S. mab 5 к ИЯ Ss @ A za БЕ, 
2 
R = ni m 4 р" р? n 2, р" R +p R р! 
)к m Jk о 81: k Js m ' 
(4.5) e =h рр рис р? С |- p! 
Jk m Jk ПЕ ors: ) rk к Js m’ 
p! = n! р" ee ie р^ А г Р s p? ji 
Jk Jk Py P Urs P, rk P, Js Ryo 
3 
1 Bund r m з „т zl 
n.o m, + (рт Uh s | о 
n рр а р ре | p! 
Jk в Jk k ) kr к js m’ 
(4.6) 3 
1 t Е = r m і 
E ME de HR С (>; SEO eal DEW 
3 
1 1 m ros 1 э „т П 
Mp. cU Fy P, Py oe Py TE Poe 
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EI 1 1 1 
r ^5 г m n 
S з $ VIP Wg кы [> S ЧЕ) i] ra 
(4.6) * 
rl Avr si r m з а 1 
Di TRR Ру debe б ает £d sn 
2 1 


1 
: : ! 2 s! vanish if and 
yk jk Jk 


only if there exists on M ап h - and v - semi-symmetric p(3,-1)-Finsler 


Theorem 4.3. The Finsler tensor fields LE N 


connection IT (М). 


5. P(3,-1)-structures оп the tangent bundle T(M) 


The lift of one p(3,-1)-Finsler structure. Let M be a differentiable 
manifold of the class C", with n dimensions, T(M) = (ТМ, л, М) its tangent 
bundle and М а fixed non-linear connectlon on TM. 

A P(3,-1)-structure of index К’ on TM is given by a tensor field 


Pe т! (ТМ) with the property: 
(5.1) P - P =0, rank [Р(х,у)] = 2n- к; Оз К< 2n, V(x;y) e TH 


In the adapted basis X = {5 óð , A= (1,50), i= (1,1), Р can be 
represented by: 
1 2 3.3 AT 
(5.2) Р = P 5 e dx! e P 5, e ду! + б о dx! +Р à. e dy’, 
=f 
where n (« = 1,2,3,4) are Finsler tensor fields on M. 


Hence, we have 


P in STE ; ES se 
(5.3) Е Е о PI S POr HPA 
J rom yon J ) 0 Jr 
and the condition (5.1) is equivalent with 
ide En e n. а 2л уЗ nu 
[r Р“ +p pl ae (rre lee луш йй, 
h s h s J в & h s } J 
ee 2, зү? > QA Coe me 
б poe qn " НЕ ph + p! "| "-Po30 
h s в s 3 n s h s J J 
(5.4) 
1 h i з, Де 1 eR А “Sp ра Sr 
Da pages Py oes mee. geo Phen Oo 
hb s h s J h s hos J J 
nome cn 2 4. 4 44 4 
(r n p! r^] Pa (r Р" + р r) Р" р =0 
h s у в } в. s h s 2! J 
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Also, we suppose that the components of P fulfill conditions such as 


(5.5) Н = Р? бу ЭЛДЕ ЫЙ 


in order Lo be orthogonal projectors and supplementary. 


If py (x,y) 15 а p(3,-1)-Finsler structure of index К on M, then on 


TM, in the presence of a non-linear connection, N, we have some special 


cases: 
г 1 J 1: J 
IPS py ое ах Зо, ооу. 
2o 1: 

(5.6) ар: 5, @ dx’ - p, à, e 5 y 5 
З) 1 116 
P= рё @ dy’ «p д ed x? 


< 
The tensor fields P (а = 1,2,3) given by (5.6) are P(3,-1)-structures 


of a special type on ТМ. Indeed, the conditions (2.2) and (2.3) being 
fulfiled for py Gy). we obtain 


e S 6 
P - Р = о, rank [?(х,у)] к = rank IPGc y) in -n-k 


a 
(5.7) H-P -n с еа +h д ебу, 
y=-P +т-и à edx «vi à e 8 y, Va=1,2,3, 
1 1 h 1 1 h 1 
where h = we ae + 
Я ЕО Г вру cto, 


Then (5.6) determines P(3,-1)-structures on ТМ by the lifting of one 


p(3,-1)-Finsler sturctures from M to the space total TM of a tangent budle 
T(M). 


We remark Lhát the NlJenhuis tensor of Ре TI (TM) ls given by 
(5.8) МОХ,У) = (PX, Pv) - PIPX, Y] - PU БУ] + ИХ, У], > 
and the integrability condition of а P(3,-1)-structures is N(X,Y) = o, 


V X,Y e (TM). It 15 sufficient to calculate МӘ 5, ), NCS ,д,) апа 
MÒ ò) and we can determine Ñ(X,Y). 
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8. The integrability of the p(3,-1)-Finsler structures 


Let М be a non-linear connection of T(M). Then the p(3,-1)-Finsler 
structure on the base manifold M is lifted to а P(3,-1)-structure on T(M) 
in three manner (5.8). The values of the Finsler components of P from 


(5.2) are given in the following table: 


We remark the following relations: 


1 2 3 

Ђ 1 = 1 > . 

P (6 - P (6 - Go de (e) > д, 
(5,2 {о ( p P, 3, ( j P, 9, 

1 . 2 . i . 3 . 1 

Р = Р =- ; P (a - 6 
(а) puo dP (8) Р, 9, ( > P, 8, 


Definition 6.1. А p(3,-1) structure of index К on a differentiable 
manifold M is called an integrable of type I, II or III with respect to 


1 2 
the non-linear connection М, if the corresponding lifted P(3,-1), P(3,-1), 


3 
or P(3,-1)-structure are integrable. 


We characterize these cases of integrability, using only the 
invariants of the group Ge 


Theorem 6.1. The p(3,-1)-Finsler structure p, Gy), (2.1) is an integrable 


of type I, if and only if the following invariant Finsler tensor fields 
vanish: 
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n th | 1, i 

(6.2) ПЕОН ЕРАЗ О, бк = o, IP. (99S). = 0) 
jk jx Jk Jx Jk 


Proof. The p(3,-1)-Finsler structure 15 an integrable of type I 1f and 
1 
only if N(X,Y) = О Гог P. But N(X,Y) = О V X,Y є X(TM) is equivalent to 


Мо о) = О, №5 д) =о, Ма д.) = 0 
)’к J'' k J' k 
W ti 
which are equivalent to (6.2). In this case, because Яко we have 50: 


In the same way we can prove 


Theorem 6.2. The p(3,-1)-Finsler structure р) (х, у), У 15 ап 
integrable of type II, if and only if the following ivariant Finsler 
tensor fields vanish: 
1 2 
(6.3) Teen Oe, Re 0 = 
Jk Jk Jk Jk Jk 


Theorem 6.3. The p(3,-1)-Finsler structure p (x,y), (2.1) is an integrable 


of type 111, if and only if the following invariant Finsler tensor fields 
vanish: 3 


31 1 1 S1 zl Sa 
(6.4) ДО Ко CO Dome mI, SEO 


Concluding by Theorems 6.1, 6.2 and 6.3 we obtain: 


Theorem 6.4. The p(3,-1)-Finsler structure py Go y), (2.1), | ап 
integrable of type 1,11 or III if and only if the invariants of the group 
c have the values given in the following table: 


Type of 
integrability 


Characterization by invariants 
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7. (h,v)-Walker structure on the total space of a vector bundle 


Let & = (Е,п,М) a vector bundkle of the class С let М be a non-linear 
connection on E and let us denote by HE and VE the complementary 
horizontal and vertical distribution: 


T Sem Е = Hey) E: + V ety) Е 4, ИС ВАЛ eave 


Let l(x,y) be an 1(3,-1)-structure of index к, on the distribution НЕ 
and let m(x,y) be an m(3,-1)-structure of index к, on the distribution ИЕ. 


For any (x,y) € E we have 


(7251) HE' 2 H Е ПЕ VE=VE+VE. 
h v h v 


Не denote by h, v and respectively В, v, the supplementary projectors 


1 1 2: 2 
on the distribution (7.1). 


Let 45, ‚д h qax', dy} be the adapted basis of М and VE. 
a 
Under these conditions we can consider on E the aggregate tensor 


field of type (J,1) given by 
i J a z b 
(7.2) pos 1 Gc y08, © dx + т, (x, y) а © бу. 


Because (2.2) and (2.3), $2, are fulfilled for 1, В, у and 


respectively m, h, v we have from (7.2) the following relations: 
252 


(7.3) P -P-20, rank ТРЕ = к, гапк [Pl = к, 
We put Н = P, V=- P+ І and we obtain 


Н 


n) (х,у) $i ө ах) + ne (x,y) д, e бу”, 
(7.4) 1 E 


< 
И 


v! (x, y) 5, @ dx) + v(x,y) д e ay H 
1) 1 2? а 


An elementary calculus shows us that 


НР = РН'= P. VP=PV=0, 
(7.5) 5 
PH = Н ‚Ру = 0. 


This means that (7.2) isa P(3, -1)-structure on E. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and ебапдо 


16 Atanasiu Gheorghe and Klepp С. Francisc 


Definition 7.1. We shall call the structure given by (7.2) the 


(h,v)-Walker structure on the total space E of a vector bundle £. 


1 a 


Definiton 7.2. A d-connection D on E with coefficients ПГ = Lk? Lk 
C e. is called a Walker d-connection or compatible with the 


(h,v)-Walker structure P є n), (6.2), 1f 


' = 
(7.6) Mh 0, Р 1 


^ 
m 
b к J 


where | and |aenotes h-and v-covariant derivatives with respect to РГ. 


Theorem 7.1. Let Df - Be I5 e b e] be a fixed d-connection. Then, 
c 


the d-connect ion or given by 


г =“ се о my. + Sul v E, 
Jk Jk 1х MIL E ok 
12 = Lee Ш m^ m - + 3v vf , 
bk bk 2 r ь [x ab lk 2, 2b k 


(7.7) 


. 
-- 
о 
| 
ce 
о 
м 
(MÁY 
~ 
e- 
~ 
-u 
— 
a 
1 
- 
NS 
— 
n 
+ 
I^] 
- 
5225 > - 
к, 
—С`а 
=—20— = 
— e ees —— 


a г а а с 

б n | =y. | + 3v. v 

f ble b [с соь 

2 2#2 

is а Walker d-connection, where | and | are the h-and v-covariant 
derivatives with respect to pf. 


о 
c 

o 
м» 


If ме take іп (6.7) for Df а Berward connection 
ғ (7.8) Deor бо 
the we have 
Theorem 7.2. Let DÊ be a fixed Berward connection. Then, the d-connection 
ot given by 


"omen fı Пы vie + 3v } =L' 
5 - v (ЕР 
jk Jk 2 в n al A 1х Jk 
Cy ata 1 a с а: д. ез 
т. aM “3 E [a.m 7 nb ба к, Hh 95 м] 
(7.9) - 6: - зу |5 има м -vå м) ; 
f a k 2b 2° а к а b k 
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is a Walker d-connection, with respect to p € v (E), (7:2): 


Remark 7.1. In (7.9) the coefficients Io and С. of the Walker 
d-connection Di depend on M (х,у) 1 Gc y) and m (x,y), only, that 1s, they 


are canonically introduced. 


If we denote Obata's operators (2.5), 2.26 (х,у) and m (x, y) by 
ET ‚ АЗ and respectively Bas З pos , it is easy to prove: 
1 J 2!) 12° 2^ 


Theorem 7.3. The set of all the Walker d-connections with respect to the 


Walker structure P є TE» (7.2), 1s given by 


p а L m ЛЫ х ; L? E 1^ у в?“ х x у x! Е 229 а i. 

Jk Jk г) sk bk bk db fk Jk 20 bk 11 
(7.10) ; 

Cl e Mt" v c s cM Ва Е M 

Jc Jc 172 sk be be db fc je 11 be 02 


The transformations of Walker d-connections БГ(М) э DT(N) with the 


same non-linear connection W are given by 


ар АЧ TTE СОВА 
Jk Jk г) вк bk bk 12 fh 
(7.11) 1 
at 1 1 г zr. a at 
с с ЖА ул АН Ө Le УОТУНАН 
Jc Jc aS sc be be 12 fc 


Hence, 


Theorem 7.4. The set of all transformations (7.11) and the mapping product 
is an Abelian group С, isommorphic with the additive group of а d-tensor 


field of the form 


Жер ЫА pha obo 


rj sk db fk г) sc db fc 
1 1 1 


Theorem 7.5. The followirg d-tensor fields are invariants by the action of 


the group С, 
тер)! я 
Jk m Jk J к rs 
RCP = hh RÓ + 17 J* Rb. 
(0.12) 4 CCP) = А IP о 
Jk m јс J с rg 


P(P = 1% p + кй pr – (5 po + п? pi ] ae 
Jc d c c d 
| | 


а 
2 50Р) с = h 
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Theorem 7.6. The d-lensor fields ТЕР) pe SCP)? vanish if and only if 
there exists on E an h-and v-semi-symmelric Walker d-connection ОГ(М). 

The integrability condilion of the (h,v)-Walker stucture Р є т! (Е), 
(6.2), is N(P)(X,Y) = o, V X,Y є (Е). Taking into account that we have 


the following relationships: 


a 5 аа сах: 
(7.13) А = 1 5, ; P(d,) п, oN, 


a 


we obtain 


Theorem 7.7. The (h,v)-Walker structure P є ni), (6.2), is integrable if 


and only if the invariants (7.12) vanish: 


] 3 ays LES B- ж: 4) 
(7.14) T(P) „= о, ROR) s о, eu о, PCP). = о, 50005 = о: 


.Remark 7.2. If Е = TM, the considerations from this paragraph remain 
valid. 
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Rezime 


p(3,-1) - FINSLEROVE STRUKTURE I NJIHOVI LIFTOVI 


Na diferencijalnoj mnogostrukosti M kao | na TM je definisana p(3,-1) 
odnosno P(3,-1) Finslerova struktura. Odredeni su koeficijenti koneksi Je 
koje su saglasne sa tim strukturama, dati su uslovi integrabilnosti. 
Nadene su lnvarijante grupe transformacije Finslerove koneksi,je i dati su 
neki specijalni slucajev!. 
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-RECURRENT MANIFOLDS 
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Abstract ы 


A conformally quasi-recurrent manifold is an n-dimensional (п > 3) 
Riemannian manifold whose conformal curvature tensor satisfies the condition 
(1.2), where V is the operator of covariant differentiation. It is proved 
that if а, is а gradient vector field, such а manifold can be conformally 
related to the conformally symmetric one (i.e. to the manifold satisfying 
OE 0). Using this fact, it is proved that many properties of 
conformally symmetric manifolds can be generalized jn such a manner thal 
they hold good for conformally quasi-recurrent manifolds too (in which а, 15 
а gradient vector field). Also, some propertles of general quasi-recurrent 


manifolds are obtained. 
1. Introduction 


A conformally quasi-reccurent manifold has been defined in [3] as an 
n-dimensional (n > 3) Riemannlan manifold M with a (possibly indefinite) 
metric g whose conformal curvature tensor 

h 


б Л 
CAPE. ijk ma 


h h h h 
ry c TUM 2 oR, aT 


) 


R h h 
18 = 
(1.1) + ЕВС (5.8 у 8,8, к) 


AMS Mathematics Subject Classification (1980): 53820, 53821. 
Key words and phrases: conformal change of Riemannian metric, conforma! 


curvature tensor, conformally symmetric space. 
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satisfles the condition 
(1.2) vc = 2a С + aC + aC + ас + aC 

в hijk в hlJk h sljk | hsJk J hisk k hijs 
where 


NT. = EC jk 


а, 15 а veclor field and Raves у, К and V denote the curvature Lensor, 
Ricci tensor, scalar curvature and covariant differentiation respectively. 
If 


(1.3) vC =0 
s hijk 


N is said to be conformally symmetric. If, however, 


Vc ас 
в В! )к в в! jk 


, 


M is said to be conformally recurrent. Therefore, a conformally symmetric 
manifold is a special case of both the conformally recurrent and the 
conformally quasi-recurrent one. н : 

М is said to be essentially conformally symmetric if it satisfies (1.3) 
but is neither conformally flat nor locally symmetric. These manifolds have 
been investigaled in detail in [1], [2], [4] and [5]. Among other things it 
is proved there that any essentially conformally symmetric manifold 


satisfies the following relations: 


(a) Walshe = үк В 


k 1) 

(b) вю +R RR +R к. =о; 

aj ikl ak 11) al ljk 
(<) RE Co + RC. Y а iOi ju 540; 
(9) VR C. «vR C, «VR GC -0; 

ва) ikl s ak 11) s al ijk 
(e) R=0; 
(г) RAO: 20; 
5 а а а а = Й 
(8) SCIEN Сук $i CE: C ak i. CRI Calak Е бек О ЛС zio; 
h) ВСЕ x R Сук ОСЕ Е; =з oO 
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—————————————————————————————————————————————————————S 


where їл the expression |...) - {м/1}, {m/I} means the first bracket in 
which m and ] interchange thelr places; 


(1): RR =0; 
кка 


= = Р» 
(J) Re Вк Reg ix F DUE , for some function 


The purpose. of this paper is to find relations correspondig to (a)-(J) 
for a ол quasi-recurrent manifold. In $2 we shall obtain the 
relations corresponding to (a) and (d) and prove that (b) and (c) hold good. 
In §3 and §4 we deal with conformally quasi-recurrent manifolds in which the 
vector field а, is a gradient. In 83 we shall prove that such a manifold can 
be conformally related to the conformally symmetric one. Using this, we 


shall find in §4 the relations corresponding to (e)-(J). 


2. General case 


It 1s well known that the conformal curvature tensor satisfles the relations 


(2.1) its си 
ijk 1х] 
(2.2) ОЧ Ga O 
ijk jki kij 
(2.3) СОЙ IanO 
ajk Jak Jka 
(2.4) С к bs C jk ' CTS т C кът 


Now, we shall prove 


Theorem 1. Any conformally quasi-recurrent manifold satisfies 


(2.5) УП = vos 20, 
where 


R 
2.6 = - " 
С ) п, Ry 201) 5 


Relation (2.5) corresponds to relation (a) of 81. 
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Proof. Transvecllng (1.2) with g"* and taking into account (2.3), we get 


a"c +a =0 
aljh hijs 


which, because of (2.1) and (2.4), can be rewritten in the form ; 


h h 
(2.7) a cris =a TET 


On the other hand, іп view of (2.2), we have 


a"(c + С +C )=0, 
hijs hjni hsi J 


whlch, using (2.7), reduces to 


(2.8) a"c =0 
hijas 


Therefore, transvecting (1.2) with g", we get 


(2.9) vč =0. 
в Ijk 


On the other hand, differentiating (1.1) covariantly, we have 


= (y mit b T. h h EE 
С к 4 Ах (n-2) КЕ VERE В ку. К, Ж MSS HT 99У. Ар) 2! 


VR 
s h ib 
X (n-1)(n-2) (ё в, 5,81 к), 


from which, contracting with respect to s and h and taking inlo account Lhat 


s a, * 5-1 
HR. = VRS Vas and VL. 2 VR 5 


ме get 


neg д T 1 2 
УС - 823 [ %А, viu 2(n- 1) (е VR gx] Ё 


This, together with (2.9) and (2.6) leads to (2.5), because оГ т > 3. 


Theorem 2. For any conformally quasi-recurrent manifold, relations (b) and 
(c) of §1 hold good, 


Proof. Differentiating (2.5) covariantly, we get 


(2.10) UNITS = AD 20. 
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Permuting in (2.10) the indices J, К and 1 cyclically, adding the 
resulting equations to (2.10) and using the Ricci Identity, we obtain 


(2.11) ПА +n È «m № =о. 
ај ikl ak 11) al Ijk 


Substituting (2.6) Into this relation, we get (b) of 51. 


On the other hand, (1.1) can be written іп the form 


= 1 Ви R 3 в _ R 
ijk on * a [sj exse С дп =з x 


F 8, (^, ry ary sj] rr г) (я, ант 5, || 


or, using (2.6), in the form 


и: 1 = h B 
E gk "ies н ats [4,0 gM ерш sn] 


Substituting this into (2.11) and taking into account that п, 15 а 


symmetric tensor, we get 


И Co > eal) Gane EET (л о. 
aj ikl ах 11] al ijk 


Substituting (2.6) inlo this relation, we obtain (c) of 81. 


Theorem 3. Any conformally quasi-recurrent manifold satisfies 


(2.12) T- мат ACUTE С = 
sa) ikl sak 11) sal Ijk 
where 
| 
“ t 
I <: МУ E RERAN 4 Eaa? В, я 


Relation (2.12) corresponds to (f) of 81. 


Proof. Differentiating relation (c) of §1 covariantly, substituting (1.2) 
and using (c), we find 


(„к бу, $ (9 8:2 y x G,R €, 3 


t 
а CB 6x1 v СВ E Буз? x 
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+R. С )=о. 


*a(R C 
) ak ils al isk 


Using (c) once more, we obtain (2.12). 


In the sequel, че shall need 


Lemma Any conformally quasi-recurrent manifold satisfies 


h 
(2.13) (Va 200 јас, 


' Proof. Differentiating (2.8) covariantly, we have 
арс наус) =0. 
r h^ ijk h r ijk 


Now, substituting (1.2) and using (2.8), we get (2.13). 


3. Conformal change of a conformally quasi-recurrent manifold in which а, is 


a gradient vector field 


Now, let us suppose that for each point x e M of conformally quasi-recurrent 

manifold (M,g) there exists a neighbourhood U of x and a function f on U 

such that а, = or . Let metrics g and g be conformally related such that 
ax 


(3.1) б = «д, g! =e fyi) 


Then, the Christoffel symbols of metrics g and g are related as follows: 
"EDT k k 
{ ЕО дау +в а 


а 
1) П 1J 


while the conformal curvature tensor is invariant: 


(3.2) А ei 
Jk Lyk 
As for tensor C ‚ we have 
; hi jk 
(3.3) C = etg 2 
hi jk hi Jk 


Let V be the operator of covariant differertiation with respect to {* E 


1) 
Then, applying it to (3.2), and using (3.1), we get 
? 
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Ус anv 
s ijk s Ijk 
(3.4) NT Ge ас «с РАГС => 
в ЭЙЕ sljk + з]к J isk к l!Js 


from which follows 
(3.5) Ус = 


because of (1.2), (2.1), (2.4) and (2.8). 
Thus, If (M,g) is conformally quasi-recurrent, then from а = or and 


(3.1) 1Е follows that (M,g) is conformally symmetric. 


Consider, now, instead of (3.1), a new conformal change 


c 2 1 д 
£e “ee ups ФО np? “P= b 
дх 
Аѕ іп (3.4), ме Бауе 
ОСЕ 
s 1Jk s ljk 
= 2 oc = ЕСУ EIC Б 
зс sijk 1 sjk J isk k ijs 


h r r r 
ов o Y PD СЖ М ЕТЫ Cae s Бы} С), 


Suppose that (M, g) is conformally symmetric. Then, substituting 
е^ 


Зот О апа (1.2) into the preceding relation, ме get | 


AE = ь 20 y + (а"- BC = (а= bD ук i (a bey 


(3.6) + (a,- b )с" 
k k ijs 
* ó"b Go -+g b UCh cag о ся Бе TON: 
P3 e ps 15 rjk js irk ks ijr 
Contracting (3.6) with respect to h and s and using (2.2), (2.3), (2.4) and 
(2.8), we obtain 


(n - зуь C. 20 i.e. b Č jx =0 
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because of n> 3. Thus, (3.6) can be written in the form 


(3.7) 


2v C +» С +v C +v C +С. 
в hi jk h sljk 1 hsjk J hisk k hijs 


where we have put 


v э а -b 

1 1 1 
But, it follows from (3.7) that elther vy =0 ог ne (see [6], Lemma 3). 
Under our assumption, C #0. Therefore, у, =0 ес a cba Thus we have 


hi Jk 
proved 
E 

Theorem 4. А conformally quasi-recurrent manifold in which а, is а gradient 
vector field, can always be locally conformally related to а’ сопГогта11у 
symmetric manifold. 

Conversely, if а conformally quasi-recurrent manifold сап be 
conformally related to a conformally symmetric one, and if the corresponding 
conformal change is of the form (3.1), then 


a) the vector field a is locally a gradient and а, = or ; 
Ox 


b) function f satisfies the condition а, С, jx =0 


Statement b) is an Immediate consequence of (3.2) and (2.8). 


4. Some properties of conformally quasi-recurrent manifolds in which а, isa 


gradient vector field 


Now, using Theorem 4 and the properties (e)-(j) of a conformally 
symmetric manifold, it is easy to find the corresponding properties of 
conformally quasi-recurrent manifolds in which а, {5 а gradient vector 
field. 

In all the theorems in this section, a conformally quasi-recurrent 
manifold means that one in which a is a gradient vector field. 

As an immediate consequence of Theorem 4, (3.2), (3.3) and (g) of §1, 
we have 


Theorem 5. Let M be a conformally quasi-recurrent manifold. Then, relation 
(=) holds good. 
To obtain the other properties, we designate by m the cuvature 


1Jk 
tensor of a Riemannian space with metric (3.1), i.e. of that conformally 
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symmetric manifold which 15 conformally related to the considered 


conformally quasi-recurrent one. Then, 
(4.1) zh ы h h А ho h 
where 


(4.2) a = Va aie +; аа 


Contracting (4.1) with respect to К and h, we find 


t 
a 
1) t 


—— 


(4.3) R "Eg + (п- 2) +g 


Transvecting (4.3) with g'), we get | 
R= e° [К+ 2(п- 1)а+ | 


from which, as a consequence of Theorem 4 and relation (е) of 81, we have 


Theorem 6. The scalar curvature of a conformally quasi-recurrent manifold 


has the form 
(4.4) R= - 2(п - 1) at 
Using (4.4), we can rewrite (4.3) in the form 
(4.5 d BS 
) R у " * (n )& 


Also, we can prove 


Theorem 7. Let M be a conformally quasi-recurrenl manifold. Then M satisfies 


the relations. 


4.6 "ы = aa ; 
( ) T Cj ERES TT : 
4.7 Pa i ‚ 
(4.7) RC yk Т ? 
(4.8) mc zo 
ajkb 
(4.9) ls. * (n2), | Ce E * [ Tee TOTH eu 
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+ № + па | би + [ " a (0-29, | cii - л) = 0; 


(4.10) n. + (29s, | [ + aa] =0; 


(4.11) [n + (n-2)«, ||| п, + (п-2) а, | -[,, * (729, | [n, * Съа)а | 


ЕС Гог some function Г. 
hijk 


The relations (4.6) and (4.7) correspond to relation (f) of §1, (4.9) - 
to relation (h), (4.10) - to (i) and (4.11) - to (j). 


Proof. In view of (2.8) and (2.13), we have 


a ct аа "С 
rt ijk erat rijk 


, 


* so that, by virtue of (3.2) and (4.3), we find 


(4.12) КЕ с + [< Joc “]с 
It Jkl it jki t 2 t 1] к! 


Using (4.4), че get 


- = е ВЕЕ РЕ: 2 t 
Rr iva u ne XI pr se Cx 
Now, (4.6) follows from Theorem 4 and the relation R C' = 0 (i.e. 


tt Jkt 
relation (f) of 81). 


Me can prove (4.7) in a simllar manner. In fact, transvecting (4.2) 
with #2, we find 


t DEN t 
a meV wale + aa 
t 2 t 
Substituting this Into (4.12), we get 
a t t 
А Сут s EA Сї SC CT 


Relation (4.8) is an immediate consequence of (4.7) and (2.3). The 
relations (4.9), (4.10) and (4.11) are consequences of Theorem 4, (4.5) and 
(л), (i) and (J) of 81. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Some theorems on conformally ... 31 


References 


1. A. Derdzinski and W. Roter: Some theorems on conformally symmetric 
manifolds, Tensor, 32 (1978), 11-23. 

2. A. Derdzinski and W. Roter: Some properties of conformally symmetric 
manifolds which are not Ricci-recurrent, Tensor, 34 (1980), 11-20. 

3. M. Prvanovic: Conformally quasl-recurrent manifolds, Proceedings of the 
Sth Natlonal Seminar on Finsler space, February 10-15, 1988, Brasov, 
Romania, 321-328. 

4. М. Roter: On conformally symmetric 2-Ricci recurrent spaces, Colloquium 
Mathematicum 26 (1972), 115-122. 

5. М. Roter: On conformally symmetric Ricci-recurrent spaces, Colloquium 
Mathematicum 31 (1974), 87-96. 

6. M. Roter: On conformally related conformally recurrent metrics, some 


general results, Colloquium Mathematicum, 47 (1982), 39-46. 


Rezime 
NEKE TEOREME О KONFORMNO KVAZI-REKURENTNIM MNOGOSTRUKOST I MA 


Konformno kvazi-rekurentna mnogostukost je n-dimenziona (n > 3) Riman- 
ova mnogostrukost čiji tenzor konformne krivine Cu ye zadovoljava uslov 
(1.2). Dokazano je da se takva mnogostrukost, ukoliko je а, gradijentno 
vektorsko polje, może  konformno preslikati па  konformno simetričnu 
mnogostrukost (tj. na mnogostrukost koja zadovoljava uslov (1.3)). Koristeći 
tu ¢injenicu, dokazano je da se mnoge osobine konformno simetričnih 
mnogostrukosti mogu uopštiti (акс da vaże za one mnogostrukosti koje su 
konformno kvazi-rekurentne (а kod kojih Je а, gradijentno vektorsko polje). 
Takode su dokazane i neke osobine opstih konformno kvazi-rekurentnih 


mnogostrukosti. 


Recived by the editona, рлі! 4, 1988. 
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A NOTE ABOUT A COWAR TAINS РЕВВА OF 
A HARMONIC VECTOR FIELD IN A RIEMANNIAN 
MANIFOLD 


Nevena Pusíc 


Institute of Mathematics, Dr Ilije Duricica 4, 21000 Novi Sad, Yugoslavia 
Abstract 


Betti numbers are related to the topology of the manifold. The one- 
dimensional Betti number is equal to the number of linearly independent 
harmonic vector fields on the manifold. Every harmonic vector field is a 
gradient vector field. Using that fact, we are getting some results about 


covariant derivative of a harmonic vector field. 
Introduction 


Let us consider a transformation of the metric tensor on an n-dimenslo- 


nal Riemannian space M 
(0.1) g*- e 
Then, the coefficients of their Riemannian connections are related 


1 1 Y 1 1 
(0.2) НО 


where { } are coefficients of the connection attached to metric g and { } - 
coefficients of connection attached to the metric g. x; is a gradient 
ao 
ax? 


vector field and к = 


AMS Mathematics Subject Classification: (1980) 70605. 
Key words and phrases: conformal transformations, harmonic vector fleld, 
concircularity condition, conformal curvature tensor conclrcular curvature 


tensor. 
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Since this transformation is an "angle preserving" transformation, we 
call it a conformal transformation. 
Under a conformal transformation of the metric, the curvature tensor 


will be transformed into 


Еее 1 De «e 1 
(0.3) Ri " Ri i oY, 51%, K EV, LL 


where 


but the tensor 


1 i= -1 > 
(0.4) DR d (Rc SR eg R- & К) - 


will be invariant. 
Conversely, the tensor (0.4) will be an invariant of a transformation 
(0.2) if and only if n, is a gradient vector field. 


1Г the vector n, in expression (0.2) satisfles the condition 
(0.5) Vm = пи +p 8 


(p is an arbitrary function), the invariant tensor of such a transformation 
will be 


(0-8) zu Ry ч яту Gi, a 518,,) 

Condition (0.5) is called а concircularity condition. Tensor (0.4) is called 
the conformal curvature tensor. Tensor (0.6) is called the concircular 
curvature tensor, because transformation (0.2) under condition (0.5) sends a 
geodesic circle into a geodesic circle. The symbols V and V denote a 
covariant differentiation with respect to connections | } and ТШЕ 


А vector field is called a harmonic vector field if it satisfies 


(0.7) ИЖ ЗАЛА Я 
and 
(0.8) КАА =0; ук = gv. 


It is well known that the number of linearly independent harmonic vector 
fields in the manifold is equal to its one-dimensional Betti number. If the 
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one-dimensional Betti number of the manifold 1s non-zero, then Its Ricci 
curvature form cannot be а positive definite. If the Ricci curvature form in 
the direction of harmonic vector field vanishes, such a vector field Is a 


parallel vector field. 


1. A concircular transformation of the Riemannian connection with a 


harmonic generator 


Suppose that the Riemannian manifold M has non-zero one-dimensional 
Bett! number and the veclor field п, is опе of its harmonic vector fields. 
Then, it is a gradient vector fleld, and for the curvature tensor of the 


connection (0.2),fwe will get the relation 


(де) R кт - VEIT t Zn Е By $ By 


R IT 


which is, іп fact, relation (0.3) after lowering the superscript 1. 


Contracting (1.1) by Que we get 


11 


(1.2) Rig = Ry + (2-n)¥, у -g wg 


Д 
Jk Jk' 11 
Transvecting (1.2) by g'" we, get 
(1.3) R = г + 2(1-0 4", 


From (1.1), (1.2) and (1.3) there is the invarlance of the tensor 
(9.4). 


Now, the vector n, is harmon!c and 


~ 
m 
л 
м 
> 


R=R- (2-1) (п-2)я n 


апа 
(1.6 R = = =: = z, 
) Ri Ry (n 2)(V x, mx, + OK E) 
or 
R = В -(n2)y.- пы 
Jk — jk 4 ку er уак 


Suppose, пон, that the vector п, satisfies the concircularity condition 
(0.5). Then, 
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(1.7) Ns = (р + i nam). к 


where р is the arbitrary function from the concircularity condition (0.5). 
Then, 


(2.8) 


n 
AX К xi (аршы 28 „8, } 7 ££, 
> n 
(1.9) Ry = ae - (n-1)(2p + пт p 
and 
(1.10) Ё = R- қп-1)(2р + пп") 


As we have supposed earlier, the vector n 15 a harmonic vector field, and 


according to (0.8) and (0.5) 


n n 
n 
р.=4— n 
and 
2p + n n = ar nm 

s n B 
Then, (1.8) can be transformed into 
(1.в”) Л ОЬ, 

1Jk1 1Jk1 n s їк°1) рае 
(1.9) can be transformed into 
(1.9') RESTER „О Эа ч 
Jk Jk n s ik 
and (1.10) can be transformed into 
(1.107) R= 2-(n-1)(n-2)n m . 
в 


As the generator of connection (0.2) is a gradient and satisfies the 
concircularity condition, then the concircular curvature tensor of 
connection (0.2) has to be equa] to the concircular curvature tensor of the 
Levi-Civita connection. 

Using the formulae (1.8'), (1.9') and (1.10'), we can express the 


covariant components of the concircular curvature tensor Z 


= = n-2 s 4 z R K d 
Zn > Re rn UT GE, 8118,)) n(n-1) VERS £,,8,)) 
n-2 u С п-2 в * 
prc URP GB, £,,8,.) z ziki Se лапат СЕ, кВ 8,8.) 
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— ————— —————— 


As the concircular curvature tensor is invariant under concircular 
transformations, we get 
n-2 


m1 ( = ) 
у ae BF 2.18, } 


ог, lf we presume dim M > 2, 
(1.11) ume mr) c 


So, we have proved 


a 
a NT 


Theorem 1. If the one-dimensional Betti number of the differentiable р 
manifold М of а positive definite metric is non-zero, every harmonic vector 1 
fleld can serve as a generator of a connection of type (0.2), but none of 1 
these transformations is concircular. | 
Corollary 1. Оп ап n-dimensional differentiable manifold M with a positive ; 
definite metric and a positive one-dimensional Betti number B, there does І 
not exist any harmonic vector field which satisfies condition (0.5). i 
Corollary 2. If a harmonic vector field on a differentiable manifold M , 
satisfies condition (0.5),its metric form cannot be a positive definite. | 
Such a space can be an Einstein space if and only if such a harmonic vector : 
field is a null-parallel vector field. ! 


2. Properties of а semi-symmetric metric connection with a harmonic 


generator 
Гог a semi-symmelric metric connection 


1 П 1 1 
^x = mod * к ё, п £y 
there hold 


Proposition 1. a) The conforma! curvature tensor of connection (2.1) is 
equal to the conforma! curvature tensor of the Levi-Civita connection. 

b) If the vector n, satisfies condition (0.5), the projective 
curvature tensor of connection (2.1) is equal to the projective curvature 
tensor of the Levi-Civita connection and the concircular curvature tensor of 
connection (2.1) is equal to the concircular curvature tensor of the 
Levi-Cizita connection. 

Since, according to Corollary 1, no harmonic vector field can satisfy 


condition (0.5), we have 
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Corollary 3. On a differentiable manifold M, with a positive definite metric 
form, if the vector п, In expression (2.1) 15 harmonic, then connection 
(2.1) has neither geodesic lines nor geodesic circles in common with the 


Levi-Clvita connection. 


3. Covariant derivative of a harmonic vector field 


We have made it clear in 1. that the covariant derivative of a harmonic 
vector field on a differentiable manifold cannot be of the form (0.5). Now, 
we want to find, if It is possible, a totally general form of an expression 
which could represent a covariant derivative of a harmonic vector field. 

"Now; we know that if the vector п, is harmonic, the concircular 
curvature tensor of connection (0.3) is not equal to the concircular 


curvature tensor of the Levi-Civita connection. We shall consider the 


tensor 


(3.1) D EP -2 
1 )к1 ї)к1 1)к1 


Transvecting (3.1) Бу g, we get 
(3.2) gn =D =R -R d 


Liki Jk Jk jk n ?Jk 


Using the formulae (1.5) and (1.8), we can easlly get 


n 
ng 


Я (п-1)(п-2) x 
n в Jk 


A = 2% з 

D = - (n ЭХ Жол, + пк 8х 

And finally 

(3.3) Vn ann -lng - 

1 п 

We can get even more properties. For example, 

-R - (R-R) = 0 
в 

Finally, we have the next 


Proposition 2. A vector field п, is harmonic if and only if 


Jk = р! 5) 
(3.4) Е Уу = Кук 
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1 J eee 


Now, we shall differentiate (3.3) one more time: 


1 з s 1 
VV = = = - — = 
1 x" ab as У А п ЕСТ tan XD п-2 м 
1 
EREN п kEi m2” MMM a SEE НА 
= 1 1 < dec =. 
n В) к ы" тт сә ТОО +плт = пк, m2" M, 
1 
n-2 Ук 
UON Nm. ERRE - = пп g - - пп g Е 
п 1J 1k 1° yk E 171 k 
о 
2 5 1 1 1 
* AN Ч 285 
n-2) " D „8 к п-2 x DN n-2 жу; п-2 035 
After transvecting by zt. we get 
(п-1)(п-2) 54 X Coli] Jk " 1 
2 та; п LELA n-2 9:2,» RIE 


n 


Transvecting again by к, не get 


л (n-1)(n-2) 2 1 ab 1 Jik м 1J 
58) ЕК a е. нүн ЗЛЕ МЛ, Ср 


Ме have just proved 


Theorem 2. On a Riemannian manifold with an indefinite Ricci form and a 
positive definite metric, the covariant derivative of a harmonic vector 
field is of the form (3.3). D is a non-zero symmetric tensor field which 


15 not proportional to the metric tensor and wich satisfies 
(1) р = 0 
з 


(2) (3.5), where п denotes п п” 


(n-1)(n-2) 2 _1 arbo MM c 
(3) Мия Е pee р SY 


пъ 10 = 2 
(4j g' “CV D y - VD.) =0. 


я 


, 
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Rezime 


NOTA O KOVARTJANTNIM IZVODIMA HARMONIJSKOG VEKTORSKOG POLJA 
U RIMANOVOJ MNOGOSTRUKOSTI 


U radu Je izveden najopstiji oblik kovarijantnog izvoda harmonijskog 
vektorskog polja. Dokazano je da harmonijski vektor ne może zadovoljiti 
uslov koncirkularnost! ako je metrika pozitivno definitna. Ako Je metrika 
indefinitna, potprostor generlsan harmonijskim vektorima je Ajn$tajnov ako i 


samo ako je svaki harmonijski vektor nula-paralelno vektorsko polje. 
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ON THE “ЕХ 1 5ТЕНСЕ ОЕ АСТ 
-RECURRENT SW-ON 


Nevena Pusic 
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Abstract 


A recent paper treats the relations between the basic objects P, Q, п, 
п, к of a self-recurrent SW-On. There 15 a number of such relations in a 


Riemannian space if it is to serve as a basis Гог a self-recurrent SW-On. 
Introduction 4 


A space of the general regular connection, defined and investigated by 
T. Otsuki ( [2], [3], l4], [5]) is a differentiable manifold и, supplied by the 
basic covariant differentiation, given by 

әт! 
(0.1) т! = ӘК pr! 7 -rT еге т! 
Jk |n ax? sh Jk jh sk kh Js 

and by the general covariant differentiation, given by 
(022) m T E e г Р, 
where cP’) denotes a С° field of a nonsingular tensor of type (1,1). (0) 
denotes the inverse of the tensor (P)- The coefficients of two classical 
affine connections 059) апа Сат) (usually called the contravariant and 
covariant part of the regular general connection) are connected mutually by 
the fact 


(0.3 ТРЕ OSM 
) 9, [к 0 
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If the space of the regular general connection 15 а metric space, 
provided with a metric tensor e) we define an SW-On in the following 
way: 


a) Zij jx = am СА is а vector field and и), is a symmetric 


1J 
tensor field) 


b) qe is symmetric 
СИР. = P is symmetric 


According to the formulae expressing "p and girim ( [6], [7]) we have 


m m 
always paid special attention to the connections Up. and du which 


m 
correspond to 7, 70. {ү is an object of а nonsymmetric metric affine 


LJ 
connection and Zien is its contravariant mate, which is not а metric 


connection. 
Since we have glven a metric tensor (e) and a differentiable manifold 


M, then we have given a Riemannian geometry. We have named it the adjoint 


Riemannian space to SW-On. 
The SW-On is self-recurrent 1f its fundamental (in some sense) tensor 
1 
(Р) 15 recurrent to the unit tensor in the adjoint Riemannian space 


(0.4) УР =n8! 
k J к) 


and if the vector n Qin, satisfles the concircularity condition 


(0.5) Ук = пп 


стр SIS (p 15 а scalar function) 


v CEES 


m . 
Then the corresponding Фе) is a concircularly semi-symmetric metric 
к 
connection 


m 
0.6 UE ETE 
( ) ups Welt * x S. Е, 
and, besides 
(0.7) LA = TLS + Th + РР, 


In -[8}, we proved that conclrcular and projective curvature tensor of a 


m 
self-recurrent SW-On (that 15, of the connection Г) are equal to the same 


tensors in the adjoint Riemannian space. In [9], we gave some properties of 
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г 
Its Ricci and scalar curvature. Now, we want to give some conditions which 


the basic objects of a SW-On must satisfy. 


1. Rieman-Cristoffel tensors, Ricci tensors and scalar curvatures 


Taking into account (0.5) and (0.6), we can easily get 
m 
aau Б y B CR «Свз 9) VE, г ТЕ 
т в 
where "TR TER denote the Rleman-Cristoffel tensor of *''T, К jen the same 
tensor of the adjoint Riemannian space, p 1s the scalar function from (0.5) 
and w denotes the length of the vector (т), which is also а scalar 
function. 


Contracting (2.1) by g^ we get 


m 
(2.2) 26Ара = Rx - (n-1)(2p*9) & 


m 
which gives the relation between the Ricci tensor of ‘’T and the same tensor 
in the adjoint Riemannian space. 
If we contract (2.2) now by FS. we are getting 


(1.3) '"'R-R- r(n-1)(2pto) 


з 
which gives us the relation between the scalar curvature of “Г and the 


scalar curvature of the adjolnt Rlemannlan space. 


2. Integrability conditions for the existence of a self-recurrent SW-On 


Let us now consider the scalar function w. Its partia! derivative can 


be expressed in this way 


до — = ~ 
(2.1) суз = ye 2(p+w) п, 
ax 


taking into account (0.5) and (0.6). The system of partial differential 
equations (2.1) is integrable 1f the following integrability condition 


а?о ә а?о 
ax*ox" ax" ax* 


is satisfled. Differentiating (2.1) one more time, we get 
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2 
foro) eto, verona 


~ n= at a ә =. 
kh sax" x Аф грн к + 2+8) Скок, к акне la 


Alternating the indices К and h, it follows from (2.2) and the integrability 
condition 
(2.3) pm = рп 


а 
which is itself an integrability condition. p, stands for — Besides, we 


дх 
can see that 


тош s ~ h 
(2.4) — =" л (Жылны H 
Now, we can formulate 

Lemma 1. The necessary condition for а self-recurrent SW-On to exist 15 
(2.3). Expect for this, the vector (т) is locally a gradient. 


Now,’ ме are going to examine the integrability condition for the scalar 


function u. u denotes the scalar product of vectors (1) and (п). 
(2.5) u 5 8 = Gn a 550) = 2un + (2p*o)n 
E k k в к к 


The partial derivative of the second order is expressed in this way 


8-и ~ ~~ onc 
(2:6) пе RC + PES * lata Y 


^ 2р Кө ) к, d (2p*o) (n, v. Y mH, (Оуу LAS 


After alternating the indices К and h, we get the integrability condition: 


(2.7) & Cen, + LA = Cen, + Pm, 


and 


Lemma 2. The necessary condition for a self-recurrent SW-On to ‘exist is 
(2.7). 


Let us denote the scalar product пп" by Ж. It is a scalar function. 


Differentiating Х in the same manner as we have already done with functions 
w and p, we get 
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(2.8) қ = 206, + ил, + pn), 


where n denotes x P. For such a vector, there hold 


(Р ар р^) 
ka h 


Differentiating (2.8) one more time, we get 


2 
ак ~ ~~ вц 
(2.10) See 2 Е + Жп + ра + Tena + 
дх дх 
+ип + рил + mm, e uL. c AC ) + 
A 2 
Фра р(2п и NSS pP) 


Alternating the indices К and h in (2.10) and using the general 
integrability condition, we get 


(2.11) 2en п +p m -2pmm + рп 


Then, there follows 


Lemma 3. The necessary condition for a self-recurrent SW-On to exist is 
(2.11). 


3. Other conditions 


The other group of existence conditions can be obtained by the Ricci 
а 
Identities. For а covector field (у) and the connection “Г, the Ricci 
m 
ldentity is 


m 
"m 
VV, 


( m m m 2 m m 

3.1) tig re * T oe = (ep? ae 
ААУ Meath tcf a rper ut 

Transforming (3.1) by formule (1.1), the Ricc! identity for the Riemannian 


m 
connection and by the fact that the connection '/T is semi-symmetric, we get 


D 
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m 
үз:2) М VEA и, УЖ, + (2p*9)(v,&,, - V,E S) 
m m 
жп уур -m''Vv. 
1 ook h Ы 


We shall apply formula (3.2) to vectors (т) апа (1) first. For the vector 


(т), we have from (0.5) 


(513) EE АКА TRES. Pr ES, + PUE. T PEL. * 
a ~ 
(3.4) АК = (р+о) я, 
апа 
= - - » = ~ 
(um CARY NES RE 7 ААВ 1 Co, +4.) 8, CPt) 6 


Combining the reslilts of (3.3), (3.4) and (3.5) with (3.2) and (2.1) we get 
an identity and no new conditions. 


For the vector (т), it follows from (0.7) that 


(3.6) ALS АЛ Р Cem, - p) - Р (РП, - e) 
C ~ 

G ОКЫ, STENT PP * He, 

and 


m m 
3. tig re — OOU ~ с ES = ес 
(3 8) v Vs y. Vds сит, HOB, (ur, HE. 
Combining (3.6), (3.7) and (3.8) with (3.2), we get 
(3.9) [ая -H + (2pr0)m, |в, - Гав, = б (гр+өт, >] Я = 


e abies si OP, С 


Applying (2.5) to (3.9), we get an identity again and no new conditions for 
the existence of a self-recurrent SW-On. The fact, that (3.5) and (3.9) are 
identities means that the structure of the self-recurrent SW-On is 
relatively compatible. 

In the same fashion, we can investigate the fundamental (in some sense) 
tensors P and Q. The investigation of the tensor Q would be very simple 
because there hold 
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m 
(3.10) KAVON = TIT =0 
and 
m m m m А > 
(3.11) ix dni P PAV VAT 2 MT У АК LOIS в 


Besides, from (0.4), we can easily get 


5 
(3.12) 3,0,4 a 
and, using (0.7) 
з s 
- = — 0 
(3.13) Ti 5 ОЕ 


Combining (3.13) with (3.11) апа (1.1), we get 
2 E -0 
элш) (2р+=)(в,„0,, 8,19} y ТОТ 8,10, к) 


Then, we can state 
Lemma 4. (3.14) is an existence condition for a self-recurrent SW-On. 


For the tensor P, there hold, from (0.4), 
(9215) V, Улы vun? 


and, consequently, by (0.7) 


" | b - = P = 0 
SER МА? 1) ALT КУР, $ Fi 1s 


By (0.4) and (0.6), we have 


= ~ 
ANP afin зау T T Pay Е FE 
and 
= а m m д > - ; >. 
(3.17) E АА АТТЫ ТЫГЫ 
е (20+) (Р,  £,,-P,, 8, *P, 87Р, 8, à 
But, 


m m а 2 
КАЛКА ie DUST Саре) CP, BP 8, P, Ву Рака) 


9 


a 
= 58 _ 7 Зул 
> СЕ жд) Moin 
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Then, 


m 
~ ss E ENTO, 
OA ENSE (x, 5; - RS VE 


J 
and, finally 


(3. 18) mms a RNC p XX r TQUE, k 1 1J ke . 


Then, we can state 


Lemma 5. (3.18) is an existence condition for a self-recurrent SW-On. 


4. Some special cases for functions o, # and u 


Let us consider a possible case: that o) 15 an elgen vector of the 
isomorphism Q, with an elgen value A (A is а С’ function of several 
variables). Then, m PAN, and 

1) 


(4.1) Ук = Апп + pg 


(4.2) Vin. = У, Cm) = AC2Am, n 


koh h Y РР) А, МУ, 


мһеге ^ denotes the k-th partlal derivative of the function A. 


If (т) is ап eigen vector of the isomorphism 0, it is an eigen vector 


of the isomorphism P, with an eigen value i ` 
Combining (4.2) with (4.1) and transvecting by п", ме get 


(4.3) А =-Ак . 
Now, we have the following relations for the function Ж, и and А 
(4.4) H=AH, о= АК. 


From (4.3) we can see that А is a constant function if and only if A=0 
globally, which can never happen, 
Then, there follows: 


= м at EN Eg 2p 
(4.5) x 208. +онп, + pn.) = (400 + =) м, 
(4.6) н, = 207, + (2p + шуп, = (3a? + 2р) п, 


(4.7) w = ap + шт, = 2X(p + Аюп 


х 


Now, we have the next 
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Proposition 1. If the vector n) is an eigen vector of the isomorphism Q, 
with an eigen value А, then 
(a) the vector (т) is of constant length if and only if p--210* 
(t is the square of the length) 


(b) the vector (т) is of constant length Ш and only if р=-А? К 


(с) the scalar product of vectors (n) and (т) is constant if 
2 
p= - —— or p= Си. 


But, since the vector (1) and (т) are collinear, their scalar product 
can be constant if and only if the lengths are constant. Then, the 
conjuction of (a) and (b) is equivalent to (c). But it is possible if and 
only if л2њо. Since А is never zero, then №0 and there follows: 

г 
Theorem 1. If the vector (т) is an eigen vector of the isomorphism 0, with 
ac eigen value, A then 

(1) Л is never a constant 

(11) (т) апа (t) are of constant length and their scalar product 


1$ constant if and only they are isotropic. 


S. Some considerations of ап indefinite metric form of underlying 


Riemannian geometry 


Surely, the vector (п) should not be an eigen vector of the isomorphism 
Q. In a more common case, vectors Gi) and (x) are linearly independent and 
form а 2-plane П. Now, 1f we want the vector (п) to be of constant length, 


then 


ш = (2p + OLA =0 
and, consequently, 


(5.1) 


Then, applying (5.1) to (1.1), we get 


a 
(5.2) о! = 1 at i = i 
Ren UT «Gg, $E) 


Where c denotes o, for the sake of its invariability. 
Then, taking into account formula (1.3), we have 
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Lemma 6. If the length of the vector (л) is constant, then the difference 
m 


between the scalar curvatures of ''T in a self-recurrent SW-On and its 
adjoint Riemannian space is constant. 

An even more interesting result is gained for the case и -const. Аз we 
have supposed, (к) апа (т) are linearly independent and consequently, (и) 
is an element of the 2 plane П. Then, it is evident that if p =const, then 
р=0 and 2р+ш=0. 


Lemma 7. [Г the vectors n.) and (т) are linearly independent, their scalar 
Product 1$ a constant if and only if they are orthogonal. 


But, if they are orthogonal, 2p+w=0 too. Then, we can state 


т 
Lemma 8. If the vectors Cn.) and (п) are orthogonal, the curvature tensor 


a . 
of ''T in a self-recurrent SW-On is equal to the curvature tensor of the 


adjoint Riemannian space. 


m m 
For the tensor 'R and ''R, there holds the relation 


m m 
Ane 1 — 1 
(5.3) EMQUE Ry, (UD 
But, in the сазе of the orthogonality of the vectors (i) and (т), 


''R-R and, from the Ricci identity for the tensor Q (3.13), we have 


s 1 si 
рка 5 z ROS 
and, transvecting by Р, , 
в 1 si 
SE m ix 2sp J 
i.e. 
(5.4) CR = Rig =R 
jki 1k°s) jik 


` m 
We can see that the curvature tensor 'R is not equal to the curvature tensor 


of the adjoint Riemannian space, but lowering the superscript i, we get the 
relation 

m 
(5.5) Bx i ETT. = R к 


Now, we can state 
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Theorem 2. If the vectors (n) and (т) are orthogonal, {Һе Rieman- 1 
m m 3 

-Cristoffel tensors 'R and ''R are both equal to the Rieman-Cristoffel : 

tensor of the adjoint Riemannian space. The same relation holds for their 4 


. Ricci tensor and scalar curvatures. 

In that case, we call Rje a Rieman-Cristoffel tensor of a 
self-recurrent SW-On, К к a Ricci tensor of а self-recurrent SW-On and 
RRA a scalar curvature of а self-recurrent SW-On. 

We have a similar situation for w=0 СА an isotropic hae 


Then, from (2.1) 


o = 2( ptw) п, = 0 


and p=w=0. 


Proposition 2. If п, is ап isotropic vector field, Lemma 8. and Theorem 2. 
n 
hold for such a self-recurrent SW-On. Moreover, such a vector is a harmonic 


vector field in the adjoint Riemannian space (pseudo-Riemannian space) and 


it is parallel with respect to connection Эг. 
For the vector m= x P. we have two cases: it may be an element of П, 
ІГ П is an invariant 2-plane or LAE n and n may be linearly independent. 
If these vectors are linearly independent, then €.) can be of a 
constant length if and only if 


(a) m is an isotropic vector field 


(b) m, and un are orthogonal 


(с) р= –- 5 = 0 


(Ггот (2.1), (2.5) апа (2.8)). 


Proposition 3. If H is not an invariant 2-plane of the isomorphism Q and if 
the vector n) is of a constant length, then 
(1) п, апа 8 are orthogonal 
(2) ца is ап isotropic vector field and the adjoint Riemannian 
space is a pseudo-Riemannian space 


(3) us is an isotropic vector field 
(4) the Riemann-Cristoffel tensor of the adjoint pseudo-Riemannian 


m [3 
space is ecual to both В kh and R къ З 
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If the 2-plane W 1$ an invariant plane for the isomorphism Q, then the 


fact that n is of a constant length does not cause its isotropy. 
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Rezime 


O POSTOJANJU SAMOREKURENTNOG SW-On 
U radu su ispitani neki neophodni uslovi koje moraju zadovoljavali 
osnovni objekti P, Q, п, m, da bl se nad datim prostorom kao nad baznim 


mogao konstruisati SW-On. Takode, ispitani su i neki slučajevi kada 
priduzeni Rimanov prostor ima idefinitnu metriku. 
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COUNTING GENERATION AND RECOGNITION OF 
S-SEQUENCES 


Ratko Tosic and Ivica Bosnjak 
Institute of Mathematics, Dr Ilije Duricica 4, 21000 Novi Sad, Yugoslavia 


Abstract 


. S-words (also called S-sequences) are of importance in the theory of 
n-ary structures. In this paper it is proved that the number of different 
S-words of the length п is the (n-1)-th Catalan number. A simple way of 
generating all the different S-words of the length n is given. Also ап 
algorithm is given for the recognition of S-words. The complexity of this 
algorithm is O(nJ), where n is the length of the word. 


1. Some definitions and notation 


The following scheme will be called the S-scheme: 
0 
11 
221, 122 
3321, 2331, 2222, 2222, 1332, 1233 


It consists of the sequences (words) of non-negative integers generated 
in the following way. Let a be a word in the i-th row of the S-scheme. 
Replacing a number К of the word а by the subword (k*1)(k*!) ‘we denote such 
а replacement by Кэ (k*1)(k*1)), we obtain a word in the (i*1)-th row of the 


S-scheme. Since the only word of the first row 15 0, we conclude that all 


AMS Mathematics Subject Classification: (1980): 05А15. 


Хеу words and phrases: S-word, Catalan numbers. 
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the words of the i-th row have the same length 1. In such a way each word of 
the i-th row produces I words of the (it+1)-th row. So, the number of words 
їп the i-th row 15 И They are not all different, however. For example, 
the word 2222 appears twice in the fourth row. 
We call the words of the S-scheme S-words or S-sequences. 
Let а be an integer. By replacing each number К іп the S-scheme with 
kła , we obtaln the so-called (Sta )-scheme. For example, 
2 
33 
443, 344 
5543, 4553, 4444, 4444, 3554, 3455 


15 ап (S*2)-scheme. 

А word from the n-lh row of the S-scheme has a length п. We also say 
that it 1$ an S-(n) word. 

In [1] some properties of S-words are examined. It is proved,. for 
example, that in the n-th row of the S-scheme there are not two words 
а = а, а....а, апа Ь = bib... b. such that а, < bi for each i = 1,2,...n. 
The problem is posed by Cupona. The investigation of S-words was inspired by 
thelr applications in the theory of n-ary structures. 

We define the weigth w(a) of an S-word a-aja,...a. in the following 
нау: 


In [1] 1t 1s also proved that for ап S-(n) word the maximal weigth Is 
п + 1 
Pas 


[log п] 
2(п - 2 ) + n [log п], 


end the minimal weigth is 


where logn = log,n and [x] is the greatest integer 5 x. 


fe. 
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„————————— 


We shall also use the following notation: 


la] - the length of the word a; 


E 
x, - the number of appearances of the number К in the word a; 


У - the number of applications of the replacement k-1 — kk 


during the process of producing the word a. 


a 
k 
а 
x » 
2. Counting of S-(n) words 

First, we shall prove an auxiliary statement. 


Theorem 1. If a and b are two S-words such that |а| < |b], then there is a 


b 
non-negative integer k such that x3 > xc 


Proof. For an arbitrary S-word c we have: 


lel 715] ж ' 


and 
(1) c = 2y° st c 3 
SERE Mi 
Жер ы ЕСУ еу ДА ЫР 
If [а[ < [b]. then 
a b 
(2) bug cd 


Suppose that, for each i, y zy’. 


Then, 


which is in contradiction with (2). 
Hence, it follows that for some К = 0, 


(3) y < y? 


“ri ket” 
M УЯ < Ур then x > ху. Otherwise, take the least such Integer К = 1. 
Then, 


5 а 
(4) YA MSS 
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^ a a b b b 
У ала Viene У 


and taking into account (3) and (4) we obtain 
хех © UD 
к 


Corollary. If а = а, а,...а’ is ап S-word, then Гог any m= 1,2,...,n-1, 


а= аа...а is not an S-word. 
12 m 


Theorem 2. The number of different S-(n)words is 

1 ( 2n - 2 

п rot 
Proof. Denote the number of different S-(n)words by f(n). It is clear that 
at the same time f(n) is the number of different (S*« )-(n) words, for any 
Integer a . 

Let a be an arbitrary $-(п)нога. This word can be represented as a 
concatenation of some two (S*1)-words b and с, i.e. a = bc. From the 
Corollary of Theorem 1, 1t follows that such a representation 1$ unique. On 
the other hand, it is clear that the concatenation of any two (S*1)-words 15 
an S-word. 

Hence, it follows that the number f(n) satisfies the recurrence 
relation 

n-1 


f(n) =} f(k) f(n-k). | 


the very well known series of Catalan numbers (see e.g. [2]), i.e. 


2 a Ilhan 
(5) fmc = * [ | 


D 


Now, we are going to determine the number of S-word of special types. 


Theorem 3. The number of different S-(n)words of maximal weigth is Qn iy for 
nz 2. 


k=1 
Since obviously f(1) = 1, the solution of this recurrence relation is 
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Proof. An S-(n)word has the maximal weigth Iff in the process of generation 
of this word we apply each replacement to the maximal number. This means 
that at the k-th step a number k-1 will be replaced be kk. In such a word, 
the maximal number always appears exactly twice in two adjacent places. 
Hence, there are two possibilities at each step, except at the first one 
when we have only one possibility: O ә 11. It follows that in the n-th row 
of the S-scheme we obtain Bee words of maximal welgth. They are all 
different. Indeed, it is obvious for n=2. Suppose that It Is true for n-k. 
In each S-(k) word the maximal element appears in exactly іно adjacent 
places. Now, any two S-(k+1) words obtained from two different S-(k) words 
of maximal welgth are obviously different. On the other hand, two S-(k*1) 
words of maximal weigth obtained from the same S-(k) word of maximal weigth 


differ іп places in which the first maximal numbers appear. O 


Theorem 4. The number of different S-(n) words of minimal weigth is 


2 {log nl 


n - 2098 п]|, 


for n x 1. 


Proof. It 15 obvious that for n-2* (k є №, the only S-(5) word of minimal 
welgth Is of the form 
(6) kk...K . 


So, the number of such words is 


k 
| 2 2 [log п] 


xd : ў 
2*- 2% x [log n] 


Now, suppose that n = one г, where 13 r< 2“. Then, any S-(n) word of 
minimal welgth has 2*- г letters (numbers) К and 2r = 2(п-2“) letters (k+1). 
Such a word is obtained from нога (6) using г = n-2* replacements of the 


form К ә (k*1)(k*1). A choice of г letters К to be replaced can be made in 
k k 
; 2 2 [2 [log п] ] 
r n-2*' С, 


ways. Hence follows the statement. O 
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3. Recognition of S-words 
i 


DEED 2 5 14, 42, 192,... i.e. c= — |2"|, for 
n п+1 п 
n=0,1,2,... occurs very often in counting problems. Some form of Catalan 


numbers appears every time we find a recurrence relationship of type (5). 


This series appears also as the solution of the following combinatorial 
problem [2]. 


We define an C-sequence as a sequence of integers с, с... €, such that 
(7) даа сЗ 5с 
1 2 п 
апа 
(8) с, 5 1, с, = 2,...‚ c Sn. 


It is very well known thal the number of C-sequences of length п is 
NM Е 
n mar il n 


Now, we are going to establish a bijection between the set of all 


S-(n*1) words and the set of all the C-sequences of length п. 
Let c= сс... be а C-sequence. Then, starting form the S-word 0, we 
п 


can generate ап S-word a-aja,...a | in n steps as follows. The i-th step 
consists in replacing the cth letter of the S-word. Condition (8) 


guaranties the possibility of correspondig replacements. 


Example. The S-word corresponding to the C-sequence c = 113346 is generated 
in the following way: 


2222 
22332. 
223442 
2234433 . 


In the above example we first replace the first letter O by 11 (5,722), then 
the first letter 1 of word 11 by 22 (с,=1), in the third step we replace the 
third letter 1 of word 221 by 22 obtaining the S-word 2222 etc. 
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The letters of а C-word can be considered as the sequence of 
instruction for the generation of the corresponding S-word. Instruction с, 
means that the i-th replacement is applied to the i-th letter of the S-word. 


We say that in this way an S-word is generated from left to right. 


It is clear that different S-words correspond to different C-sequences. 


Since the number of different $-(п+1) words 15 the same (C) as the number 
of different C-sequences of length n, it follows that each S-word can be 
generated from left to right uniquely. 

This unique way of generation enables us to consturct an algorithm for 


recognizing any 5-(п) word іп at most n-1 steps. 


The recognition algorithm for S-words 


Let aza а,...а be а sequence of non-negative integers (n = 2). 
п 


Starting from the S-word 0, we first apply а, replacements of the first 


, 


Cu cf 
1 


If а’=а, we conclude that a 15 an S-word. If а, +1 > пог а, +1 = п and 


letter. In this way we obtain ап S-word а’-а,а,...а 


a'*a, then a is not an S-word. 

If n» а, +1, we look for the first i such that avai. Such an í exists 
according to the Corollary of Theorem 1. 

Now, if а, > ai this means that a is not an S-word. If a d ар We 
apply EN a times the replacement of the i-th letter. In this way, we 


obtain a new S-word 


а''= аа ILL SLM d 
82 Y MU Jn men 

If, continuing in this way, after 7-1 гер!асетепіѕ we obtain the word 
a, this means that a is ал S-word. Otherwise, after at most n-1 steps, we 
obtain а word b= b b,b ‚ such that either 

m 

т < n and b is a prefix of а 

or 


for some j є {1,2,...,п}, а = b ЧИС fan, Ce oe 


In that case we conclude that a is not an S-word. 
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Rezime 


PREBROJANJE, GENERISANJE I PREPOZNAVANJE S-RECI 


5-гесі (S-nizovl) nalaze primenu u teoriji n-arnih struktura. Ч ovom 
radu dokazano je da Je broj razliċitih S-re¢i duzine n Jednak (n-1)-om broju 
Katalana. Dat je jedan postupak za generisanje svih razlicitih S-reci duzine 
n. Dat Je, takode, jedan algoritam slozenosti O(n) za prepoznavanje S-recl 
dużine n. 


Recelwed by the editano December 23, 1987. 
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Abstract 
If C(n,i) denotes a simple n-cycle А: ТАКТА, with an 
additional arc viv for some j € {1,2,....п} and 3 s / s п-1 Ц is 


у Jet-1 
proved that every strong n-tournament T contains copies of 


С(п, [(n + 2)/2]) апа С(п, п-2) for each n (n ez 4). 7 


The terminology and notation is that of [1] except as noted. 

ТА denotes an arbitrary n-tournament. С(п, і) denotes а simple cycle 
Ui) UL «зе улуы with an additional arc VISUS for some 
у= {1,2,...,n} and 3 s i = n-1. Tac v denotes the subtournament of T 
obtained by deleting the vertex v and all incident arcs. For vertices и 
and v,u — v wil! be used to denote the phrase "и dominates v" and an 
arc from и to v in т. For two disjoint subsets A and В of ибт), А >В 
denotes that every vertex of A dominates every vertex of В. 


The following theorem will be of use. 


Theorem 1. ([2]) Every strong n-tournament T. contains а copy of С(п, і) 


for each п (п >= 4) and i, З $ i s (п+2)/2. 


This paper will present some results on digraphs С(п, 1) for those i's 


not covered by Theorem 1. 


AMS Mathematics Subject Classification: O5C20 


Key words: tournament, unavoidable subgraph. 
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Theorem 2. Every strong n-tournament T contains a copy С(п, [п+2)/2]) for 
n 


each n (n x 4). 


Proof. For n even or п = 5 the statement follows immediately by Theorem 1. 
So, we may assume that п = 2k + 1 (К = 3) and look for C(2k*1, k*2) in 
strong (2k*1)-tournaments. We shall suppose that there is a strong (2k*1)- 
tournament т containing по copy of C(2k+1, k+2) and show that it leads 
to a contradiction. 

Let T n=2k+1 (К = 3) be а strong tournament which contains no copy 
of C(2k+1, k*2). Let v be a vertex of Un such that the tournament TV, 15 
strong. (For the existence of such а vertex see [1] р.б.) Ву Theorem 1 the 


tournament У conlains a copy of C(2k,k+1).Label vertices of T -v so Lhat 
n 


Ио сов VS =>) у ERUNT m) 517, eoi 
1 2 k k+1 2k 1 


is a copy of C(2k, k*1). (The underlined pair of vertices denotes that the 


first one dominates the second.) The proof falls ln to three cases. 


Case 1. У. This implies 


(1) Ча Элу. 
Otherwise, if v 4 ү Гог some j є {2,3,...,k+1}, v can be inserted in the 
path Vi VE TTE V obtaining a copy of C(2k*i, k*2) given by 
V ...—»v—...v — v —...—v— v. So, (1) holds and as 
1 kel k+2 k 1 
RV) is strong there 15 at least one vertex vod € {k+2,k+3,...,2k} such 
that И 75 Let iy be the minimal of these i’s i.e. Vi me V and 
р o 
у > У, . Then, 
о 
v >v > эу Э У ә У эу E > 
1 -k-1 1 -k 1 -1 - 1 +1 
о o o o о 
Е tro! SAY, -k-1 
о с 
is a copy of C(2k+1, k*2) as 1 = ij-k-1 * k-1 and by (1) UA А у. 
о 


Case 1 is settled. 


Case 2. у и . 
k+1 


property of digraphs C(n,i). Reversing all the arcs of C(n,i) results ina 


Before discussing this case observe the following 


digraph isomorphic to С(п, і). Thus, after reversing all the arcs of T, we 
get the tournament Ta which satysfies conditions of case 1 and contains a 
copy of C{2k+1, k*2). Reversing now all the arcs of T. we get the former 
tournament T. and C(2k*1,k*2) in it. In fact, case 2 is the dual of case 1. 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


On unavoidable subgraphs of strong tournaments 62 


Case 3. v— z and Vea v. We claim that now there exists PLI s i tek 


such that 
(2) у — {у "SV y «9x V. 
1 +1 } +2 у +k 
о o о 
(3) iv "y ee у | 
1 4kel | +к+2 1 
о о 
(All incides are reduced modulo 2k. ) 
First notice if v ә vr for some ] Е 41,2,...,К}, then v — 
> МОЛЛ Indeed, if у — v for some m є |2,3,..., j-1) then v can 
2 т 
be inserted іл the path Ve У, producing а copy of C(2k*1,k*2) 
given by VA Sz ie) у —...— VS МЗ Р Уан Lp У, - 


It follows that there exists Uo» 2:5 J$ k such that 


у > ШОЛЕ } 
о 


lv uat year eui ME 


о 
Further, denote by 1 the maximum of К+1, k*2,...,2k , so that 
dvi Gao only фи. 
х+1 k+2 Us 


Ме shall show that Ie k. (All computations will be done modulo 2k.) 


Indeed, if i -j _ <k, then v v —...— У эу —>...9V эу 
о `o - 52 15451 10*к+2 10 


is а сору of C(2k*1, k*2). (Notice that v— V, eked as 15 1 +К*1 s J.) 


Thus, i Jg KE 


Using the same argument we derive that there exists 1, k+2 = 155 2k 


Such that j.-1,*  k and у A ey }. Since [ИСТ -v)|- 2k, 
o 


de 
it follows that 


ij VE Jorlgti mik (mod 2k) 


le. J = i tl- Obviously, this implies (2) and (3). 


о 
Relabel now the vertex set of T. as follows. The vertex v “is 
labelled w, v is labelled w_,...,v is labelled и and v is 
1 1 +2 2 !o 2k 


labelled Ael According to this labelling and having in mind (2) and 
(3), we find that 


(4 c м эм >w 
) ЫИ тл: Sears 25-1 : 


15 а Hamiltonian cycle of T. where 
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(S) waked 15 Wa 2 Wak 
{+ ‚м 5 мәм 
k*1' "+2 2к 2к+1 

This implies that 
COs qm a 
holds for each i є {1,2,...,2k+1}. (All computations which follow will be 
done modulo 2k*1.) For i=k+1 and J=2k+1 (6) follows by (5). Suppose that 
w —э у, for some i €(1,2,..., k, k*2, k*3,...,2k]. Then, w әм > 
lèk і lt+k 1+к+1 

— м Эм >... Ww —w is a copy of C(2k*1, К+2) In Т. 

1 1+1 lek-1 lek п 


This contradiction proves (6). 


Consider now a copy of C(2k, k*1) in Ua given by Мак? А) 
энә... m, o Cuna => oboe LEN. ic M Си Еэ Vis by (4).) As, 
by (4) and (6), м — w „ми, wow we conclude, using the 

s 2к 2к+1 к 2к 2к к-1 


same arguments as for (5), that 


2k У ane, AP : 


m" bv 
2k-1 2k 


Continuing this procedure we obtain that 


мэ {М дос рр әр m 
(7) у 
V AGRO eats. at "УВЫ 
holds for each i є {1,2,...,2k+1}. So, T. 1s the regular tournament with 


an arc set given by (7). But such a tournament contains a copy of 
C(2k*1,k*2) glven by 


м м — Ww >... > 
1 3 5 


wW ИА и... у à. 
2k*1 2 4 2k 1 


This contradiction settles case 3 and completes the proof of the theorem. 


Theorem 3. Every strong n-tournament n contains a copy of C(n,n-2) for 


each n(n = 4). 


Proof. By induction on n. For п < 7 the statement follows by Theorem 1. 
So, assume that п 2 8. Let Тады (п = 7T) be an arbitrary strong 
(nt+1)-tournament and let v be a vertex of D such that D iV is strong 
tco. By the induction hypothesis, Iu contains a copy of C(n,n-2) 
given by 
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(8) 


‚Мом we suppose that T does not contain a copy of С(п+1,п-1) and show that 
п 
it leads to a contradiction. 


We shall consider three characteristic cases. 


Case 1. УХУ: Applying the same argument аз in case 1 of Theorem 2 we 


obtain that 


(9) 


Also, since T n is strong, some of the vertices d on and [n dominate v. 
n - 
Let i be the maximum of n-1 and n so that Уи Combining this with (7) 


and (8), we get a copy of C(n*1,n-1) given by 
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Уз. V м. > -—) V — V у, 
2 п-2 n-1 n 1 


dumm et —v 


d) v Уи Я 


It is easy to see that (a) and (с) and also (b) and (4) are dual. So, we 


VV, ВЕ туы ы _ Vip 1 
zm cá Я 
(Observe that 1 < 1-2 5 п-2 and v ә VE) This contradiction settles 
case 1. 
Case 2. v —» v 25 This case is the dual of case 1. Compare this with case р 
n= 
2 of Theorem 2. 
Case 3. v — VA and v и v. As Гог the arcs connecting the vertex v 
ae 
with vetrices ve л and v , there are the four possible cases: 
- n 
a) v9 К YAT 
b) vv „У ЭУ 
2-1 n 
с) ло эу | 
| 
| 
| 
| 
| 


shall examine (a) und (5) only. 
? 


а) v — {у ‚у k First notice that и ,— v. (If on the contrary, 
n-1 n n-4 


у у б 
п-4 
1 


(10) 


У ә и >... 
2 


then there is a copy of С(п+1, п-1) given by v — VOY vo 


— V 
n 


=v — v .— v. ) This implies 
-4 n-3 n-2 


v — У 
-3 


Otherwise, we obtain a copy of С(п+1, п-1) given by Vi COSE EV E 


Эу әу 
nt 


(11) 


2 n-4 


ЭУ v әу — v. Furthermore, 
3 n-2 n-1 n 1 


Е 
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in view of a copy of Cinsi, n-1) given by "m БОВ УСА 


эз —v-v-—wv. P 
п-1 п 1 2 


Finally, using (10) and (11) we still obtain а copy of С(п+1,п-1) 
given by 


v — V у... V — И ==} У — и 
n-1 2 з n-3 п 1 п-2 п-1 


This contradiction settles (а). 


а 


(b) узи до. Айыз ш: By {һе same argument as in (a) (10) and (11) 
НЕ 


holds. Furthermore, 


(12) у эу 

n 
because of the eventual copy of C(n*l,n-1) given by Аар: уз 
Sy РАДЕ But, now, using (11) and (12) we obtain a copy of 


C(n*1,n-1) given by 


уу >>... ә У А —) V — V. — V - V 
n 2 3 К 1 n-1 


contradicting the assumption. 
The proof of the theorem is completed. 


This paper and [2] parlially confirm following, may be (гие, 


Conjecture. Every strong n-tournament T contains a copy of C(n,i) for each 
: a 
n(n = 4) and i(3 = i < n-1). 
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Rezime 


NEIZBEZNI PODGRAFOVI JAKO POVEZANIH TURNIRA 


U radu se pokazuje da svak! jako povezan turnir sa п ¢vorova sadrzl 
kao podgraf C(n,i), вае Je C(n,i) orjentisana kontura у. > Us) 955 =) 
SV sa jednom dodatnim lukom viv ы je 41.2, 506 nh, 


1 J fet-1 
i = [(nt2)/2], i = n-2, n= 4. 


Received by the editora May 17, 1988. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Univ. u Novom Sadu REVIEW OF RESEARCH 
Zb.Rad. Prirod.-Mat. Fak. FACULTY OF SCIENCE 
Ser.Mat. 19,2, 67-74 (1989) MATHEMATICS SERIES 
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Abstract 


In the NM constructions of fuzzy algebralc structures, the lattice 
being the range of all the mappings is complete and often distributive. 
Complementedness (without  distributivity) is rarely used’ in such 
constructions. 

It is shown that a class of complemented lattices can be used to 


construct a lattice extension of an algebra and its fuzzy subalgebras. 


1. Let L be a complete lattice with a zero (0) and unit (1) element, and 
Й=(А, Ғ) an arbitrary algebra. Let A(L) be a collection of L-fuzzy sets on 
A (i.e. of all the mappings X: A 9 L), such that 

1) X(a) ^ X(b) = 0, for all a,b є A, atb; 


2) y X(a) = 1 
aca 


Define the operations on A(L) in the same way as for the Boolean 


power ([1]): if f e FSF, and Х,,...,Хе A(L), then 
£(X,,....X) = Y, and for a «€ А 
Y(a) = y (X (ada... ^ X(G + f(a,,...,a = a). 


AMS subject class: 03E72, 06С15 


Keywords: fuzzy sets, lattices 
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We shall say that L allows the fuzzy power if for an arbitrary 
algebra 4, 


(i) every р є L belongs to the image of some X є A(L), and 
(11) 3) defines an operation on A(L), i.e. 
ХЕ (Е), for all Х,...,ХЕ AlL) 
1 n 1 n 


The algebra (A(L),F) (briefly A(L)) 1s said to be a fuzzy power of 4. 


2. In the following, each set Р = {p : 1Е I L of pairwlise-dis,Joint 
elements, the supremum of which Is 1, will be called a partition in L 
(piap = 0, y p,71). (A partition is obviously a maximal orthogonal system 
in L.) 

It is clear that Гог an X є A(L), the set {Х(а); a є A} (the image of 


X) is a partition in L. 


Theorem 1. A complete lattice L allows the fuzzy power if and only if it 


satisfies the following three conditions: 
a) L is complemented; 


b) If {p,; 1 € 1} is a partition in L, then 49; je J} is also а 
partition in L, where J is any set-theoretic partition of I, and for every 


Jed, T= ур: 
хе) 


с) If Pos PE are partitions in L, then 


Р = {P AAP i pE P i= 1,...,n) is also a partition in L. 


Proof. 


(э) Let L be a lattice which allows the fuzzy power. 


Then: 


a) L is complemented. Indeed, by (1) every p € L belongs to tbe image of 

some X, that is, to one partition, say {р\; ie I]. By (ii). for n-1, i.e. 

for unary operations, {p, y р, | is also а partition in L, and ур, Is a 
рур p,*p 

conplement of p. 5 

b) Consider an arbitrary partition P. Since (ii) holds for any unary 

operation applied on some X such that {X(a); a є A} = Р, the proof of this 


»art follows immediate!:’. 
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c) To prove the third property, consider an n-ary operation f, and fuzzy 
sets XX, such that IX, (a); ae А} = Po 1=1,...,п. The proof now 
follows from the fact that the image of ГО +X) has to be a partition. 


(<) Let L now satisfy a), b) and c). Then, since L 15 complemented, 
(1) 15 satisfied in A(L) for any algebra A. If f € F» and Ya s ACL), 
then (ii) holds, since by b) and by c) (Х,,...,Х ) 1s а partition In L. о 


Considering lattices with finite partitions only, one can 
characterize those which allow the fuzzy power by means of O,l-lattice 
homomorpshisms, 1.e. using the congruences оп L with one element minimal 
and maximal class ( [015-10], Ug p. called In the following 
О, 1-congruences. 

Theorem 2. If a complete lattice L contains no Infinite partition, then L 
allows the fuzzy power if and only If there is а O,1-congruence Ө оп а 


semilattice (L,^) such that (1./0, a, v,',0 , 1 } 15 a Boolean algebra, 


where 
def [x], if lx] 7 Ув 
Ix], v lylo = ; 
(•) . [x v Ylg otherwise 
(х6 = (х lg - 
"A" ijs induced by "A" т І. 
Proof. 


(€) Suppose that there is a congruence Ө on (L,4), satisfying (*). 
Then, {P ..- p.) 15 а partition in L !f and only 1f {ip le. ---. Ip. lot 15 
' a partition оп [./0. Indeed, рл а = О implies [plg* lalo and thus 

n n 
v lp lg = [ у Аб 1, and lp lo A АРЫ Ip, ^ ale о . 
le. 121 
On the other hand, if { Ip, lo- -> IP. let is a partition in L/8, then 


n 
[p lo^ [p 1в= O implies [р л Pjlg- [0] 5, 1-е. Рул p= 0. and =M Ip, 1g7 


n n 
= | Vv AS ülg- 41}, that 15 V P= 1, proving that lp... PU is a 
= is: £21 


partition in L. 
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Hence, It follows that L allow the power, since the properties a), b) 


and c) concerning the partitions, are satisfied in the Boolean algebra 
L/6, and thus in L. 


(э) Suppose now that L allows the fuzzy power. Define a binary 
relation Ө on L: (p,q) є Ө if and only if there Js an ге L, such that 
{p,r} and {q,r} are partitions in L. It is clear that Ө 15 an equivalence 


relation on L. It is also a congruence on (L,q): 

For i=1,2, (р,,а,) є Ө if and only if there is an гє L, such that 
р, ›г, } апа qar, } are partitions in L. Then, by c) in Theorem 1, 

{p,^ Poe P^ Vs PAA Г, ror and 1a,^ ай, Q^ rS. алк, FLA rl 
are both partitions in L. Agaln by c) 

{P ^. P^ Ч; ^ 9,» P,^ 9,^ г, P^ g^ Гү, ria г} is a partition in L. 
Moreover, ip, AP,» (p^ q,^ r) У (p,^ чл r) y (r^ rl and 

а, ^ а,, (p^ 9, ^ г,) М (ро^ q,^ ri) v (ra г„)} are also two partitions, 
by b) and by the edi that P,A p,* P,^ P5^ Q,^ G+ 4,4 q,* Р,^ Pah 4,4 4,- 
Thus, (pi^ Pa» 9, ^ а,) є Ө. 


Since 101 = {р; (0,р) e Ө}, there is д є L, such that {p,q} 1s а 
partition, implying that {0,q} is also a parition. Hence, q=1, p=0, 1.e. 
Li 
(0) 5-40}. 
Similarly (1) 5 = {1}. 


1/6 is a a Boolean algebra. Indeed, L/@ contains the least element O, 
and the greatest one 1. It is a uniquely complemented lattice, since for 
every p є І, there is a complement p'e L (property a)), and by the 
definition of Ө, (pl, contains all the complements of p. To prove that 


L/6 is an atomic lattice, take one partition Р = qp,,---»P i} in L witha 
maximal number n of elements (by assumption n is finite). . Then, 
LP) 5 {1p lo- > (Pot is the unique partition in L/@ with a maximal 
* (n again) number of elements. Indeed, if Q = 4q,... a is another 
partition in L, then |P-Q| =|{р,^ ау: р, P; я, ©} | = n (since otherwise 
р, =P, ^Ч, sep, = 4, (К< п), and from V (р, Aq, ) = 1, it follows 
1 1 1 к к t=1 t t 
k 

А = А а tition 

| that ume 1, and hence ves v АЕ VH 1s not a par 


in Г, contrary to b)). Also, if |О|= n, then [P] = [Ql s. since p ž p,^ Чү, 


ehm P,^ Яр Рр, ahs PRA Ta End Ip, 16 la Vg ÍP, ^ alo don gue uis 
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Now, if r is an arbitrary element from L, then {r,r’ {= R is a partition in 
L, and [R: Plg- [P] o 

= d that L/8 1 
Ir] g^ [P lo lp, 1g. proving that (Pl, is a set of atoms, and tha s 


Hence, either ra piz О, ог [гл P le” Ip Jg. 1.е. 
atomic. 
Since, L/@ is atomic (with n atoms), and uniquely complemented, then 


it 15 distributive, and thus it is a (finite) Boolean algebra. O 


The Hasse-diagrams of some finite lattices allowing the fuzzy power 
Ls 


Life 


are given below. 


S X E 


Ф 
NG ( 
~ 
ч 

Ne 

n 

> 

ч 

ЖУТ 


L4 бао ` hag 


Oe ee 


3. The fuzzy power of an algebra 4 is defined on the collection of all the 
fuzzy sets on A. As it is known, we can consider some of these fuzzy sets 


as fuzzy subalgebras of 4 ([2]): 


If 4-(A,F) is an algebra and L a complete lattice, then a fuzzy set 
А: А э 1 is said to be a fuzzy  sublagebra of A if for every operation 
f e.F © F and for x ,...,.x € А 

n 1 n 

n — 
A(flx.,...,x )) = Л ^ Ax ) . 
1 n Vu 1 

Is it possible to restrict a fuzzy power of an aglgebra to any of its 

fuzzy subalgebras? The answer 1з positive, as shown by the following 


theorem. 
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Theorem 3. Let A be an algebra, and L a laltice allowing the fuzzy power. 


Let A: A э L be a fuzzy subalgebra of й, and 


def 
A(L) = { x € A(L); X(a) s Ala), for every а є a} 


Then, (A(L),F) (briefly A(L)) is a subalgebra of the fuzzy power A(L). 


(We shall call A(L) a fuzzy power of a fuzzy (sub)algebra 4.) 


Proof. 

Let Х,...,Х є A(L) and Ге Е. - We have to prove that [OG sss X) = 
YeA(L), і.е. that for every а є А, У(а) s Ala). Indeed, Y(a)= 
= VEX, Са, da... AX (а )); f(a,,.... a )7 а), and for I=1,...,n, X (а, )s Ala ) 


Hence, since A 15 a fuzzy subalgebra of 4, 
Ya) Са) л ... A Ala); f(a ,...a) =a) s 
1 n 1 n 
s A(f(a,,...,a )) = Ala). n 
1 n 


4. Lattices characterized іп 2 are supposed to allow the fuzzy power of 
any algebra. If we restrict our attention to some special classes of 
algebras, then we can omlt some of the required conditions. In particular, 
to allow the power of finite algebras, L obviously does not have to be 
complete. Also, the lattice allows the power of unary algebras if and only 
if 1t satisfies a) and b) in Theorem 1. The condition c) can be omitted, 
since by 3) in 1., such a case does not appear If all the operations on A 


are unary. 


In the following, we shall give some general properties of fuzzy 


powers. 


Theorem 4. a) Let f,g є Е, and he Е. Then, the following identities are 


preserved under the construction of fuzzy powers: 


a) [(х\,...,х ) = gx... x) ; 


БО: ер fi... «x: )) 
1 n 1 n 


Proof. 


a) Let ae A, and Х,,....Хе A(L). Then, 
ft... X Va) - v(X, (а, )^ ae ^X (a ) ; f(a,,...,a = a) = 


VEX, (а, )л..-лХ (а) B g(a,,....a = а) = Е(Х,...,Х ) (а). 
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Thus, (ХХ) = &\(Х,,...,Х ). 
b)Again, let а є A, Kee Xe € A(L). Then, 
hG(G ,...,X ))(а) = y GC,..., X )(b) ; h(b) = а) = 
1 n 1 n 
УМХ, (b 5... AX (b) ; ИБ... = b); h(b) = aj = 
VX СЬ )л...лХ (b ) ; hb ,...,b)) = a) = 
1 1 n n 1 п 
VEX (b JA... AX Cb.) a g(b,,.-.,5)) = а) = ВОХ ое. Va). 
Hence g(X ,...,X ) = h(f(X ,...,X ). a 
1 n 1 n 


Remark. The previous proposition shows that the fuzzy power gives the most 


if applied on unary algebras, since by b) any identity of the form 


foot Га (х)х= болен ОХ 
1 1 J 


1 m 1 п 
where all the operations are unary, is preserved under the construction of 


fuzzy powers. 


5. We shall conclude with a simple example of a fuzzy power, the algebra 


being a two-element group. L is here a pentagon т. 


; 1 
Ехатр1е. 
r 
e a b 
A e е а L 1 
а а е о 
z ea ea) fe a] fe a] [ea ea 
co (3.61.63... EJ] 
Denot i | by | ‚ etc: 
ote А - y а etc 


; 10 01 рч qp pr rp 


10 10 01 ра qp pr rp 
01 | 01 10 gp pq rp pr 
pq | pq gp 10 01 10 01 (Operation on 4!!)). 
со | ар pq 91 10 0: 10 
Dr, lapri Tp 515. GE OC 8 


rp | r» ог 01 10 G2 10 
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One fuzzy subalgebra 4 of 4 is A = f а 


1 a): The corresponding fuzzy power is 


the following collection of mappings: 
7| е а е а е а 
ШЕ (С JH PE 3 ) 
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Rezime 
RASPLINUTI STEPEN ALGEBRI 
Pokazano je da se jedna klasa komplementiranih mre2a moze iskoristiti 
za konstrukciju mreznih stepena algebri, kao uopstenja Bulovih stepena. 


Pokazano je da se konstrukcija prirodno prosiruje na rasplinute podalgebre 


i Ispitani su neki Identiteti Које se pri konstrukciji o¢uvavaju. 


Receised by the editone Octa&en 10, 1988. 
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CEP AND HOMOMORPHIC IMAGES OF ALGEBRAS 


Branimir бЅебе1 ja, Gradimir Vojvodić 
Institute of Mathematics, Dr Ilije Duricica 4, 21000 Novi Sad, Yugoslavia 


Abstract 


The CEP (congruence extenslon property) of an algebra 15 characterized 
by means of modular pairs in Its lattice of weak congruences. Hence the 
necessary and sufflcent conditions are deduced under which all homomorphic 
images of an algebra having the CEP, satisfy the same property. This 
characterization is purely lattice theoretic, so two special cases are 
considered for which some sufficent conditions (modularity of congruence 


lattice, for example) are given. 


Introduction 


If 4 = (A,F) is an algebra, then CA is the laltice of all the weak 
congruences on 4, i.e. of all the symmetric and transitive subalgebras of 
4. C A coincides with the lattice of all the congruences on all the 
subalgebras of 4 (under set inclusion). Moreover, Cond is its sublattice 
(as a filter generated by А = {(х,х) | х є BJ), and Sub4 is a retract of ся 
(as an ideal generated by A). In particular, subalgebras are represented by 


diagonal relations in C 4 (B є Subd corresponds to а ae {(x, x) | x € В}. (For 
B 


the notation, definitions, and other properties of C 4, see [1], 12], 131, 
and the references given there). 
If L is any lattice, and a,b є L, then (a,b) is said to be the modular 


pair in L (see for example [4]), if for every x € Е, 


x 5 b implies x v (ал b) = (x v a) ^ b. 


AMS Mathematics Subject Classification (1980): 08В10. 


Key words: CEP, weak congruences. 
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A modular pair (a,b) 1$ often denoted by aMb. Obviously, L is modular if and 
only if aMb for all a,b є L. 


Theorem 1. An algebra A has the CEP if and only if for every B є Subd, AMB? 
in c^ (that is, iff for every p € сй 


ps p implies p v (A л B^) = (ру ЛА) л Bae 


where А = {(x,x)| хе 4D. 
Proof. 
It is well known that И has the CEP if every congruence р on a 


subalgebra B of A can be extended to the congruence Ө on й, i.e. iff 
i p=8n B? ‚ which is equivalent to 


a) р = (ру А) л В? in ся. 

Indeed, if there is such а 8, then there is at least one with the same 
property, namely Ө = р у А; оп the other hand, if (1) is satisfied, then 
B=pvA. 


Now, (1) is equivalent to 


(2) pv (А л В?) = (ру A) л B, 


since р = Ал B?, and hence р = p v (А л B^) 


Thus, for ре ConB, the CEP 1s equivalent to 


(3) р = B уру (А л В?) = (ру А) л В? 
Even in the case when р є ConC, С < В (we still have р = B^), the CEP 
implies (3). Indeed, if c- ру (Ал B^) (which belongs to  ConB), then by 
‚ the CEP 


a = (c v A) A E, i.e. 
p V (A ^ B^) = (ру (A ^ В?) v A) ^ E^, and 
| since руд = (ру (А л В)) У А (see [1]), finally ме have 
ру (Ал В) = (ру А) л В? . 


Thus, the СЕР implies (3) for every р є C 4. Since the converse has 
already been proved, we are done. п 

It is well known that for Ө є Con4, the lattice Con4/8 is isomorphis 
with the filter [8) in Соп, under p э p/8, where [а] ,(e78) (bl, iff (a,b) Е 
р. Hence, the lattice C 4/8 (8 € Con4) consists (up to the above 
isomorphism) of all the intervals [8 ^ B^. В?) in C 4, with the property B6] 
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lsomorphism) of all the intervals [8 л B, В] in C 4. with the property В[Ө] 
= B, where В[Ө] = {х є A| x@b for some b є В}. 


In the following we shall identify those intervals and their Inverse 


images. 


Theorem 2. Let Ө є ConA. Then 4/0 has the CEP if and only if in the lattice 
С 40MB^, for every В < Subd satisfying В = BIB]. (In other word, 4/8 has the 
CEP 1ГГ for every such В,р = B^ implies p v (Өл В?)= = (p v Ө) ^ B). 


Proof. Ву the above mentioned isomorphism, 4/8 has the CEP if and only if 
for every Ве Subd, such that В = B(9], and for every p € (5^4 Ө, 82], there 
15 c e (8) such that p = cn B^, i.e. if and only if 

(1) р = (р у Ө) л В? In C4. 


Obviously, p = p v (Өл B), and thus (1) is equivalent with 


(2) ру (Ө л В?) = (pv Ө) л E^, 
where 
E 
BAespsH. 
If p 15 any (weak) congruence satisfying р 5 B, then, obviously 
(3) ру Ө = (ру (Ө л В?)) ve. 


Now, if 4/0 has the CEP, then for с =p v (Ө л B^), we have 
т = (су Ө) л ER, l.e. 
ру (ел В?) = (ру (Өл В) у Ө) л В . 
Нпесе, Бу (3) 
ру (Өл В) = (ру Ө) л В? , Ғог ое, 


which was to be proved. п 

Since every homomorohic image of 4 is isomorphic with 4/8 for some Ө є 
Cond, Theorem 2 gives а characterization of the СЕР for any homomorphic image 
of 4. To extend this characterization on every interval [6 a B B in c A 


(not only on those satisfying condition B = B[8]), we need the following 
lemma. 
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Lemme 3. Let 4 have the CEP, and let В,С є SubA ‚В < C. If р є ConB, Ө є 
Cond, and if p < B^ a (p v Ө), then p v (A ^ C^) < C? л (p v Ө), all in the 
lattice Ca. 

ч 


Proof. Suppose that 
(1) ру (дл C) = С л (pv Ө) 
By the CEP, and since 8 < С, ме have 


(2) р = В л (p v (A ^ C)) 


“From (2) and (1), we finally get 


р = В ^C л (p v Ө) = B^ л (p v Ө) 


The proof now follows by contraposition. o 


Theorem 4. Let A be an algebra satisfying В(Ө] < A for every Ө є Cond, Be 
Subd, e^, B#A. Then, every homomorphic image of 4 has the CEP, if and only 
if Ө н В? for every Ө є Cond, and for every В є Subd (all in LE 


Proof. By the proof of Theorem 2, the CEP on 4/80 is equivalent with OMB^ for 
every В such that В = В[9]. Now, if ƏMB? is not satisfled for Some 
subalgebra В, such that В < В[9], then it is not true that ӨМС? for any C € 
Sub4, such that 8 < C (by assumption on 4, such a C£4 always exists). This 
contradicts Theorem 2, proving that Ө M B^ for every В є Subd. п 


It is possible to connect the given lattice characterizatlons of the 
CEP on homomorphic images of й, with some known properties of Cond. But 
first, we need the following definition. 

An algebra 4 has the weak congruence intersection property (WCIP), if 
for р < cA the following implication holds in cA : 


As8—>AVvV(pa8) = (дур) л Ө . 


Obviously, А < Ө means that 8 є Cond. 


Remark. The WCIP is a weakened congruence intersection property (CIP); 4 
has the CIP if for all p,8 є C 4, the following equality holds in C A : 


ё {р л 8) УА = (ру A) л (Gv A) 
The CIP was defined in [1] as one of the necessary and sufflcent conditions 
for the modularity of CA 5 
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It is clear that the CIP implies the WCIP, since for Ө є Cond, Ө v &4=6. 


Theorem 5. If 4 has the WCIP and Cond is modular, then the CEP is hereditary 


Гог homomorphic images of 4. 


Proof. Let p 5 B^, В є Subd, Ө є Cond. Then, 

(p v (Өл B^)) УА = (руд) v (Өл В) v A) = (by WCIP) = 
(ру A) v (G^ (B^v A)) = (since Cond is modular) = 
((p v A) v Ө) л (ВУ A) = (p v (à v 9) ^ (В v A) = 


(ру Ө) л (В? м А) = (again by WCIP) = ((р v 8) ^ В?) v А. 
4 has the CEP, апа p v (Ө ^ B^) as well as (p v Ө) ^ в? belong to Соп2. 


р э р \ А is then an injection (see [1]), and thus 
ру (өл В) = (ру Ө) л В? . a 


The CEP can be hereditary for homomorphic images even if Cond 15 not 


modular. To prove this, we need the followlng lemma. 


Lemma Б. If A has the CEP and WCIP, then for В є Sub, Ө є Cond, the 


following implication holds in c4 2 


ө = В у А > огр є 18? л6,8°], pv8-pvA. 


Proof. If Ө = В?у А and р є [B? л ө, в?], then 
Ө = (лу Б?) Ө = (by WIP) = А у (В л В) = рул. 


Hence pvAvV@G@=pvA, і.е. pv8-pvAÀ.u 


2 2 
Theorem 7. Let 4 have the WCIP, and for every B є Subd Cond, [B vA) =(B vA], 


then the CEP is hereditary for homomorphic images of 4. (02 v А) isa fil- 
ter and (B^ v A] an ideal generated by B vA respectively, both in Cond. ) 


Proof. 4 has the WCIP, and since nontrivial factor-algebras are generated by 
congruences less than Bv A only, the conditions of Lemma 6 are satisfied. 


Hence, Гог@ є Cond , Ө = Bv A, p € Соп8, since Ө ^ Bes р. 


(ру Ө) л В = (ру А) л В? = різ ру (Өл В) . 0 
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Rezime 


CEP I IIOMOMORFNE SLIKE ALGEBRI 
U radu se daju potrebni 1 dovoljni uslovi da se svojsvo prosirenJja 
kongruenci ја (CEP) prenese sa algebre na sve njene homomorfne slike. 


Uslovi su formulisanl mreznim zakonima и mre21 slabih kongruencl,ja 


algebre. Daju se Г neke posledice tih uslova. 


Recelwed by Lhe editano December 15, 1989. 
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GENERALIZED PSEUDO-BOOLEAN FUNCTIONAL 
EQUATIONS OF THE THIRD ORDER 


Koriolan Gilezan and Milos Udicki 


Institut of Mathematics, University of Novi Sad, Dr Ilije Duricica 4, 
21000 Novi Sad, Yugoslavia 


Abstract 


Necessary and sufficient conditions for existence of solutions to the 
third order pseudo-Boolean functional equation are given as well as the 


solutions in explicit form. 


Introduction 


Let (P,*,-) be a commutative ring with identity element 1 without 
divisors of zero and let L be a finite set. A generalized pseudo-Boolean 
function (СРВ function) is every mapping Г of L” into P, і.е. f:L"» P, where 
L" 1s a direct power of L. 

The definiton of partial derivatives of GPB functions and some 
properties of these partial derivatives are given by Gllezan In [4]. 


Definition 1. А partial derivative of a СРВ function f: 175 P with the 


variables x, (1=1,2,...,п) are GPB functions 

8f. 

n 

Эх L — Р defined by 

ағ 

== = E - , є 1 
(1) эх (х) F(X yee eX ye а, xX x) f(x), a 

(15151), where X= CREATE RE 


AMS Mathematics Subject Classification (1980): 47A60. 


Key words and phrases: pseudo-Boolean functions, partial derivatives of 
pseudo Boolean functions, functional equations of pseudo-Boolean functions 
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А partial derivative of higher order of а СРВ function 15 


dm, f 
a coord a 
^i E a аба 1 
Gu) ахсаан 
1 2 т 
1 т m 2 1 
ames = 2,,..,м (п=1) 


Directly from definition 1 follows that for every «а, В, є L, for every 
c € P and for every couple of СРВ functions f and я the following properties 
hold 


8 cay д (cf)« _ д fa 9(1+8) _ д Га , 9 ga. 
а x ut 6x ane? а x а х amore 
[ 1 1 1 1 
O(f-g) _ 8 fa ð gx д fa д ga 
Orem О. E x'8x Эх! 
1 1 1 1 
O fag _ 8G [Ва я 
Ба арх дах. EL 
1 J 1 
m m 
ВЕС =(-1)"*! puto: ‚ 15 ш 5 п mis а natural number, 15 i < п. 
m ах 
а х 1 
1 
However, the relatlon 
8 fa, 8 f« 8 fa a, 
Flg Bares EV f д x 2 Е) x 2 BESCES 
а? Га a 8? fa a a а? fa х « a"fa ...« 
n-1 n 123 n-2 n-1 n 1 ] -° 
дх Жаха Ox, Ax dx, дх 59%, 9%, дх, ... ax. 
ССА є І is a generalized pseudo-Boolean functional equation, 
where By Bar 8, known functions, an unknown function f and some of its 


partial derivatives take place. Hence, the solution of this functional 
equation has to be found. 


Lemma 1. А functional equation with an unknown СРВ function f 


д fa, 
Е x, = g(x), where «€ L, 


has a solution if and only if 
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АЕА = 0. 


The solutions Г are determined by the following formula 


f(X) = €O aX, arm Xue KO) -g (X) or else 
J gÜO dx, = с(х\,.. ух ty A 
a 
1 
where с is an arbitrary function of the variables x ,...,X. 


The proof of this lemma 15 given in [5]. 


Let us introduce the following notation 


Theorem 1. A system of СРВ functional equations 


8 fa, 
1917 = Р (X) 121,25; 2*.n; X mE (c oy XR, 
а x 1 


has a Solution if and only if 


12; P (a) 20 1=1,2,...,п 
ӘР а Des 
1.3. Got = =) Пе теа) 


The solutions f are determined by the following 


Formula (they are equivalent to each other) 


Ө дб ус лу] P(e Же 23309 ОР (X) 
k=1 k k-1 k-1 n n 


where li. ..i are permutations of the set {1,2,...n} and с is an arbitrary 
п 


constant from P. The proof of this theorem is given in [5]. 


Lemma 2. A system of GPB functional equations 


д fa, д fa д fa, 
=X GG x, x), LUE Y GG x, x, E] x. =Z (x, x ‚х„), 


а x 2 
1 


has a solution if and only if 
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(1) Х(а x x.) = Y(x, a, x) = Z(x ZA ) =0 
д Xo, 4 Ya, д Xa, д Za, ð Yo, д 2%, 
(а) ЕО OO хх "UM. 5-5, 
2 1 3 1 3 2 


All the function solutions are determined by the following formula 


а Go = Xx cx) - Ух, хх) - 2(х,х,х)- 
3 12 1 лаута 1° 2*3 
(3) Я 
д Ya 8 Xa д Xa 8 Xa « 
3 2 3 23 


ШЭЖХ ах 78 x. птахі Ox, 
3 2 3 2 3 
The proof of this lemma follows from Theorem 1. 


Let us consider a functional equation of the following form 


д га, д fa, д fa, а? fe а, O° Га a, 
Dor аа Eam Ч Lax ix^ + < Sx ах 
1 2 3 1 2 1 3 
а? га а 8 fa аа, 
A * 8-gx ax. * " ax oxox, ^ (Ха, xs) 


a,b,c,d,e,g,h and s are СРВ functions which mapp үэ Р. 


Theorem 2. A functional equation (4) has a solution if and only if 


д sa, 8 sa, д Sa, д° sum а, 8^ se а, a? sa, 99. 
М азо та агага "5 Ox * SX Sx Ox. О 
1 2 3 1x2 15023 а ont 
(5) 
даа, daa д aa a aba dba, аьа а, 
£ *b*c-g-e- 
(u') (a*b*c-g-e-d*h) f ETET, 8x Әх ]b ax ox, ах x) 
дса, дса, aca а, dda, даа dba dea 
КЕ sax] * cux а) [6 4 
2 з з 2 
даа дса, дра dba дса 
Шиг; Я zx): * ax 2 DX ET 37) = 1 


If the conditions (5) (и) and (5)(u') are fulfilled, then all the 
functions f are determined by the formula (3), where, X, Y and Z are given 
further on the pages 9,10,11, respectively. 


Proof. If the partial derivatives of the equation (3) are found, 1.е. 
я 
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8 Fa 8 Fa a Fa д? Fa, а а? ға m, Faa 8^ Fa a a 
s 1 2 ыа 1 3.57009 and 12 9 
OFN OH { DUX" ахай Gx дх ' дх дх Ox Ox Ox 
1 2 3 102 iowa 2 1 
then the following system of equations 15 obtained 
д Fa д Fa д Fa д? Fa « д? Fa, а д? Fa « а? Fa «a 
: s mdi DIE MEN EU M Ae a 
Bw * ах ' в Ox Ox ' Ox Ox ' дх dx x Ox Ox 
1 2 3 062 Taj 2 45523 23 
then the following system of equations is obtained 
8 fa д fa д Га 8^ fa а 0^ fa а а? fa, с 
а : Lb -+ c 3 +d са АГ, +e Fy +g ___ ic 
д х а х д x 8x дх дх дх дх_дх 
1 3 ie а 2773 
8 fa а а 
123 Y 
8 3x ax дх s 
ðfa, dba, ðfa, Әса dfa, aba а?га а, 
(6) - шке 
Ак = ax. ox ox, ах БА ax, g 9х, ox 
2 2 3 
dca 8 fa а дра д faa aga 8 fa a а asa 
+ с + 380. Р - e EL BEIES! * Sm o — 21243: + g + = h A 172 Su = 5224. 
ах дх дх Ox. Ox дх дх ax Ox дх ax 
1 1*3 1 2 3 er a 1 
даа, afa, afa, dca 8f« дас ага а, деа, O^ faa, 
Әх Ox D Tax oye ome f * 3х ) 8x 8x. ' Ox, dx ox 
1 3 2 ус) 
дса ð Га a dea 8 fa a а asa 
E G Eu chus „Я [258 h 123 2 
ду Ox 3x дх дх, дх. дх LE C 
8 2 
ас: ofa, Я dba, ofa Я ага даа 8 fa L^ [ Я дас | д faa, 
ax 
ox, ox, 6x. x, Ox ôx ox, дх Ox, Ox, 
dba д faa дас 8 fa а а д5а. 
a [> R $ 2-2 a = їзава- . aw 
дх 9x Óx 8x, дх, ax дх ax, ^ 


Le (6) 
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дса дса д? са a aga 93 Га « a 8^ sa, а 
1 isa 1 16203 1 2 
+ |с + + —— + o = g- o t UL A = 
дх дх Ox ax x Ox Ox дх ах ax 
2 1 та 1 з 


дас Of« 8^ ba a öfa дса Safa E 0? ba a dda а? fa a 
3 1 1 2 1 3 13 з) 12 


Әх ox. ' Әх дх Ox. дх ox ax. * Әхдх Әх.) Ox ox 
з 1 т) 2 1 3 3 Yo 3 i $42 
2 2 2 
дас дса O fa а ba 8 ba а дах - д fa а 
| iE 3 E. 1 13 E ing. 1 23 
8 8x Ox ax ax Ox Ox дх дх дх 
1 1 ] "3g 1 2 
2 3 2 
dba, dba д ba « даа aga 8 fa aa ð“ sa a 
A (ise Si 1 JE 14, Tazit e na 
8 дх ах ax. дх дх дх Ox Ox Ox ax. ' 
1 Иша 3 1x23 


8 ax a Of« Oba Га Gca_ Of« E 8^ aa, a. dda 8^ fa a 
23 1 3 2 2 2 3 ane 2) n2 


Ox d Әх ах ах ax ax 
3 гда.) з a2 


aq, aaa a деа у аго а ób« дса аё ға а 
L a OOE P 134 -b -c - CELI 72 g ана 
дх дх_дх 8x, | ax ax дх дх дх_дх 
2 ames 2 ins 3 2 79 
daa даа. а?а а dda дес аЗ ға a a dsa aa 
tla + 3 + c CS p ав ие o 1209 
ôx дх дх_ах дх дх ах дх дх ах дх Ox», ' 
3 2 la-2- g 195229 
дас «a Of« 8^b« a. afa аса « 8fa daa дас a 
se a ae Geox 23. 
Ox, Ox, ax Әх 8x, ах 8x Ox дх дх дх ox, 
2 2 2 
ba. ð ba a @da_, д fa a даа дса a ca a dea 
x jc RU A 2) 12 С 2% 2" 183 Оу. 
= С 0+ S| SS Е I —— 
ox, 8x, Ox, дх 8x, ax, 8x дх дх ax ax 
2 а; 2 2 3-0 
Е а E 8 Га а. 2 ( dba, д bo. a, дса, а са, E 8 fa a, й 
3 p S = ЗЕЕ LE CLA 
Ox, ox, x, Ox, дх Ox Ox ax, 8x, Ox, ax 8x, Ox. 
2 2 
дас а аса. дас dba dba д ba a, 
*e-a-b-c*d*g-h- ——- - ————-———-—--—-£1—-- 
CCR le aaa By Bx ox ax ax. Әх ox 
2°3 3 
2 
M асо, дса, а с, ©, дас. Gea, =, дұға à 8 gaa, д Га, ao, з 
дх дх дх дх дх ах ах 8x 8x 8x Ox Ox 
2 1^2 3 
а sa aa, 
= Эх ах ах ` (6) 
arch) 
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a b c d-a-b e-3.6 9-5 д-6.с-9-е-6." 
894 abe Oty 
1 be дыц с. ая 0 0 9 д” ae 2”, s 
E x) ! ! 
' 
das 92 ао а 0 
ae beer 0 с. EEF, 0 е. ЕРЕ Er с г, 
9х2 х2 ? ? 
а b, а 0 
ae далу ь. 285 0 n 
*; Эху 
ac 2-1 41-7 0 0 0 e 
9 о E Ja Fe Ix 
d : dow, догу 2794, $ 6 9 6 0 
а ду дүй, 
dat, Jaky 929424 0 0 0 с 9 


ae . . 0 
Ty’ Jxy egi, 
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afa, ofa, ofa, 

The system (6) has a solution for ——, ——- and —z—- if the rank of the 
8x, ex, ax, 


augmented matrix of system (6) is 7. 

The augmented matrix of system (6) and the following matrix are 
equivalent. 

The rank of the augmented matrix = rank A’= 7, 1f conditions (5)(u) and 
(5)(u’) are fulfilled. 

If condition (5)(u) is fulfilled, then the following determinants give 
the solutions of the partial derivatives, so the final solution of the 
functional equation (4) has the following form 

fO xx) = С - X(x,.x,+%,) = YO x, x) - Z(x x, x.) - 


дҮа 8Xa, д Xa. 8 Xa a 
3 2 d 


> E 23 
дх ox, дх дх_дх. 
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Rezime 


GENERALISANE PSEUDO-BULOVE FUNKCIONALNE JEDNACINE TRECEG REDA 


U radu su dati potrebni 1 dovoljni uslovi za postojanje resenja 
generalisane pseudo-Bulove funkcionalne Јейпабіпе trećeg reda kao 1 sama 


njena rešenja u eksplicitnom obliku. 
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ON A CLASS OF BISEMILATTICES 
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Abstract. 


In the papers [1] and [2] a near-lattice was def ined 
as а blsemilattice (0,7,4) satisfying the Identity: 


xA(yVzVx) = (xAy)V(xAz)V(xAx). 
This structure 


is called here a (A,V)-weak- 
-distributive bisemilattice, and the structure satisfying the dual 
Identity is . said here to be а (V,A)-weak-distributive 
bisemllattice. 


In this paper a _ near-lattice 15 defined as а 
bisemi lattice which satisfies the identity 


xV(yAx) = (xVy) Ax. 
Some properties of such structures are proved, and a necessary and 
sufficient condition for а bisemilattice to 


be a near-lattice is 
given. 


A bisemilattice (Q,V,4) is an algebra with two binary 


operations such that (0,9) and (9,А) are commutative semigroups 
which satisfy the idempotent laws. 


We shall say Lhat a bisemilattice (Q,V,A) 15 a near- 
lattice iff for all x, уе0 
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(SM) xV(yAx) = (xVy) Ax. 
(SM) is a self- dual law, and if (Q,V,A) is a near-lattice, 
then (Q,A,V) is also а near-lattice. Thus, the duality is satisfied 


in any near-lattice. 


Example 1. 
Q = ¢a,b,c> : 
Viabec А] abc The bisemilattice (Q,V,A) 15 
ы Gur a iam not a r-lattice, since 
b| bbb b| bbb n2 : 
с<| abc c| bbc аУ(сла) = b # а = (aVc)Aa . 


In a bisemi lattice (Q,V,4) (SM) follows from the identity 
xA(yVzVx) = (xAy)V(xAz)V(xàx) (replacing z by x). It also follows 
from the dual identity. Hence: 

Proposition 1. [112 Every (A,V)-weak-distributive bisemilattice - 


(as а (V,A)-weak-distributive bisemllattice) is a near-lattice. 


и 
# 
Example 2. 
Q = {a,b,c> 

V|abc Aj abc The bisemllattice (Q,V,A) is 

al abc а| ааа 

bl bbb Slaps a (A,V) -weak-distributive 

СИС С с| abc bisemilattice, and so it is 


а near-lattice, but since 
cV(aAbAc)-c + b=(cVa)A(cVb)Ac, it is not a (V,A)-weak-distributive 
bisemilattice. 


ІГ (Q,V,A) is a near-lattice, we define partial orders оп 
the set Q by: 


iff aVb = b and 
a SN b iff аль 


11 


а. 


We represent a near-lattice (0,7,4) by Hasse diagrams of 
the semilattices (Q,V) and (0, 4). If a Sy b, then in a Hasse diagram 
of (Q,V), we draw b above a, and if a =,b, then we do the same ina 
Паѕѕе diagram of (0,4). › 
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Example 3. 


Q = {a,b,c,d,e> 
Since bá(cVaVb) * (bAc)V(bAa)Vb, and 


а а cV(eAdAc) + (cVe)A(cVd)Ac,the bisemilattice 
(Q,V,4) 1s neither а (V,4),nor a (A,V)-weak 


a b 
-distributive bisemilattice, but it isa 
e near-lattice. 
b 
e e 
V A 
Pigs 


In a near-lattice (Q,V,A), aVb = b implies 
aV(aAb) = aA(aVb) = aAb, and bV(aAb) = (bVa)Ab = b. 


Thus, we have: 
Lemma 2. Let (0,7, 4) be а near-lattice. If for a,beQ, а *g b, 
then aV(aAb) = аль and bV(aAb) = b. = 


Dually, we have: 


Lemma 2’. Let (Q,V,4) be a near-lattice. If for a,beQ, b у а, 
then aA(aVb) = aVb апі bA(aVb) = b. — 
Corollary 3. If (Q,V,A) is a near-lattice and b 57 а, then 
b = аль Sg a. a 
Corollary 3’. If (Q,V,A) is a near-lattice and b = а, then 
b SA aVb = а. и 
Corollary 4. If (Q,V,A) is a near-lattice, then | 


(a) а xy aA(aVb) 59 aVb, 
(b) b 57 bA(aVb) 57 aVb, 
(c) аль =, aV(aAb) WD 
(d) aAb SA bV(aAb) BA b. 


Proposition 5. Let (Q,V,A) be a near-lattice. If for a,beQ 
(*)  aA(bVa) = bA(aVb), then 
(**) аль = aVb = aA(bVa) = bA(aVb) = (aAb)Va = (bAa)Vb . 


Proof. Let a and b be comparable in any of two 
Semilattices, for instance let aVb = b. Then, using (*), aAb = b, 


and hence we have (**). 
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Let a and b be Incomparable. By Corollaries 3 and 

D 

3', since аль <А n and adb MUI 


аль SA (аль) Ub E b. 
Since (adb)Va = (aAb)Vb, we have 
(aAb)Va = (aAb)Vb -aAb. Dually, 
(aVb)Aa = (aVb)Ab -aVb, hence, we have (**). 


ш 
Lemma 6. If (0,9,4) is a near-lattice, then 
(а) For all a,beQ, if аль Sy a and bV(aAb) = aVb, then 
nAb =a. 
(b) For all a,beQ, if (aAb)Vb = aVb and а Sg (адь) а Sy aVb, 


then (aAb)Va = aðb. 
(c) For all a,beQ If aVb = (aAb)Va = (adb)Vb, then 
aVb = aAb. 
Proof. 
(a) If aAb 5 а, then а = (adb)Va = aA(bVa). Since 
aVb = bV(aAb) = (bVa)Ab, we have that 
адь = (aA(bVa))Ab = ad((bVa)Ab) = aA(aVb) = a. 


(b) From aVb = (aAb)Vb = bA(aVb), it follows that aVb sP- 
By Corollary 4(c), since адь Sa aA(aVb) 5, a, it follows that 


адь ЗА aA(aVb) ЫЛ аль, hence (aAb)Va = aA(aVb) = аль. 


(с) From aVb = (aAb)Va = aA(bVa), and aVb = (adb)Vb = 
= bA(aVb), il follows thal ать = a, and aVb SA b, hence aVb =, аль. 


By Corollary 4(с) аль Ў aVb, hence aVb = аль. " 


Lemma 7. Let (Q,V,A) be a near-lattice, and a,beQ. If a and b 
are incomparable under Sg ‚ then there are 6 up to the isomorphism 
different subsemllattices generated by a,b and адь in the 
semi lattice (0,9). (See the diagrams in Figures 2.1-2.6). 


avb agb avb 


(aab)7b aab 


aoe М 


ал aa 


4 . 2.228 р | 2.3 
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avb nvb-nAb agb 
адат ba(avb) E D. 
л ‘ 
a a-aAb b 
Р 
адр " 
d 2.4 2.5 2.6 
Fig.2 
Proof. 


By Corollaries 4(a) and 4(b), a Sg (aAb)Va s 

b s, bV(aAb) = 
а < aV(aAb) <y aVb and aV(aAb) = aVb, combined with cases bV(aAb) = 
b < bV(aAb) <y aVb and  bV(aAb) = ать. Also, we differ cases 

when aV(aAb) = адь, and aV(aAb) * aAb. Using Lemma 6 we have that 


V 
subsemilattices represented in Figures 2.1-2.6 are the only, up to 


y aVb, and 


aVb. There are nine cases: aV(aðb) = a, 


[ 
9 


the isomorphism, subsemilattices generated by a,b and aAb in the 
semilattice (0,7). m" 


Lemma 8. Let (0,7, 4) be a near-lattice апа a,beQ. If a,b and 
адь generate subsemllattices of the semilattice (Q,V) represented in 
Figures 2.1-2.6, respectively, then a,b and aVb generate 
subsemi lattices of the semilattice (0,А) represented in Figures 


3.1-3.6, respectively. 


avb avb 
а b 6 b а b 
bv(aAb) vb 
aab aab Bab 
3.1 3.2 3.3 
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av b 


АЛЬ avb=2Ab 


3.4 3.5 3.6 


Fig.3 
Proof. 
-The case in Fig.2.1" 
From a = aV(aAb) = aA(aVb) and b = bV(aAb) = bA(aVb), it 
follows that a SA aVb and b SN aVb. Since a and b are incomparable 
under = (otherwise we would have аль = а ог adb = b, which is 


not case), the only suitable subsemilattice is the one in Fig.3.1. 
i 


-The case in Fig.2.2 

а = (aAb)Va = aA(bVa), and (aAb)Vb = (aVb)Ab, and the element 
(aAb)Vb differs from aAb and from b, hence the only suitable 
subsemilattice is the one in Fig.3.2. 


-The case in Fig.2.3 

From ab = aV(aAb) = aA(aVb) = adbA(aVb) it follows that адь 
<А aVb, and from aVb = (aAb)Vb = bA(aVb), we have that aVb <, b, 
hence the only suitable subsemilattice is the one in Fig. 3.3. 


A 


-The case in Fig.2.4 

Elements (aAb)Va = aA(bVa) and (bAa)Vb = bA(aVb) differ from a, 
b, aVb and адь, hence the only suitable subsemilattice is the one in 
Fig.3.4. 
-The case in Fig.2.5 follows from aAb-aVb, and the case in Fig.2.6 


follows from Lemma 2. ш 


Theorem 9. Necessary and sufficient condition under which 
а bisemilattice (Q,V,A) is a near-lattice is that each pair a,b of 
elements of Q determines two related subsemilattices in the 
semilattices (0,7) and (Q,A), the pairs of related subsemilattices 
being represented in figures 4.1-4.9. 
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- a 
b 
b о a as-2aVb b 
С <a 
b 
а BAD 
Е , a b NEA A 
4.1. У 450 ^ avb avb 
avb b 
а, 
аљ(атЪ ba(avb) 
a = avb a ,b a b 
a-aAb b av(sab v(abb) 
у а 
А DA ал 
v 4.5 ^ 
4.4 
ED avb=aob 
a b 
PN 7 4 Via 
: ívb 
a b 
2 v р V B 
^ ane a A 4.7 a^b-avb 
avb mo ERAS avb EFs 
ba(avb) 
ә. ‹ bo p 9e е b 
av(eA^ 
У 4 v d 
ENS = а^ зА 
asb 4.8 ac Fig. 4 4.9 
Proof. By Lemmas 2,6,7 and 8 we have that if (0,9,4) is a 
near-lattice, then all a,beQ generate a pair of related 


subsemi lattices from Figures 4.1-4.9. 

Conversely, since identity (SM) has only two 
variables and every pair of elements generates two related 
subsemllattices, we have that every pair satisfies (SM), hence 
109, 9:4) is г near-lattice. = 
Corollary 10. If semilattices (Q,V) and (9,А) are chains, then 
(Q,V,^) is a near-lattice. 


In Examples 4 and 5 we give all, up to the 
isomorphism, different near-lattices with 3 and 4 elements. 
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о СЕТЕВЫЕ 
С > 
| a 
b 
i) c b a | 
v 5.1 ^ 5.2 
У 
b а | 
ya b | 
Ke 2 c 
à y 203 ANE Fig.5 


Including near-lattices consisting of 


there are 9 nonisomorphic near-lattices with 3 elements. 


Example 5. | All  nonisomorphic near-lattices 
elements, excepl these consisting of two chains, 
Fig.6. 
2 b с à 
а b c a a b с 
N ^ hv] 
1 
b b 
: УА а 
а pe c a c AN 
Ds. NTA а 
+ b 
3 ^ V 4 
b. 
| Meme 7 
a с а. AS 
SA а. с 
а 3 X 
v 
5 7 S 
v 


6 
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are presented in 


I d 
NV 


b 
A 


2 


M 
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9 
b 2 a | É 
v c 
а c 
E 
a lp 
V d c V a | 
^ 2 | 
1 8 л 2 
b a b | с 1 
A: 
PAN ; i i 
a c a c | 
Se с 7b 
v a V » | 
а А а 2 
10 
9 а 
| : Jo | 
b 
с 
а - | b. c b 
d 
MA а | ^ 
c 9 ^ 
11 а 12 а 
TEN 
FEE a, 
7 ^ v у 4 
a а а с 
а 13 а 14 


с 
1 | 
n 
›—_—›——›——› 
а a y 
c 
4 
n 
Soo ery VOCUM 
b 
> 


а а ^ а с 
d 15 ЌЕ 16 = 
а 
b 
b c 5 
а, NS a 18 ^ 
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Fig.6 


Including  near-lattices dual to the ones denoted by 
2,6,7,8,9, 10, 11, 15, 16, 17, 18, 21, 22, 23, 24 and 25, and those consisting 
of two chains, there are 65 nonisomorphic near-lattices with 4 


elements. 


Near-lattices and some other classes of blsemi- 


lattices are related as in Fig.7. 
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Fig.7 


1. distributive lattices 


2. lattices 


3. distributive bisemilattices 
4. bisemilattices which are both, (V,4)-weak-distributive, 


and (A,V)-weak-distributive 


[1] 


[2] 


[3] 


[4] 


5. (V,A)-weak-distributive bisemilattices 
6. (A,V)-weak-distributive bisemilattices 
7. near-lattices 
8 


bisemilattices. 
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О JEDNOJ KLASI BIPOLUMREZA 
REZIME 


У radovima [1] 1 [2] Je uveden pojam skoro-mre2e, kao 
blpolumre2e (Q,V,A) u kojo) va21 zakon xA(yVzVx)-(xAy)V(xAz)V(xAx). 
Ма ovom mestu takva struktura nazvana je (A,V)-slabo-distributivna 
bipolumreza, a struktura u kojoj vazi dualni zakon (V,A)-slabo- 
-distributivna bipolumre2a. U ovom radu definisan je pojam skoro- 
mreze kao bipolumreze u kojoj vażi zakon xV(yAx) = (xVy)Ax, dokazana 
su neka svojstva takvih skoro-mre2a 1 utvrden jedan potreban 1 


dovoljan uslov da bipolumreża bude skoro-mreża. 
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n-PEWETKM 


Янез Ушан 


University of Novi Sad, Institute of Mathematics, 
21000 Novi Sad, 0^ Ilije Djuričića 4, Yugoslavia 


РЕЗЮМЕ 


В статье определяются A- и В-п-решетки как одно обобщение 

А- и В-решеток. Притом, в В-п-решетке точные верхние и точные нижние 
граньи определяются как (п-2)-арные операции. Устанавливается соотноше- 
ние между А- и К-п-решетками и описывается изображение п-решеток с 
помощю решеток. Наконец, доказывается, что в конечных п-решетках суще- 
ствуют (однозначно определенные} (п-2)-арные операции О и E, являющие- 
ся {1,п}-нейтральними операциями [1].в том же порядке, п-группоидов 
(S.N) и (S.ULw (1,n }-нулевими операциями, в TOM же порядке, п-группо- 
"noB (S,n) и (5,0). 


Определение 1. Пусть U и fl п-арные операции в MHO- 
жестве $ и ne М \ {1}. Объект (S,U,n) назовем А-п-решеткой 


тогда и только тогда, когда имеют место равенства: 


7? ANS Mathematics Subject Classification (1980): 20,15. 


Key words and phrases: п-алоироќӣљ, n-Lattices, {1,n}-neutral operations on 
N-grupo.cds . 
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nAL1 (хай x) cS 

nALL Па: ух) = х, 

nAL2 U(x,a]" LY) = URP DEC 

` 
nAL2 п(х, ай 2 y) = My,at 2,х), 
д 

nAL3 U(U(x,ay 2,9) an 7,2) = Ша Wy ran д, 
nAL3 ПП (хай 2, y) at 2,2) = Шаул tyran rely. и 
„А„4 (жай 2, n(x, aT"? y)) - X, 

nAL4 n(x,a™*,u(x,a™ ,y)) =x 

для любых ost p e S. 

Если n = 2, то речь идет об определении А-решетки 2) 


УТВЕРЖДЕНИЕ 1. Пусть (S,U,N) А-п-решетка. Пусть, 


далее, 
n-2 деф n-2 
(1) (х,ар ,y)e$ <=> U(x,a, “,y) = y 
для любых vane = S. Тогда имеют место формулы: 
nRLL (va, € 5) 1-2 (vx є S) (x, a2, х) e $0; 
nRL2 (Ya, € S)? (ух € S) (ху € 5) ((x, a7 7, y) € $ ^ 
n-2 

^ (y.ai SX) © $ => x = y); и 

nRL3 (Va; e 5) 172 (ух e 5) (vy є 5) (Vz є S) ((х,а172,у) e SA 


1 Последовательность Bp -+B (где p,---,q последовательность Ha- 
туральных чисел следующих друг за другом) для краткости обозна- 
чаем через gl; в частности: gł? = . Подобно, последовательность 
a,...,a обозйачаем через h. Далее, non БР", p є М, и под В no- 

=. пимаем пустую последовательность (отсуствие последовательности). 
| Притом. если речь идет о, например, gi,e$ (или 53,&), то gle? 
(или pire) считаем последовательностю gj, и если peu идет o ej 
(или $) в некоторых случаях будем обозначать через 9; например 
F(a?) будем обозначать через Е(в). 
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Se... EEE eee 


A (у,ап-2 


,z) € 5 => (хай?) є 5). 
ДОКАЗАТЕЛЬСТВО. 
а) учитывая (1), ввиду nAL1, находим, что имеет ме- 


сто формула под nRLl. 
п-2 


1 и у любые элементы множества S удо- 


6) Пусть x,a 
влетворяющие условию 


(халш) < 5 Му алах) < $, 


т.е., ввиду (1), условию 


U (x, at^ 2, y) =ул Uly,ay 7, x) = х 


Отсюда, ввиду nAL2, находим, что имеет место равенство X = у. 
ц) Пусть ат и 2 любые элементы множества S 
удовлетворяющие условию 


n-2 


(x,aj y) е SA (y.ai 2,2) е $, 


T.e., ввиду (1), условию 


2 


À n-2 y) = y ^ U(y,aj- ,2) = 2. 


Ч (хау 


Отсюда, учитывая nAL3, находим, что. имеет место следующая цепь 


равентств: 


2 


; 
z = u(u(x,ay 2 Ya) ,z) 


U (x, af 2, Uy, a2 2,2) ) 
n-2 
= U(x,ay; Zz), 
т.е. равенство 


U(x aj 2,2) = 72. 


Таким образом, ввиду (1), имеет место и формула под nRL3. 
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Бсли п = 2, то $ из утверждения 1 является (бинарным) 
PAT отношением. 


УТВЕРЖДЕНИЕ 2. Если (S,U,N) А-п-решетка, то имеет 
место эквивалентность 


(1) n (x, a?" 2, y) =х <=> (хал 2,у) = y? 
é 


для любых x yan” Е S. 
ДОКАЗАТЕЛЬСТВО. 


а) Учитывая nAL4, находим, что имеет место следующая 
цепь импликаций 


u(x, a1" ?,y) = м => п(х,а?7?,у(х,ау 2, y)) = 


= nixa 7 ,y) => зе = п(х,ап_2,у) 


n-2 à 
для любых X,y,a4 € S. Отсюда находим, что имеет место импли- 
кация 

п-2 n- 


U(x,ai ry) = у => n(x,ai 


для любых x,y,an-? € S. 


6) Подобно, учитывая nAL4, nAL3 и nAL3, находим, что 
имеет место следующая цепь импликаций 


п-2 


П(х,а272,у) = х => Uly,a 2, n(x, a? 


-2 X 
1 ‚у)) = 


= U(y a0? ,x) =» у = U(y, a2 7, x) 
=> U(x, ай 7, y) = у 


-2 
для любых х,у,ат = $. Отсюда находим, что имеет место импли- 
кация : 


n(x,aD72,y) =х=> U(x, ап 2, y) = 9 
2)см. (1). 
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EE оо 


n-2 


для любых х,у,ат є 5. 


* * 
Пусть 
—> 
= деф = 
51-265 == (ЕЕ: s"^? 5 $j. 
DE 
Если n = 2, то S" ^s является множеством всех нульарных операций 
D мпожестве S, именно: 
> 
595 = {({(s,a)}[ae€ S). 
Так как нульарная операция 
г 
Е = {(2,a) } 
однозначно определена элементом а € S и f(?) = a, то 595 будем 


обозначат и через S, т.е. то будем считать, что 


(0) sog 


ОПРЕДЕЛЕНИЕ 2 1: 


в множестве S удовлетворяющее условыям nRLl-nRL3. Пусть, далее, 


р © S. Torna: 


— > 


1° mes" 2s назовем верхней гранью множества D в (5,5) 


тогда и только тогда, когда имеет место условые: 


(B) (va, e syn? 


> 


2° ше 51-25 назовем нижней гранью множества О в (5,5) 


тогда и только тогда, когда имеет место условые: 


п 


(н) (уа. є 5) 1 


1 


Притом, множество всех верхних граней и множество всех нижних 
граней множества D в (5,5), в том же порядке, обозначим через 
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Пусть 5 п-арное отношение, n € М\(1), 


(vx е S) (x e D => (can? Mat 


-2 (ух e S) (хер => (m(a7-2) ,a277,x) є 5). 


О T. 


р —__ Г SS eee 
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G(D/S) и D(D/S). 


Если п = 2, то, ввиду (С), речь идет об определении 


верхней и нижней грани множества р G S в (5,5). 


УТВРЕЖДЕНИЕ 3. Пусть 5 п-арное отношение, п е N \ {1}, 
в множестве S удовлетворяющее условиям nRL1-nRL3. Пусть, далее, 
Dc $. Тогда: 


I существует ne больше чем одна My € 51-25 удовлет- 


> 


воряющая условию 


> 


(м) My е 90/5) ^ (Ма; є 5)! 2 (vx e 51725) (x e G(D/3)) => 
=> (м0 (а 2) ап 2,х(ап 2) e s); n 


> 


5 п-2 
2 существует не больше чем одна m, € S S удовлет- 


D 
воряющая условию 


—— 


п-2 (ух =: 517-25) (x e D(D/s) => 


(m) m 1 


ре D(D/s) ^ (vai є S) 


n-2 


=> (x(a?) ray 


n-2 
‚тр (ay )) © 5). 
ci ДОКАЗАТЕЛЬСТВО. 
Пусть Mp и Mp удовлетворяют условию под (M). Тогда 
имеет место конъюнкция 


п-2 n-2 = n-2 = n-2 n-2 n-2 e$ 
(мр(ат “),ау ";My(a, )) e < ^ (М, (а, ),a, „мр (ay n 
для любых CHE € S. Отсюда, ввиду nRL2, находим, что имеет место 
равенство 
= n= 2 n-2 
Myla, ) = My(a ^) 
n-2 


для каждых aj є 5. 
таким же способом доказывается, что имеет место утвер- 


ждение под 2. 


ОПРЕДЕЛЕНИЕ 2,- Пусть 5 п-арное, п € М V (1), отношение 
в множестве 5 удовлетворяющее условыям NRL1-nRL3. Пусть, далее, 
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D & S. Тогда 


— в 
iy Mp € 51-25 назовем точной верхней гранью мпожества 


D тогда и только тогда, когда Мр удовлетворяет условию (M); M 


» 
2% mp € SU назовем точной нижней гранью множества 


D тогда и только тогда, когда mp Удовлетворяет условию (м). 


Притом Mp и тр B том же порядке, обозначим через supgD (supD) и 


ini<D (1120). 


ОПРЕДЕЛЕНИЕ 2,. Пусть $ n-apmoe, n € N \ (1), отноше- 
ние в множестве S. Объект (5,5) назовем В-п-решеткой тогда и TO- 


лько тогда, когда 5 удовлетворяет формулам nRLl-nRL3 и условию 


4 
nRL4 (Ух є S) (vy e S) (3м e s” 


x n 
5) (3м е S 


> 


725) (м 


=2 


sups {x,y} лт= inf.(x,y)). 
TEOPEMA 4. Пусть (S,U,N) А-п-решетка. Пусть, далее, 
(1) (х,а?72,у) = < <‹26Ф u(x, ag 2, y) = у». 
Torna (5,5) является К-п-решеткой. 


ДОКАЗАТЕЛЬСТВО. 
Ввиду утверждениа 1, 5 удовлетворяет условиям nRLl-nRL3. 
Пусть, далее, (at?) любой элемент множества Stas 


Притом, пусть: 


= е - 
(a) al 2 (х,у) zee U (x, а? ?,у); 
/, n-2w e - 
(В) (а? ) (х,у) ae п (х,а? 20у); и 
деф - 
(у) (х,у) © Золу 2 (х,аү у) є 


для каждого (х,у) є e 


Учитывая (а), (В) и определение 1, находим, что для 
каждого (а^?) < БСО в 


Jis Е оо) 


1 = х; утвреждение 2. 
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(АВ атту) 


является А-решеткой. Далее, учитывая (ү), (1) и (а) (или (f)), 


паходим, что 


(5, S Qm) ) 


В-решетка соответствующая А-решетке 


(S, al 2) у, (бат 2у\) 


п-2 
для каждого (aj 


n-2 x -2 
му) (aj ) = SUP а {x,y} = Vta?7*)J (x, y) и 
1 


)es . Отсюда находим, что 


) 


m (ann) = inf. {x,y} = ((a™~*)\ (x,y) 
{x у} 1 Sian?) 1 
ay 
для каждого (x,y) c 52 и каждого (at) 6 с Притом, если 


*“MNOKECTBO всех верхних и множество всех нижних грапьн 2 € $ 


мпожества {x,y} в (5,3 (ап-2) ), в том же порядке, обозначим через 
1 
NSQNE ESQ) и 2((%,У3/ $072) ), 


то имеют место импликации 


D 


; E n-2 = 
ze 9652075, n-2 ) => (Mc y) (21 ),2) e 5 eni) u 


ar) 1 


-5 
) => (ат „уба —)).€ $, n2 


£c DCOCG Y олег (ay ) 


) 


n-2 


-2 
для всех 2 € S, каждого (x,y) є s? и каждого (ат n 


Jes . OTE 


сюда, далее, если обозначим через 


6({х,у}/5) и D({x,y}/s) 


множества всех (п-2)-арных операции Х в $, в том же порядке, 


Ес... 


удовлетворяющих условиям 


п п-2) = 


хе 9(х;у)/5) «S5» (va, < 5) 17 ?x (a? 


СС-0. Іп Public Domain. Gurukul Kangri Collection, Haridwar 


CIE '’SC C———————————— 
Digitized by Arya Samaj Foundation Chennai and eGangotri 


п-Решетки ; 113 


е G({x, у}/5( an2) ) и 


xe DI (x,y) /5) 5 (va; e s) xla 
e Р БОИ, ) 


Ue 
для всех X e 5725 и каждого (x,y) є s?, ввиду (1), находим, что 


имеют место импликации 


X = 6((х,у}/5) => (мү, уу (8172) ад Klay 7n) es Ый 


um 2 n-2 
5 
п, y 21 )) < 


-2) e = и каждого (x,y) © 52. 


X = 0((х,у)/5) => (x(a 2) а 


—> 
для всех X € 50-25 любого (а? 


Таким образом, ввиду определении 25 и 24: теорема доказана. 


ТЕОРЕМА 5. Пусть (5,5) В-п-решетка. Пусть, далее, 
=o деф ED n-2 

(2) U(x, a] Y) = sup; (х,у) (а? )( = Mex y)! )] и 
2) деф . — -2 

(3) n (х, ат ‚у) == іп, (х,у) (а? )[ = mx, уу‘ RF ) ees 


Torna (5,0,П) является А-п-решеткой. 


ДОКАЗАТЕЛЬСТВО. 
Пусть (СВ) любой элемент множества 51-28 Притом, 
пусть 
деф = 
(а) (х,у) € Sues <> (х,ап72,у) e s 


для всех x,y € S. Отсюда, ввиду определения 23, находим, что 
является РАТ отношением в множестве 5 для каждого (а? n2) = 
2) и Oty) S ж-з), 
ai 
где x H у любые элементы множества S, определены следующим ó6pa- 


(ауу? 
e 5) 2. Пусть, далее, множества G({x,y}/s 


зом: 


o мА 


це = 
2 € 6((х,у)/5 oen ) <=> GX e 51725) (x e 6({х,у}/5) A 


Az = X(aj- 2) и 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 
ИЕ 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


114 Я. Ушан 


———» 
2 < DU(x,y)/S ту) C93» (ax e 51725) (x e 0((х,у)/5) A 


n-2 


Az = х(а, )) 


п-2 п-2 
‚для всех 2 © $ и каждого (ai ) «S ; речь идет о множествах 
2% 


всех верхней и нижней грани множества {x,y} в (5,5, a ). OT- 
сюда, ввиду предположения, что (5,3) К-п-решетка и определения 


(а), находим, что имеют место импликации 


-2 z 
z € G(x, y}/S car?) ) => (M y} (ар Z) e Sar и 


- E n-2 ne 
ze Mes а)? => (zm x,y} (ay )) е $ (ап 2) 


> п- 
для всех 2 < $ и каждого (а? 2) є 5 zn Таким образом, если 


at х,у) ES М(х, "ICH 2) и 
п-2 


=2 
May“) (x.y) de м ) | 
для всех x,y © S, то (5,\(а e eftt -2 )\) А- к соответст- 


вуюущая В-решетке (S, "Зап ›) для S о (а? 2, eis Отсюда, 


наконец, учитывая (2) и e находим, что оте, доказана. 
На табл. 1,-1,, 2,-2, описана А-3-решетка (122732417 


U,n). Притом: U(x,a,y) де W (х,у) (табл. 1,-1,) и П(х,а,у) 


aeg (a) (x,y) (табл 2 1-2 4) - На системе диаграмм 31-34 изображена 


соответствующая R-3- ла ((1,2,3,4},5). Притом: (x,a,y) € s ass, 
(х,у) е 5. 
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(231234 
1] 13 1 
21234 
33333 
11434 
Табл. 2, Табл. 2› Табл. 24 Табл. 24 
4 3 
2 1 
4 3 
3 2 1 ^ 
1 2 
4 
1 2 2 
5, 5, 5, 5. 
Muar. 31 Диаг. 35 Muar. 33 Диас. 3, 
*k * * 


B [L] автором определенно понятие (1,)}-нейтральной onepa- 


ции п-группоида; п € М\ {1}, i # j, (i,j) € (dees Anges В частпо- 
п-2 


ист Ter EEO > Q является (1,п} - нейтральной операцией п-групп- 


оида (Q,A) тогда и только тогда, когда имеет место формула: 


(=) (va, e QT 2 (vx e 0) (Ах, ат ^, e (a 7) = x A 


^ A (e (a2 7) ай 7, x) - x). 
Если п, = 2, то речь идет о нейтральном элементе группоида. Иначе, 
в п-группоиде существует ве больше чем одна {1,п}-нейтральная 
операция [1]. Подобно определим {1,п}-нулевую операцию п-группои- 
na; пен \ (1): 
Пусть (Q,A) п-группоид, пе N V(1). (n-2)-apnyw опера- 
цию Ов MHOXecTBd Q назовем {1,п}-нулевой операцией п-группоида 


(Q,A) тогда и только тогда, когда имеет место формула: 
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(о) (va, e 01172 (vx e 0) (л(х,ап72,0(ап-2)) = Ola 2) л 
" 
n-2 n-2 ә п-2 
^ М(О(а, ),а} 1x) = O(a, )). 
Если n = 2, то речь идет о нулю группоида. Иначе, B п-группопде 


существует не больше чем одна (1,п)-нулевая операция. Именно, 


из предположения 


Оен Т ала О (а, 2)) = оа,” 2)» н 
1 1 1 
ВО а и) а Ж О(ау 2) = Ota, 2) 
п-2 
для любых aj Е 0, паходим, что 
PS2 п-2 
j Ola, ) = O(a, ^) 
п-2 
для любых aj е 0. 
ТЕОРЕМА 6. Пусть (S,U,n) А-п-решетка и |S| є М. Tor- 


да существуют (олнозначио определение) (п-2)-арные операции О и E 
такие, что 

а) О и E {1,п}-нейтральные операции, в том же порядке, 
л-группоидов (Spl) Ta. (Sst) и 

6) On E (1,n)-nymzeBBle операции, B TOM же порядке, n- 


группоидов (S,U) и (S,0). 


ДОКАЗАТЕЛЬСТВО. 
Пусть (aria) любой элемент множества RM Положим: 


деф m 


(а) Wal 2) Guy) == uap 2, у) и 
(B) AEN (x,y) 228 E у) 


для любых x,y Е $. Отсюда, учитывая определение 1, находим, что 


(S, \ (а al £5 Г( )\) 


n-2 n-2 


решетка для каждого (a, Jes - Далее, так как 15| = М, находим, 
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Р что для каждого (а?) = 57-2 существуют однозначно определение 
элементы otal?) и E(at 2) удовлетворяющие условиям: 
(vx € $) (X272) (x, ota] ^1) =x A 
^ (ап 2) до(ай-2) x) = х); 
(x є S) (Mah?) x, E(a277)) = x A 
^ fta? ^Y (Е(а172),х) = х); 
| (ух = s) (Ma?) (х,о(а172)) = о(а 2) ^ 
? 


^ fta? °ў\ (о(а!”?у,х) = о(а?77)); и 


(vx € 5) (al y Е (ай 70) = E(al 7) A 
^ (abe? yy (g(a?72),x) = Е(а ^)) 
для каждого (a2?) є gum Отсюда, наконец, учитывая (а) и (В), 


ввиду (є) и (w), находим, что теорема доказана. 
E 
А-З-решетка ({1,2,3,4},U,N) определена на табл. li-l,, 
21-24 удовлетворяет условию [S| € М из теоремы 6. Притом опре- 


‚ рации О и Е являются подстановки: 
C 03234 [n 24 zh 
о ТЕ 


ПРИМЕЧАНИЕ 

Автор и Б. Шешеля в ряде работ рассматривали различные 
обобщения PAT отношении Ha п-арный случай. Например: On some ge- 
neralizations of reflexive, antisymetric and tranzitive relations, 
Proceedings of the Symposium n-ary structures, Skopje 1982, 175- 
183. 
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REZIME 


n-MREZE 


U radu se definišu A- i R-n-mreZe kao jedno uopštenje A- i R- 
mreža. Pri tom, u R-n-mrežama tačna gornja i tačna donja ograničenja 
se definišu kao (n-2)-arne operacije. Utvrđuje se odnos između A- i R- 
-n-mreža i opisuje predstavljanje n-mreža pomoću mreža. Na kraju se do- 
kazuje da u svakoj konačnoj n-mreži postoje (jednoznačno određene) 
(n-2)-arne operacije O i E takve da su (1,n) -neutralne operacije [1], 
redom, и n-grupoidima (5,0) і (S.N), te da su {1,n}-nulte operacije, 
redom, u n-grupoidima (S.n) i (S.u). 


SUMMARY 
n-LATTICES 


In this paper ме define A- and R-n-lattices as a generalization 
of A- and R-lattices. In a R-n-lattice the exsact upper and the exact 
lower bounds are defined as (п-2)-эгу operations. A relationship bet- 
ween A- and R-n-lattices is established and a representation of n- latti- 
ces using lattices is described. Finally, it is proved that in each finite 
n-lattice there exist the unique (n-2)-ary operations O and E which are 
{1.n}-neutral operations [1], respectively, in n-groupoids (S.U) and 


(5,п), and also {1.n} -null operations, respectively, in n-groupoids 
(5,1) and (5,0). 


Received by the editors June 01, 1990. 
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“ 


РЕЗЮМЕ 


В работе рассматриваются п-квазигруппы Бола [2], т.е. п- 
квазигруппы удовливоряющие тождествам под nB, и пВр. которые для 
п = 2 превращаются в левое и правое тождество E na [3-5]. B п-квази- 
группе Бола (Q.A) существует {1,п}-нейтральная операция [2], т.е. (n-2) i 
-арная операция e удовлетворяющая условию (1); [1]. Таким образом, n 
-квазигруппы bona для п = 2 являются лупами Муфанг [3-5]. В настоя- 
‚щей работе доказываются некоторые свойства п-квазигрупп bona и для 
п 2 3 находится одна характкризация п-квазигрупп Bona. 

* 

В [1] автором определено понятие {1,)}-нейтральной 
операции n-rpynnouna; п е NV (1), i # j, (1,3) < (1,....n)°. 
В частности, е : 9 > О является (1, п}-нейтральной операцией 
п-группоида (Q,A) тогда и только тогда, когда имеет место фор- 
мула: 


n 


(2) (уа; e QT ^ (vx є о) (А(х,а072,е(ап—2)) =x A 


AMS Mathematocs Subject Classification (1980): 20005. 
Key worda and phrases: quasignoups, groups, Hougang Loops, 
operations on п-длоцроќйљ. 


(4,4) -neutral 
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DENS (80-7), ап 2,к) = x). 


Если п = 2, то речь идет о нейтральном элементе e(v)P . иначе, 
B п-группоиде существует ne больше чем одна (1, п}-нейтральная 
операция [1]. | 

В [2] автором введены п-квазигруппы Бола. Речь идет 


2) 
о п-квазигруппах (О,^) удовлетворяющих тождествами: 


nB, a(a(Pxt, aly, "x))),z zn 1 = AMR Ay ПХ? A(x, 2271))) 
и 
DBR а хт) = А(А(А (2071, x) ,Px?, y), x) 


Если n = 2, то в квазигруппе (Q,A) имеют место левое и правое 
тождество Бола [3-5]. В п-квазигруппе Бола существует {1,n}- 
-нейтральная операция [2]. Таким образом, п-квазигруппы Бола 
для п = 2 являются лупами Муфанг. 

Ввиду теоремы 9 из [2], имеет место следующее утвер- 
ждение : 


ЛЕММА 1. Если (Q,A) п-квазигруппа Bona и n 2 3, TO 


существует группа (Q,B) такая, что 


п-2 п-2 


- A(x,b ry) = B(x,B(e(b, ym My) 


для любых х,Ь172 у € О, где e {1,п)-нейтральная операция n- 
-квазигруппы Бола (Q,A) и 7l взятие обратного элемента в группе 
(Q,B) e : 


Притом имеет место и следующее утверждение: 


1)Последобательность Bp +--+ (Eq (rne р,...,9 последовательность 
натуральных чисел следующих друг за другом) для краткости об- 
означаем через РЯ; в частности: РР = B, - Подобно, последователь- 
ность а,...,а обозначаем через а. Далее, под gal , pe М, и 
под ф понимаем пустую последовательность (orcycrnne последова- 
тельности). Притом, если речь идет о, например, 51,6} (или gi, 
e), то gi,ei (или 23 ‚е) считаем последовательностю рі, и если 
речь идет o е?(или &) в некоторых случаях будем обозначать через 
а; например Е (a9) будем обозначать через F(a). 


2) [6]. 
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икрой 


ЛЕММА_2. [2]" пусть (Q,B) группа, t отображение 
множества 09-2 в мпожество О и п 2 3. Пусть, далее, для n=3 € 
подстаповка мпожества О, и для п > 3 (0,7) (п-2)-квазигруппа. 


Тогда, если 


= деф эшке 
A (x, b 2 y) = B(x,B(t(by 2 yy 
і 
для любых А = Q, To (Q,A) п-квазигруппа Бола и ғ ee 


{1,п}-нейтральная операция. 
* ve 


УТВЕРЖДЕНИЕ 3. Пусть (Q,A) п-квазигруппа Bona и 
п 2 3. Torna в (Q,A) имеет место тождество <1,п>-ассоциатив- 


ности, т.е. тождество: 


n-2 


1 


ПЕ 


Л (А (х,а 1 


,2) = A(x,a У ЭУ 


Доказательство. 
Ввиду леммы 1, находим что имеют место равенства: 


п- п-2 


2 
А (А (х,ау (Y) bà ‚2) 


= B(B(x,B(e(a} 77)! ,y)) pte (0772) 71,2) и 


Ах, ай 2, Aly, be 2,2) ) = 
= B(x,B(e(ay 2) -1в(у,в(е (5772) 3 ,2)))) 
И мп2 э - 
для любых х,у,®,ау rby Е О; е является {1,п}-нейтральней 


операцией п-квазигруппы Bona (Q,A). 


Отсюда, так как (Q,B) группа, находим, что утвержде- 
ние доказано. 


УТВЕРЖДЕНИЕ 4. Если в п-квазигруппе (Q,A) имеет 
место тождество <1,п>-ассоциативности, то (Q,A) п-квазигруппа 
Bona. 


Доказательство. 
Учитывая факт, что в (Q,A) имеет место тождество 
3) Теорема 10. 
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<1,п>-ассоциативности, находим, что в (Q,A) имеют место следу- 


*"  ющие равенства 
n-1 2n-1 3nz2. 23 
(a) ^(^ (а) „А (ат )) „азл ) z 
n-1 2n-2 3n-2 
Ala, Alan "А (а 1-1))) 
и 
' п-1 2n-1 3n-2 ыы 
(6) Ala, „Ал (an No 2n )) = 
M n 2n-1 3n-2 
= A(A(A(ay) ,an,, 1145, ) 
для любых Open е Q. 
Если, далее, положим 
п 20 _ n=) > 3n-2 _ .n-1 А 
ew - Caen C РЫР а>, вел в (а); и 
n-l _ .n-1 2n-2 _ -3n-2 . п-1 " 
ay — By то в = a5, = X , 855-1 y в (6), 


находим, что B (Q,A) имеют место тождества под nB, и пВь. 
Таким, образом, учитывая предположение, что (О,Л) п- 
-квазигруппа, утверждение доказано. . 
Следствием утверждения 3 и утверждениа 4 является 


следующее утверждение: 

ТЕОРЕМА 5. Если n € NV(1,2),. то п-квазигруппа (Q,A) 
является п-квазигруппой Бола тогда и только тогда, когда B 
{Q,A) имеет место тождество <1,п>-ассоциативности. 


Следствием утвержедия 3 является следующее: 


УТВЕРЖЕДИИЕ 6. Если (Q,A) п-квазигруппа Бола и п è 3, 


то в (Q,A) имеют место следующее тождества: 


n = = = 
nLA A(A(x) ,"x2,y) = a(x? AQ y)); 
= = = n 
nRA А(А(х, Py!) Pyl) = atx,Py?, a (y): и 
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0 п-квазигруппах bona 
z = = -1 ^) 
АЛЯ „уй nxly = Nou NAP 


Учитывая утверждение 6 (nE), находим, что имеет Me- 


сто и следующее утверждение: 


УТВЕРЖДЕНИЕ 7. Если (Q,A) п-квазигруппа Бола и 


*n 23, то в (Q,A) имеют место следующие тождества 


п-1, 


nMl ААА у), 91), 21 


АТ aly P2, (x,2271))) 5 и 


? nM2 А АТ (PR) А (y, АП) - AG (GI Lx), ^x? у) Пхи). 
Для п = 2 пм! и nM2 явлаются тождествами Муфанг. 
Таким образом, утверждение 7 имеет место и для п = 2 [3-5]. 
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REZIME 


O n-KVAZIGRUPAMA BOLA 


U radu se razmatraju n-kvazigrupe Bola [21, tj. n-kvaziarupe (О.А), 


4) Утверждение имеет место и для п = 2 [3-51; для n = 2 


z = п-хзази- 
группа Бола является лупой Муфанг. 
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ne NN (1), u kojima važe zakoni pod nB, i nB,, koji se pri n = 2 svode 
na levi i desni Bolov zakon [3-5]. U n-kvazigrupama Bola postoji (1,n)-ne- 
utralna operacija [2], tj. (п-2)-агпа operacija e koja zadovoljava uslov pod 
(1). Na taj način, n-kvazigrupe Bola pri n = 2 jesu lupe Moufang [3-5]. 
Svaka n-kvazigrupa Bola pri n 2 3 moze se predstaviti superpozicijom jedne 
binarne grupe i jedne (n-2)-kvazigrupe (odnosno permutacije pri n = 3)[2). 
U ovom radu se utvrduju neka svojstva n-kvazigrupa Bola i, za n 2 3, 
nalazi jedna njena karakterizacija. 


SUMMARY 


ON BOL^S n-QUASTGROUPS 
In this paper Bol's n-quasigroups are considered [2], i.e. n- 
-quasigroups (Q,A), пе М \ {1}, satisfying the laws 
ACA C LA Cy P )),207!] = ACK LAG Ix? A Qo 21710): 
and п-1 nzl 4, nzl n-1 nz2 .,n-1 
Alz „ААС x.y), x )) = А(А(А(2 ox), х ‚у) ). 


which, Гог п = 2, reduce to the left and right Bol's laws [3-5]. In Bol's п- 
-quasigroups (Q,A) there exists (1,n)-neutral operation [2], i.e. (n-2)-ary 
. operation e satisfying the condition 


(va; є QT (Yx e QM (AGa ela] 7) = x ^ 
^ Ale(ay “).aq ^ ,x) = x) [1]. 
In this way, Bol's n-quasigroups for п = 2 are Moufang's loops [3-5]. Each 
Bol's n-quasigroup, n 2 3, can be represented by superposition of one bi- 
nary group and one (n-2)-ary quasigroup (permutation for n = 3) [2]. In * 


this paper some properties of Bol's n-quasigroups are established and for 
n 23 a characterization of them is given. 


Received by the editors June 1, 1990. 
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РЕЗЮМЕ 


В статье вводится понятие {ї,ј)-нейтральной операцией в (n,m)- 
группоиде как одно обобщение {1,}}-нейтральной операции в п-группоиде 
[1], и, таким образом, как одно обобщение нульарной операцией - взятие 
единицы в группоиде (определение 1). Понятие определено для (п,т)-груп- 
поидов (Q.A), А: ОП + От, (n,m) Е №, удовлетворяющих условию: 
п 2 2m. Притом: i € (1...., n-2m*tij, j € (m*i,...,n-m*1) и j-i 2 m. 
В (n,m)-rpynnouae (n 2 2m) не существует больше чем одна (i,j) -нейтральная 
операция для каждого (i,j) = №. Основной результат относится к (п,т)- 
-группам и (п, т)-полугруппам [2-4] (определение 21 и 22): если п 2 3m, 
то (п.т)-полугруппа (QLA) является (n,m)-rpynnow тогда и только тогда, 
когда (Q.A) обладает {1,п-т+1}-нейгральной операцией. 


n 
Пусть А отображецие множества О" в множество О" и 


(n,m) е (№9(0}) х М. Если м = 1, то речь идет о п-арной операцией. 


Притом, в частности, для п = 0 (м = 1) речь идет о нульарной 


операцией в множестве Q. Иначе, А называется (п, м)-ариной огераци- 


TANS Mathematics Subject Сбаљљ ёб (сасон (1980): 20405. 
Key words and phrases: n-groupo ides, (u,m)-groupoides, (n,m)-semégroups, n- 
groups, (n,m)-groups, {4,3 }-пецлаё operations оп (п.т) -gaoupo£da. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


ee __ —WOWi_C_éf К: Г 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


126 Нейтральные операции (п,т)-группоидов 


ей в мпожестпе О, Если, притом, n = 0, то речь идет о обобщении 


нульарной операцией ((A : o? о, мем). B примере (n,m))e 


# №, упорядоченная пара (Q,A) называется (п,м)-гоуппоидом. При- 


TOM, (п,1)-группоид является п-группоидом. 


Определение 1. Пусть (Q,A) (п,т)-группоид и п? 2m, 


Пусть, далее, e (i j)' Где ie (1,...,n-2mii), је (um«1,...,n-m*l) 
t> 


n-2m 


ne e A m 
и j-12 m, отображение мпожества о в множество Q . (n-2m,m)- 


-apnym операцию ? (s j) назовем {1,)}-пейтральной операцией (n,m)- 
, 


группоида (Q,A) тогда и только тогда, когда имеет место формула: 


(1) (va, е QUI Mix, е Qtr eg s ar 2" MEE 
ND = GOD ^ 
Du ern. (as 7),2572*) = Gn. 
Если m = 1, то (1) превращается в: 
ЕЕ ОЛАСЕ араат 05, 5) E 2), 2, хат 
A ME EnaA A E SE = x) 


Таким образом, если m = l, то (Q,A) является п-группоидом, n € ? 


- t 
y 


EENEN CUPEN e) {1,)}-нейтральной операцией в п-группоиде 
(Q,A), введепой автором n [1]. 


Если n = 2m, то (1) превращается B 


(wx, € DAG (9) хт) = (xy) A 


m m 
^ MCS oT па) (03) = uy ome 


1) Последовательность gp,...,gQ (где р,...,9 последовательность 
натуральных чисел следующих друг за другом) для краткости 06- 
означаем через gj; в частности: 9р = g,- Подобно, последова- 

тельность a,.,.,4 обозначаем через å. Далее, non gF!, ре М, и 

под 9 понимаёй пустую последовательпость (отсуствие последователь- 

ности). Притом, если речь идет о, например, gic? (или g?,e), то 

gj,e, (или 92,@) считаем последовательностю gi, и если речь идет о 

ej (или ©) в некоторых случаях будем обозначать через ® : например 

F(a?) будем обозначать через F(a). 
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Таким образом, если п = 2m, TO i = 1, j= mi и ?(1, —Ó jc sig" 
(о,т) -арной операцией в множестве Q (т. ea, п+1}: QO w— Quy. 
Притом, в частиости, для м = 1 речь идет о нульарной операции 
e - T с ие е А). 
{1,2} взятие единицы е {1,2} (7) в группоиде (0,A) 


G 


Теорема 1. В (n,m)-rpynnonne, п 2 2m пе существует 


бильше чем одна {1,)}-нейтральная операция для каждого (i,j) € 


є {(а,Ъ) [а = (1,...,n-2m*1) ^ b € (mtl,...,n-m*l) ^ b-a 2 m). | 
К 
Доказательство. л 
п-2т, „т = Не. | 
Пусть существуют е 20-5 Q Q M *(i,5) p 
.o" удовлетворяющих условиям: 
1-1 n-2m, ,j-m-1 м _n-2m, _ ,,m й 
Л (а Ogg, 5) (21 ),ai (11832 ) (х) A 
DE. X. ж; = Ё 
^ A (al- RD ml eji 5) (21 DFE = (x2) я T 
, UN я 
1 
>] Ж = n-2m j-m-1 „m ,n-2m my д ; 
А (а7 "оша ) ‚аз DAT j-m ) (ут) f 
j-m- -2 
для каждого (ay ме = о” 
me a находим, что имеют место равенства 
att n-2m пе = n-2m n-2m, _ 
A(ai ei, 3} (81 ) ‚а; ("e 5} (21 ам ) 
n-2m 
eti, TE 1 ри 
nci n-2m j-m-1 n-2m n-2m, _ 
А (а? егі, 5} (21 ) ‚а: ер, 5} (21 ), j-m ) 
n-2m 
ее 3 } (а 1 ) 
для любого (aj. 2X € Queens откуда получим, что 
| 
n-2m, . n-2m 
eii, уаз п) = SM 3103 ) 
для каждого (ушш) e 09-2"; 


CC-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Digitized by Arya Samaj Foundation Chennai and eGangotri 
128 Нейтральные операции (п,т)-группоидов 


Утверждение доказано. 


Учитывая факт, что формула под (1) эквивалентна форму- 


ле: 


m MAL S Q1 T" tx. е oy Talay Ж AS y ages ашк. 
ауы) = (xp) ^ 
^ (ма, е о)? m (ux є Оза саатах тта, 
Sar CUNT ву, 


подобним способом (из доказательства утверждения 1) доказывается 


следующее утверждение: 


Утверждение 2. Пусть (Q,A) (п,т) -группоид, п 2 2m. 


Пусть, далее, существуют отображения *(,3)! 0172" , gm и e(5,i) 
9" 2" > o", где i e (1,...,л-2т+1), j € (mtl,...,n-mel) i ji 2 
2 m, удовлетворяющие условиям: 
1 x = n-2m - m 1-1 n-2m j-m-1 .m 
(1,) (va, 0) ү (Ух, € 0) ЗА (ат ез, 3) 01 ),ai ‚хү, 
п-2т m 
93m D = (шр t 
n-2m m i-1 м _j-m-1 n-2m 
Op (Уа, € 2) (ух, є Q)1A(ai Xray е1) (81 ), 
n-2m RE m 
am ) (ху) 
Тогда имеют место равенства: 
n-2m, _ n-2m, _ n-2m 
4 еса, 3) En ) sos en ) е (35 594 1 ) 
для каждого (ам) G on-?m. где ег; 3) {1,)}-нейтральная onepa- 
ГА 


ция (n,m)-rpynnouna (Q,A). 
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Обобщая понятие п-группы Дёрнте [5], Г. Чупона в [3] 


определил понятие (п,м)-группы следующим образом: 


Определение 2. - [3-4]? Пусть А отображение множества 
n m 
О в множество О’, где п > т и n,m € М. Объект (Q,A) называется 
(п,м)-группой тогда и только тогда, когда (Q,A) удовлетворяет 


следующим условиям: 


E 2n-m n 2n-m, _ j j*n 2n-m 
1° (va; e Qi А(А(а]) арфу ) = Alay Alas) ғазап) 
для каждого j © (1,...,n-m); и 
2° каждое из уравиений Аха O = (Ыр) и А(ат ", ут) = 
= (bp) разрешимо однозначно для любых айт p? erg: 


Притом имеет место и следующее опеределение [2]: 


Определение 25- [2-4] (л,т) -группоид (Q,A), п > m, 
называется (п,т)-полугруппой тогда и только тогда, когда имеет 


место условие под 1°. 


Утверждение 3. Если (Q,A) (п, т) -группа и n 2 2m, 
то (0,А) обладает (1, п-т+1}-нейтральной операцией. 


Доказательство. 
Пусть (Q,A) (п, м)-группа и n 2 2m. Пусть, далее 
n-2m м E 
ая ‚ст любые элементы множества О. Тогда, ввиду 2" из опреде- 


ления 21, уравпение 


(а) Ах an 2m, on) EY 


обладает единстевенным решением по неизвестной Gm. Решение 
—— 

2) В работе под [4] находим обзор результатов по теории (n,m)- 
-rpynn'4 (n,m)-nonyrpynn. Притом, в [4] доказываются новые pe- 
зультаты работающих в Семинаре "Векторско вредносни полугрупи и 
групи" - Ckonje. Иначе, все работы в сборнике "Vector valued 
semigroups and groups" относятся к теории (п, ш) -группоидов. 
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этого уравнения обозначим через 


AG ) n-2m 
(a ). 
(ie Ae) 1 


КСА ) 


Притом, для каждого (et ) eo" e 1t п-п+1) ЯВляется отображением 


множества О" 2m ИЙ OR 

Пусть, далее, (сү) фиксированный элемент множества Q. 
Тогда, ввиду 2° из рирелеления 21, для каждого сь? ) а Qn сущест- 
вует в точности один (yy) е.0“ удовлетворяющий rien es 


n-2m 
(6) (Emeric, ул). 


Далее, учитывая (a), (6) и 1° из определения 21: находим, что 


имеет место следующая цепь равенств: 


Ale (ст) n-2m n-2m 


m 

@ лыш ser» T a 

m 

(c,) n-2m -2 n-2m 

= Aleli nme (аа Muay uA, сү ‚уу)) = 

(cy 2 n-2m 
a n-2m n-2m m 2 aes 
Aeg mula; eap Cy) Cy Hp = 
E m n-2m m — m 
= Alc}; с; ‚уу) = (by), 


откуда получаем, что имеет место формула: 


cm 
n-2n 1) n-2m n-2m ,m, _ 
(уа, € Qu (b, e 0)? ate (91 И = 
T m 
= (bi). 
(cl) 


Притом, так как e 
(ст) 


1 
E (1, п-п+1) ОДНО M то же отображение для каждого 
(су) ео, е (1;п-п+1) Обозначим через е(1,п-т+1)` В самом деле, 


мы доказали, что в (n,m)-rpynne, n 2 2m, существует отображение 


n-2m m 
efl, n-m+1) ` Q EQ удовлетворяющее условию: 
n-2m m n-2m n-2m m, _ 
(ц) (а, є Q)4 (vx, е 0), А (егу, n-m+1) (81 ) ‚аз 1%) = 
= та, 3) 
= (хі). 
3) см. формулу под G4) из утвеождения 2 для i = 1 и j = п-ю+1. 
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Подобным способом доказывается, что существует и от- 


ображение SO mol 1) g on > о" ‚ удовлетворяющее условию: 
1 n-2m m m n-2m n-2m 
(ц') (Ма, € 0) 1 (Ух, € 0) у А(ху,а, ʻe (n-ms1) (21 )) = 
= (xP) “UE 


Наконец, учитывая факт, что существуют отображения 

е : 077256 о" ие : ap » Q^ удовлетворяю- 
(1,n-m+1) (n-m*1,1) 

щие, B TOM же порядке, условиям (u) и (u'), ввиду утверждения 2, 


n-2m 


п 
паходим, что существует отображение е о + Q Ta- 


(1,n-m«1)* 
кое, что 

1) e пеп * (1,n-m*1) = © (n-m«1)* г. 

2) e (1, n-ms1) ЯВЛЯется {1,п-т+1}-нейтральной операцией 
в (n,m)-rpynne (Q,A). 


Утверждение доказано. 


Лемма 4. Пусть (Q,A) (л,т)-полугруппа и (Q,A) обла- 
дает {1,п-т+1}-нейтральной операцией e; п > 2m?). Тогда, если 


п 2 3m, то в (Q,A) имеют место импликации: 


ia) А(ат,сү ") = A(bj,c] ^) => (ау) = (bj); и 
n-m m, _ n-m ‚т, _ nicam 
(В) A(c, са.) = A(c (Ьу) => (ау) = (bi) 
m,m n-m 
для любых а|,Бу,су є 0. 


Доказат:>льство. 
В каждом (n,m)-rpynnoHue имеет место монотония. Таким 
образом, в частности, имеют место импликации: 


m пм n-m 


(a) (af) = (br) => А(аү,сү ) = А(Ьү,сү Jz ж 


“) см. формулу под (1g) из утверждения 2 для i = 1 и j = n-mtl. 


5) определение 1. 
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= m JE m E n-m m ~ n-m m 
(B) (ау) = (61) => Alc] ",ap) = Alc] b]? 
для любых nU bruce e о. 
m m m n-2m 
Пусть a,, bi: € а, любые элементы множества О 


удовлетворяющие равенству: 
j 
n-2m 


m ,n-2m 
1 d ) 


m m 
A(a,,c ,d 1,9] 


) = һ(ь],с 


Отсюда, ввиду (9), 1° из определения 2, и определения 1, находим, 


что имеет место следующая цепь импликаций: 


n-2m 
1 


n-2m 


А(аү,сү,4ау ) = л(ьү,сү,а ) => 


9) = n-3m n-3m 
(а i су ‚,е(сү, с, )) 


E E n-3m n-3m 
Са Л) е (ал29) "e" etem, cy. )) => 


-2 = n-3m n-3m 
Alay, A (cT d? 7", e (ап 27) у, "С", е(ст, сү )) 


= = n-3m n-3m 
ие (а д, c] ,е(сү, сү )) => 


n-3m n-3m n-3m n-3m 
А(аү,сү, с, ‚е((ст, cy )) = (БТ, ст, €1 ‚е(сү, с )) => 


ту _ m 
(ay) = (Ыр). 


Таким образом, ввиду факта, что 9(1 => р) = T, мы доказали, что 
имеет место импликация 


m m .n-2m, _ m m ,n-2m, _ mo m 
А(аў,ср,ар ^) = A(by,cq,dy ^) => (ау) = (b?) 
для любых a ban Caran е О, T.e., что имеет место импликация 
под (а) для любых С e о. 
Подобным способом доказывается, что имеет место имплика- 


ция под (В) для любых ау,Бу,сү ` е 0. 


Лемма доказана. 


Следствием леммы 4 является следующее утверждение: 


Лемма 5. Пусть (Q,A) (n,m)-nonyrpynna и (Q,A) обладает 
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vt t 5 
{1,п-т+1}-нейтральной операцией e; л 2 2m^. Тогда, если п 2 3m, 


то каждое из уравнений 


m n-m, _ m n-m m, _ m 
А(ху,ау ) = (by) и Аа; "У]) = (bi) 
(no неизвестных (x?) и (Ут) обладает не больше чем одним реше- 
n-in 


m 
нием для любых а, „Бу є 0. 

Далее, учитывая лемму 4 и монотонии вида (а) и (В) из 
доказательства леммы 4, находим, что имеет место и следующее 


утверждение: 


Лемма 6! Пусть (Q,A) (n,m)-nonyrpynna и (Q,A) обла- 
дает {1, п-ш+1}-нейтральной операцией e; n 2 2m . Тогда, если п 2 


2 3m, то имеют место эквивалентности 


(9) Alero) = А, ср") <=> (ay) = (by) и 
д п-т m, _ n-m ,m b mw ni 

(В) A(c, ~aj) = Alc; ,bj) <=> (aj) (bi) 

для любых apbpelpo є 0. 


На основании леммы 6, учитывая доказательство леммы 4, 


. находим, что имеет место следующее утверждение: 


1 Лемма 7. Пусть (Q,A) (n,m)-nonyrpynna и (Q,A) обла- 
дает {1,п-т+1 }-нейтральной операцией e; п 2 2m?) Тогда, если nz 


23m, то имеют место эквивалентности 


n-2m 


А (xal, bi ) = (сү) <=> 


= n-3m n-3m 
(xf) = A(cT, eco? 2 a, relay, aj )) и 


n-2m m м 


A (bi ‚ат, ут) = (сү) <=> 


т, _ n-3m m, n-3m n-2m, м 
(yi) = Ale( ау aj}; а, ;e(b ),с) 


для любых albi “",су,хт,ут e о. 
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Ввиду леммы 5, леммы 7 и определения 21, находим, что 


имеет место следующее утверждение: 


Утверждение 8. Пусть (Q,A) (n,m)-nonyrpynna и (Q,A) 
обладает {1,п-м+1}-нейтральной операцией e; п > 2m . Тогда, если 


п 2 3m, ro (Q,A) является (п,м)-группой. 


Учитывая доказательство леммы 4, ввиду леммы 7 n YT 


верждения 8, находим, что имеет место следующее утверждение: 


Утверждение 9. Пусть (Q,A) (n,m)-nonyrpynna и (Q,A) 
обладает {1,п-т+1) -пейтральной операцией e; п 2 2m?) Torna, 


если n > 3m, то имеют место равенства 


n-2m, n-3m m n-3m 
1 ), x ,ela 


А(сү,е(Ь 


= n-3m n-3m 
A(cy'e (by сш НУ rela]? y )) и 


n-3m n-3m = 
A(e( x aj), x elb] 2m) cm) = 


n-3m n-3m = 
alel y aj), y ety 2" 


me va m ,n-2m m €) 
n любых а,Ь, ‚ст,х,у є О. 


Наконец, учитывая утверждение 3 и утверждение 8, находим, 
что имеет место следующее утверждение: 


Теорема 10. Если n 2 3m, ro (n,m)-nonyrpynna (Q,A) 
является (п,п) -группой тогда и тольхо тогда, когда (Q,A) o6- 
ладает {1,п-т+1)-нейтральной операцией. 


=: 


ye FEE Sa n-3m = 
6) Для п = 3m х и y являются пустимы последовательност- 


“ 
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Примечание. 

Г. Чупона мне обратил внимание на факт, что результат 
из теормы lO для m = 1 (теорема 7 из [1]) в иной форме уже из- 
вестен. Именно, в [6] и [7], в том же порядке, доказаны следую- 
щие утверждения: 

а) п-полугруппа 0 ([ J) является п-группой (n 2 3) 
тогда и только тогда, когда существует одна (п-2)-арная операция 
@ i О такая, что для каждых Xj,...,Xu 5,y € О имеют место 


равенства: 
[уху ee х2 (1 e х2) ЈЕ = у= 


= хр рә) 0X, eee X8 -2Y] 


([6], стр. 11); и 


6) Пусть (G;f,g) универсальная алгебра, где f п-арная 


ассоциативная операция, g (п-2)-арная операция и n > 2. Тогда 


имеет место: (G;f,g) является п-группой тогда и только тогда, 
когда 
п-2 п-2 ЕЙ — 
#(у,х. 1g Oa ),ху )7y ^ 
=2 п-2 k-1 


< 
M 
< 


для некоторых 1 5 К, j $ п-2 и всех У,Х1,--- Хр 


2 ес (7), 
Corollary 5). 
Притом, в [6] и [7] не встречаются сознания о TOM, 


что операции ( at и g являются обобщением нульарной операцией 


= взятие единицы B группоиде, и, что речь идет о однозначно 


определеных операциях. 
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REZIME 
NEUTRALNE OPERACIJE (n,m)-GRUPOIDA 


Ц radu se uvodi pojam (i,j) -neutralne operacije (n,m)-grupoi- 


da kao jedno uopštenje {i,j} -neutralne operacije n-grupoida [1], i, na taj 
način, kao jedno uopštenje nularne operacije - fiksiranje neutralnog elemen- 
ta u grupoidu (definicija 1). Pojam je definisan za (n,m)-grupoide (Q.A) 
(A:Q" - От, (nim) e N?) koji zadovoljavaju uslov: n 2 2m. Pri tom: i € 
Е {1,...,n-2mt1}, j E€ {м+1,...,п-т+1} i j-i 2 m. U (n,m)-grupoidu za sva- 
ko (i,j) € N?. Osnovni rezultat rada odnosi se na (n,m)-grupe i (n,m)-po- 
lugrupe [3-4] (definicije 21 i 22): ako je n 2 3m, onda je (n,m)-polugrupa 
(Q.A) (n.m)-grupa tada i samo tada, kada (Q,A) ima {1,n-mt1}-neutralnu 
operaciju. 
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SUMMARY 
NEUTRAL OPERATIONS ОМ (n,m)-GROUPOIDS 


In this paper the notion of {i,j} -neutral operation of (n,m)- 
groupoid as a generalization of {i,j} -neutral operation of n-groupoid [1] 
is given. In this way, as a generalization of a nular operation - a neutral 
element is fixed in the groupoid (Definition 1). This notion is defined for 
(n,m)-groupoids (Q,A) (A:Q" » 9", (n,m) Е М?) which satisfy the condi- 
tion: n 22m. In addition: i є (1,...,n-2m*1), je ( m*1,...,n-m*1) and j-i 
2 т. In (n,m)-groupoid there is at most one {i,j}-neutral operation for 
each (i,j) є N?. The main result of this paper is concerning (n,m)-groups 
and (n,m)-semigroups [3-4 | (Definitions 21 and 22): If n 2 3m, then an 
(n,m)-semigroup (Q,A) is an (n,m)-group if and only И (Q.A) has an 
{ 1, n-m*1 ) -neutral operation. 


Received by the editrors September 24, 1990. 
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Ser. Mat. 19,2, 139-147 (1989) MATHEMATICS SERIES 


A QUADRATIC SPLINE DIFFERENCE SCHEME 
FOR А SELF-ADJOINT BOUNDARY VALUE PROBLEM 


K. Surla 
Institute of Mathematics, University of Novi Sad, Dr Ilije Duricica 4, 
21000 Novi Sad, Yugoslavia 


Abstract 

The exponentially fitted quadratic spline difference scheme for the ү 
problem: -єу” + q(x)y = f(x), O« x < 1, y(0) = a, y(1) = а, is derived. р 
The scheme has a second order accuracy, under some conditions, оп the 9 
functions q and f. The numerical results are also given. 1 


1. Introduction 


The quadratic spline collocation method ([3], [2]) when applied with a 


unlform mesh of size h to problem 


ee 


(1) 


a 


Р = -єу" + а(х)у = f(x), 0 <х < 1, 
y 1 


(0)= <, y(1) 


has the condition 


hq /€51, а 


Pi h 
(2) 1+1/2 а р 


1+1/2 


= 1(1)п+1, х=0, x =} 
i 1-1 о nee 


> 
и 
х 
! 
х 
- 


AMS Mathematics Classification (1980): 65L10 
Key words: quadratic spline, difference scheme, fitting factor. singular 


perturbation problem. 
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which leads to spurlous oscillation or gross inaccuracies іп the 
approximate solution. In order to avold this difficulty, we introduce an 


exponenlially fitting factor 


(3) А ла [ у № йүз Чиа” 2" 


зр, 


affecting the second derivative. Because of this the spline collocation 
method becomes uniformly stable in c and the corresponding difference 
scheme is uniformly convergent. The exponentially fitted cubic spline 
difference scheme for the same problem is derived in [4]. According to [3] 
the quadratic spline has some adventages over the cubic spline in solving 


the above problem. The numerical reulsts illustrate this fact. 


2. Derivation of the scheme 


We shall seek the approximate solution of problem (1) in the form of 


the quadratic spline v(x) є С' [0,1] and on each interval ix, sx, Lud v(x) has 
the form 


(0) (1) (хех) (2) 
v x = у + х-х v + — v 
i ) 1 ( W 1 2 1 


The constants VON ‚ k=0(1)2 are obtained from the equations: 


(2) 
v 
(2) (0) (1) 1 
4 * = a Ern a 
(4) uM 9.1/2 [и Зе НЯ jen аи 
2 
(5) yi. yi + hv? + ho yi?) 
y t den 1-1 2 1-1 
(5) y. (1) + ny?! 
1 1-1 1-1 
Мет Чо” ogre d 
әу) 
From (6) we have veu ———— and, then, from (4) and (5) we have 
(1) (1) 
* - = 
7) P Yis s faire Ч, „изу, 
p," - e * а /8 5 = с + зһ AB. 
И i {+172 ы 1 П 1+1/2 
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(8) vU У = 209 -v)h, v 0002 
1 #1 ! 1+1 1 1 1 


From (7) and (3) we get 


Gr) 1 C > oo $, - 
(9) У, 2 77 Ка eu а 4 f 51721 Tea et I1, 
UN va EE I h-q hv‘? s 2s (у -v )/hl, — i-0(1)n-1. 
{+1 P,-75, 14172 01:172. 1 п eT. 1 


If we replace the subscript i by i-1 in (10) and, then, equalize (9) 


and (10), we obtain the scheme: 


(11) R v= Q, f > 1='{1}и where 
Ву = гү + гу os rv 
h | 1-1 1+1 
Sf Ч aas * UM etre 
- 1 + 1 
r= - —— ome c TA 
h(l + sit Р, 10 h(1 + shp) 
2sh p 
c - * 1 
кез = i — үзә дї ЕКА , И. 
у ua 1 n(sh pii 1) 
2sh^p 
* + 1 - + 
о ан ND 


3. The truncation error 


The truncation error of scheme (11) for an arbitrary smooth funcion 


r(x) is defined by 


1G) - Rr = о (LO, 


E 
Lemma 1. The truncation error of scheme (11) for у(х) є С 10,11 has the 


form: 


а 
507 Р; еа 
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3-k 
_ (1/2) "i? = 
Pii E о" У к = (>) 7 (6), X SN 
п? 
Pio s ы 4,172 8^? VIR 7 Я, /2 Wh + Galt eat y ara us enel 
Proof. 


T (У) z В, Cr, 7v) = К 7, . The function z(x), 


z(x) = у(х) - v(x) є С' [0,1], satisfies the following system equal ions 


2 
(2) (0) h (1) h " 
Ee. * z + = + -+ = - -є 
INI 9,172 ( 1 2 zi 8 MTS ИЕ AS. с) У, 
2 
(0) (0) (1) h (2) 
2 = 2 + hz + 52 + y 
1 1-1 1-1 2 1-1 1,0 
et. „Сї + nz ?? ty 
1 1-1 1 - 1,0 
(1) (2) 
By eliminating Lhe constants и апа У, from the above equations 


in the same manner as In the derivation of the scheme, we obtain the 


statement of Lemma 1. 


Lemma 2. The truncation error of scheme · (11) for the function 


у(х) є Ca [0,1] has the form: 
if - n 
n) xps Ly (&,) жт гу (&,) + є(ч ИР + 


x E] 35 £j = E 
1-1 5, 1 62 х .: 


Proof. lt follows from Taylor developments at x.. 


4. Proof of the uniform convergence 


The following lemma from [1] gives us the property of the exact 


solution which we shall take into account in the proof. 
Lemma 3. Let у(х) є @- 10,1]. Let а’ (0) = q’(1) = 0. Then, the solution of 
(1) has the form 
у(х) = u(x) + w(x) + ef), where 
а, ехр(-хУа{(0}7= ) 


a, exp(-(1-x) vq(1)7e ), 


u(x) 


w(x) 
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(1-1/2)1 
Е 


je Go| s а + ), 1-0(1)4, 


ay а, are bounded functions of Е independent of x, and Н Is a constant 


independent of є. ; 


Theorem 1. Let the conditions of Lemma 1 be fulfilled. Let vi Ј=0(1)п+1 
be the approximation to the solution у(х) of (1) at the grid points 
obtained by using (11). 


Then, the estimate: 
|y ix? - v] s M, j=0(1)n+1, where M 15 a constant independent 


of Е and h, holds. 


Proof. We shall estimale separately the truncation error for each function 
u, wand g (see [4]). 


Since, т, (и) = 0, т (w) = 0 Гог q(x) = q(0) = const, we have 
т, (и) = т, (u) = т, (и), +|(#) =q (w) - т, (w), 


where т, (и), т, (w) are the expressions т, (и) and т, (w) with 


q(x) = q(0) = const. 
After some Taylor developments in the corresponding expressions from 


Lemma 1, we obtain that 
3 2 
| G0], je G0] s е when Ве. 


For т, (8) we also use the form given by Lemma 1, and from Lemma 3 не 


have that 


|r. (g)| = нп, h*c. 


Thus, (Lemma 3) we have 
2 3 2 
(12) Ix, (y)| < Mh /e when h = є. 


Let £ < n. Then we use the truncation errors for u, w and g in the 


form given in Lemma 2. 


-1 
Since all the coefficients in scheme (11) are bounded 'by Mh , we 


obtain directly that 


Iz, (g)| = Mh. 
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Using the fact that 


t (и) = t, (u) - т(и), т, (=) = т, (w) - т(и), 


latx) - q(0)| = Mx, from Lemma 2 and Lemma 3 we have that 


|e, (u) |, |v, (w)] 3 Hh, when єз has 


Thus, 


(13) [ОО №№, for es n^. 


Denote by A the matrix of system (11). Since, 


[усх ) - vil 5 IC ex It, G2] and 


2, РЕР Mc/h , 25 c. 
JA [| = max [ro + r+ rl s 2 
1 Mh , fas his; 


from (12) and (13) we have that Theorem 1 is valid. 


S. Numerical results 
5 


Our test for the order of uniform convergence, notation and example 
are taken from [1] 
Example: 


^ 2 
- су” + y = -cosnx - 2en cos2nx, 


y(0) = 0, y(1) =1 


Exact solution: 


y(x) = exp(-(1-x)//^€) + exp(-x/V &)/(1*exp(-1/V €)) - cos "nx 


Table 1 contains the estimate for the order of uniform convergence 
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Table 1 


n 
© 
> 
№ 
[5] 
> 
23 


1/2 2.02 2.00 2.00 2.00 2.00 2.00 
1/4 2.02 2.00 2.00 2.00 2.00 2.00 
1/8 2.02 2.01 2:00 2.00" "200 20] 
1/16 2.03 2.01 2.00 "2500" 127007572707 
1/32 2.03 2.01 210055 2200) 22000052201 
1/64 2.05 2.01 2.00 2.00 2.00 2.01 
1/128 2.08 2,02 2201 2.00 2.00 2.02 
1/256 2. 14 2.04 2.01 2.00 2.00 2.04 
1/512 2.23 2.07 2.02 25010 2200062505 


The computed order of uniform convergence is 2.06 and the classical one is 
2.00. 

Table 2 contains the maximal differences between the exact and 
approximate solution at the points of the grid. 

Table 3 contains the same results for the cubic spline difference 


scheme, which is given in [4]. 


Table 2 


max [y(x ) - vil 
1 
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«255 512 1024 

22E-4 56Е-5 14Е-5 
20E-4 51E-5 13E-5 
18E-4 45E-5 11E-5 
18E-4 39E-5 91E-6 
14E-4 35E-5 87E-6 
13E-4 32E-5 81Е-6 
13E-4 32E-5 79E-6 
13E-4 31E-5 78E-6 
13E-4 31E-5 78E-6 

Table 3. 


64 128 256 512 
1/2 0. 29E-2 0.72E-3 0. 18E-3 О. 45E-4 0. 11Е-4 
1/4 0. 26E-2 0.66E-3 OSTZE-3 0.41E-4 О. 10E-4 
1/8 '0.23E-2 0.59E-3 0. 15E-3 0.37E-4 0.92E-5 
1/16 0. 20Е-2 0.51Е-3 0. 13E-3 О. 32Е-4 0. 73Е-5 
1/32 0. 18Е-2 0. 45E-3 0. 11Е-З 0. 28Е-4 0. 70Е-5 
1/64 0. 18Е-2 0. 42Е-З 0. 10Е-З 0.26E-4 0.65E-5 
1/128 0. 16Е-2 0. 40Е-З 0. 10Е-З 0. 20Е-4 0.53E-5 
1/256 0. 16E-2 0. 40E-3 0. 10E-3 0.25E-4 0.63E-5 
1/512 0. 16Е-2 0. 40E-3 0. 10E-3 0.25E-4 0.63E-5 
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—— M dÓ (€ 


Rezime 


SPLAJN DIFERENCNA SEMA SA KVADRATNIM SPLAJNOVIMA 
ZA SAMO-ADJUNGOVANI KONTURNI PROBLEM 


Izvedena Је eksponencijalno fitovana diferencna Sema zasnovana па 
kvadratnim splajnovima za problem: -су"+ a(x)y = f(x), 0<x<1, 


y(0) = а y(1) = 1. Sema ima drugi red tacnosti pod odredenim uslovima па 
funkcije а 1 f. Dati su numerički rezultati. 


Received by the editona January 12, 1987. 
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SPLINE DIFFERENCE SCHEME ON A 
NON-UNIFORM MESH 


Surla К’, Jerkovic V. 


Institute of Mathematics, Dr Ilije Duri¢ica 4, 21000 Novi Sad, Yugoslavia 
**Radio-Television Novi Sad, 2arka Zrenjanina 3, 21000 Novi Sad, Yugoslavia 


Abstract 


The uniformly convergent cubic spline difference scheme for the problem 
Ly = - єу''+ а(х)у = f(x), O< x< 1, qx) eq» 0, у(0) =a, у(1) =а on 
a non-uniform mesh is derived. The scheme provides for the location of a 
larger number of points in the boundary layers, while the order of accuracy 


and the structure of the matrix remain the same as іп the uniform grid. 
1. Introduction 


In [3] a spline difference scheme was constructed on a uniform grid Гог the 
"problem: 

Ly = -ey''* 4(х)у = f(x), O« x < 1, 
(1) 

X09) =a, УИ =a. x) =9>0. 

It has been proved that the scheme has a seconc order of unifor= 
accuracy under the condition а’(0) = q'(1) = 0. Schemes of the same order of 
accuracy on a uniform mesh are given in [1], [2] for this problem. Since the 
spline difference schemes have the same order of precision and the same 
matrix structure on the uniform and on the non-uniform grid for a fixed є, 
we wanted to use this characteristic for singularly perturbed problems. This 
would enable the modifying of the distribution of the point to the 
characteristics of the exact solution. Since the condition for the inverse 
AHS Mathematics Subject Classification (1980): 65110. 


Key words and phrases: Spline difference scheme, fitting factor, 
singular perturbation problem. 
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monotone of the matrix in ordinary spline difference schemes ([6]) is 
DCN ‚ i=j-1,j in [3] the exponential fitting factor was introduced along 
with the second derivation and the condition was eliminated for the 
equidistant grid. The determination of the fitting factor for the 
non-equidistant grid is more complicated. In [3] the fitting factor is 
determined in such a way that the trunction error of the difference scheme 
for the function of the boundary layer should be zero. The determining of 
special conditions for the grid provides for the second order of accuracy. 
Proof will be given here of the uniform convergence sheme [3] along 
with the numerical results which point out the advantage of the 
non-equidislant grid. The case q'(0) = q'(1) will be considered. 


2. Derivation of the scheme 


Let us substitute differential equations (1) by the equation: 


(2) | - о(х)у''+ ч(х)у = f(x), 

where о(х) is the fitting factor which will be determined subsequently. The 
approximate solution of equation (2) should be sought in the form of a cubic 
spline v(x) є c [0,1]: à 


2 3 
(x-x ) (x-x ) 
(1) J (2) J (3) 
v(x) = м + (x-x )v + — > v щи, 
о) J ( 9”, 2 J 6 J 
R G ВО Ех < хх... x € x = 1. 
J J*1 о 1 2 п п+1 


The points of collocation are the points of the spline grid. Constants 
are determined from the system of equations: 


(3) (MN E St 
y") EINER a Ога, 
2 3 

4 (1) h^ (2) h (3) = 
(4) Ye aa ы + h s vu 55 д j= 1(1)n, 

2 

(1). (1) (2) h (3) = 

(5) A hv L, oS AON E 1(1)n, 
(6) MONEO (3) 


з йт + DE Jj = Y(1)n, 


v(0) =“, 1) =a. 
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Equation (3) expresses the weakened condition of collocation. Equations 


(4), (5) and (6) are obtained from the continulty of function v(x). By the 


elimination of gre У, апа у” 


get the difference scheme: 


from the above equations (see [4]) we 


(7) Rv = Qj Jj = 1(1)n, 
R = v Vo е Г, 
в Jj SJEK Jim J jel 
f "f "f i ; 
e J 9 3-1 9, J 9; jel 
2 
- )-19)-1 1 syi 9.1 1 
SIL бс ER "= Ee" 
? Jz1 9 21 3+1 J 
2 
c ha 1 hia d 1 
P TAE 3c inm iN 3c Tis zu" 
* Г › J 1-1 
h h 
ES hy E Aene 9) qiie 0 
J ER j Зе, J RS 
= E = 8 — f , 
Vo: Cose? Arete c0] «x, J (x) 


In order to get a suitable fitting factor р we shall use the following 


lemma. 


Lemma 1 [1] Let y є С" [0,1]. Let q'(0) = q'(1) = О. Then the solution of 
problem (1) has the form: 


у(х) = u(x) + w(x) + g(x), where 
u(x) = Py ехр(-х/а(0)/= у, 


w(x) = p, ехр(-(1-х) Yq(1)75) , 


D^ and p, are bounded functions of є independent of x and: 


[eo p СС Коу ЕСУ 
М is a constant independent of є. 

The local truncation error of scheme (7) for an arbitrary smooth 
function ф has the form: 


T(P) = Re, - op, - 
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where: 


Lemma 2. Let in scheme (7) S be replaced by e o5 by о? апа Соя by e 
S 
Ch rir AR 5,0), 
I n 
OF 6 qs, CO, 
+ тЫ 
E DUAE 5,00, 


3(h +h 
(hth, ) 


ЕО 


x = z г = Of 
s(t) = һу ехрһ 10) (һ+һ_,) + n exp( nt). for j 0(1)1,, 


4 


syCOshyexp(-h;  t)-(h th. t) Hag (exp(h t) for 1,5)=0*1, 


t= ae. 15 dj, then: 
a) уси) = 0, ] = 0(1)1,, Гог q(x) = q = const. 
b) BAO) =0, ] = i (i)ntt, is i, for q(x) = 4 = const. 
c) The matrix of system (7) is an inverse monotone. 


Proof. a), 
expression 


x (и) =0. In 


b) By the direct substitution of LL Я апа M in the, 
hh “м 

oo Ru, we obtain zero. Since Lu =0, it follows that 
) )-1 


the same manner it can proved that x (5) =0: 


с) Since rz 0, r'z 0, r^» r+ г’ the proof follows. 


3 Throughout the paper М and 5 will denote different constants 


independent 


of = and nu 


Lemma 3. Let: 


(9) 


h t 
= j=l 2 
Osh-h ,*H—c- тін һу c), 1551, 


h 
= m 2 
Osh as hs н, = min(M h.e), 125 4 sn, 


J J 
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h 5М, hæ h = const. TE J< 1, ; н, s M, 1=0(1)п. 
Then, the estimate: 
= с + 2 
пах| |o -e|, |e -el, - 5 à 
[| j ia i ©! |; 3) МН, holds 


Proof. Let єз nh. Then: 


hth, 
OT s М exp(-h, |t), 
ЕКОЕ Я Joo | s мп 
J у hei d J jr 


[0°-=| s МВ. 
J J 
Let noh, 5 =. Then, after some Taylor developments we obtain: 
Bh +h, D 6 hy-h, s я 
A = ЕЕ а reum ff 6, 
а) hh BS ET 2 
x 322519) Dreh 


[0°-=| s m? + Mjh -h | Ve sm. 
J ) RET J 


- M 2 
x e min(Moh 


3. Proof of the uniform convergence 


Lemma 4. Let y є c* [0,1]. Then, the truncation error of scheme (7) has the 


form: 
Ф е. 
(10 = E m- 2:353. 4.29,J) _ 
) v, = RG, v) I vs е7: 
J 3-1 
h 
1,J 1,J 2 2 en 2 
з п у 
z 2 1-1 212.) 
то S em *éc 5. |; 
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Proof. See [4]. 


Lemma 5. Let q'(0) = q'(1) = 0 іп (1). Let у(х) є СА [0,1]. Let in (7) oy 


c c be replaced by Lemma 2. 
3-1 јн 
Then: 
ar З 
(11) I0 | s М == min(M h,» c). 


Proof. According to Lemma 1 we have: 
+ (12) т, Cy) = т, (и) + т, (>) + т, (=). 


We shall estimate separately the truncation error of each function и, 
м, g. We shal 1 start with u=u(x). 


Denote by т, (и) the truncation error т, (и) in the case а(х)= q,= q(0) = 


const. The corresponding expressions in T (u) we mark by ~. Since T (и) =0 
(Lemma 2), we have: 


E E ERAI E 1 3 3 
LD ә еШ = (6) cup ° Qu) т. Cy) 
Than OUT 
where every En 19 and боя are replaced by e, S and e respectively. 
Let М h? < є, then: 
oj , еп: 
1 1 1 hha han — = 
ве sa | 4e e Ве) Yaprv e * 
с с са 
J J 
2 -2,2 2 
* об, Xa, а] =не вх, 
bs 55 —— ee 55) 
-9 = M —— —х exp (- x үд 7 = M — h^ exp(- 5x УЕ ), 
аа, RETO p eo SEE = DAS өх, 
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Е x c ~c 2 
n n h 
- =e 2 ЕЕРЕЕ. С 
Is $i в, i| 30" 36 4 697 6c TOs Cred 


|= (и) | = M (nye), where 


> = с с m * 
= y" 4 =y" = s уч -є). 

m ELLA [zen п, УС, с ur Wate с 

In the same wüy we can conclude that: 

ne 
(13) СД 5. 
+ 
Рог т, (=) we have m= gj'(e,^-€) = осп?) and from (10) and Lemma 1 we 


can see that: 


3 
h 
It (| «= м 2-, for Mh’ = e, and (11) holds. 
J € oy 


Let € 5 M n? .. Then: 
o J 
15,60 | = "h, ехр(һ t), 


2 2/2 
M h ух) 


4 


1 1 j-1 J 
Se ы шн ны з o exp(- п) + ехр( т, j. 
SEQ) OS Sb) 2 hj ve $ Ye А 
J J h^ exp| — (9 -9.) 
SUA cC 


where л, is a point between ву gs J ТЕС ‚т. 15 а point between 
h Уа 7 а 7Е о 
УЧ ИЕ апа h М ye ; 


Furthermore: 


х2 
1 = 
а. 
о СА ЈМ) Ve 
J J 
h h 
E JPN 1 J-1 гих 1 = 1 A 
LN eyed 19 2 zu "€ c TE Е c x 
с с c c 
J 1-1 )-: 
- ф Yi 
[es 9 al =MVve, [272 ае 
According to Lemma 4, by the given estimates we have: 
(14) |= Cu) | sMVe. 
In a similar manner we obtain: 
(15) Іт.) мие. 
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For estimating the truncation error corresponding to function g we use 


the form: 
, bv M 3 n 
OMENS Nez gio r trs stp 
А na $ " 
7 Gly Gy Sa => 8 (БУ) dq 28 (b,) адет 


a c * 
DOT A Ж, "T Е 2 he 
+e (9, ОТВ у E снеге x, , sb, s x, DES d 


1 


te - tc -1 
Since T,=0, T, =0, E = hy а ш ан h, ‚ we have that: 


(16) [< | 5 м, 


Then from (14), (15), (16) and Lemma 1 we obtain (11). 


Theorem 1. Let conditions of Lemma 1 be fulfilled. Let у, j= O(1)n*1 be the 
approximation to the solution у(х) of (1) oblained by using (7) with ЛД 
я determined by Lemma 2. Let points х у, ]=0(1)п+1 satisfy conditions (9). 


Then the estimate: 


(17) lxx) - Я = н, J = 0(1)п+1 holds. 


Proof. Let А be the matrix of system (7). А is an inverse monotone matrix and 


the discrete maximum principle holds. Since: 2 


Mh /e, Moh = Мв, 
-r +r -r г X TE 
J alte Mh’, Mhsve, 
J o J 
from (11) it follows that: 
Р 
В, (+ (убху) - vp * Hh *) =0,h = max(h „h _,) = const., and (17) holds. 
In the case q’(0) * q’(1), we can prove only the first order of thé 


uniform convergence. 


Theorem 2. Let у(х) є er [0,1]. Let “у ]=0(1)п+1 be the approximation to the 


solution y(x) of (1) obtained by using (7) with Ore e E ER determined by 
Lemma 2. 
Let points X, Ј=0(1)п+1, satisfy conditions (5). 

Then: T 


m 

[97 
~ 
a 
‘+ 

1 


lyx) - v.| $ Mh, j=0{ 
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Proof. Function g(x) from Lemma 1 (see [5]) satisfies the following 
inequality: 


[аю | 5н(1 + 1201-3), j = 0(1)4. 


If we repeat the entire proof of Theorem 1 for this estimate of 
derivations for g(x) and If we use: 


[ac x) - q(0)| = Hox we shall obtain the statement of Theorem 2. 


А. Numerical results 
Scheme (7) was used to obtain the approximate solution of problem [i]: 


- ey''** (1 + x(1-x))y = f(x) 


у(0) = у(1) = 0. 


Its exact solution 15: 
у(х) = 1 - (1-х) exp(-x/V€ ) - exp((x-1)/V€ ). 


Here we shall present the numerical results which suggest that scheme 


(7) achieves a uniform second-order accuracy. These results also suggest the 


choice of the grid. 
Table 1, 2 and 3 contain the maximal differeces between the exact and 


approximate solution at the points of the grid, for different є and п. 


Table 1 contains the results on the equidistant grid. 


Table 1 


5 lv,- Xx) | 


III ӘКӘ ы О QOO 


0. 
o 0. 
o 0. 
0 0. 
0 0. 
[8] 0. 
0 0. 
о 0. 
[9] 0. 
o o. 
(0) 0. 
[6] o. 
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The non-equidestant grid is formed in such a way that more points are 
found in the layers than outside them. 

On the interval [0,с1, € is a constant which is given in advance, the 
grid is non-equidistant and obtained according the formula: 


zh JSA fie = M 
һ -h * M TM min(hy €) Jj 1( 1) п, in 


1 
ДОО ИО QE В, x =x tha f= Ко, x)= 0, 


h , Мапа с are given. 
о Pra 


On the interval le, 176,] the grid is equidistant: 


n - (1-20) 7n,, j= пу (Оп, + n,-l, 


nti-2n*n, x =x the J =n +1011 + n.-1. 
1 2 J j-1 J 1 1 2 


On the interval [176,, 1] the grid is symmetric to the grid on interval 


l0, c]. This 15 а starting mesh. In each next step the invervals are halved. 


Table 2. 


с = 0.05, h = 0.03, Й = 110.5, n /(n+1) = 1/8 


Ci lv yc x) | 


1/2 
1/4 
1/8 
1/16 
1/32 


1/64 
1/128 
1/256 
1/512 

1/1024 
1/2048 
1/16384 


oooooooooooo 
229999999000 


оооооооооооо 
оооооооооооо 


(About 25 % points in the layers) 
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Tabla 3. 


со 0.05, h=0.01, й = 12, n,/(n*1) = 1/4 
о 1 


пах к у(х |) | 


NEA 

t 32 64 128 
1/2 0.84-04 0.22-04 0.54-04 0. 0. 
1/4 0.18-03 0.46-04 0.12-04 0. 0. 
1/8 0.28-03 0.71-04 0.18-04 0. 0. 
1/16 0.34-03 0.88-04 0.22-04 0. 0. 
1/32 0.47-03 0.13-03 0.32-04 0. 0. 
1/64 0.63-03 0.18-03 0.47-04 0. 0. 
1/128 0.77-03 0.22-03 0.61-04 О. 0. 
1/256 0.84-03 0.24-03 0.66-04 O. 0. 
1/512 0.86-03 0.22-03 0.58-04 0. o. 
1/1024 0.62-03 0.13-03 0.32-04 0. 0. 
1/2048 0.51-03 0.14-03 0.37-04 0. 0. 
1/16384 0.53-02 0.26-03 0.88-04 0. 0. 


(About 50 % points in the layers) 

From this example it can be seen that about 50 % of the points can be 
located in the boundary layers while the error remains approximately the 
same as on the equidistat grid. In addition to this, it can be seen that the 


results on the nonequidistant grid are better for smaller ғ. 
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Rezime 


SPLAJN DIFERENCNA SEMA NA NERAVNOMERNOJ MREZI 


Izvedena Је uniformno konvergentna diferencna Sema zasnovana па kubnim 
splajnovima na ravnomerno, тге21 za problem -ey’’+ q(x)y= f(x), 0<х<1, 

qx) = д> 0, y(0) = a, y(1) = «|. бета omogucuje smestanje veceg broja 
tacaka и granične slojeve, pri Сети red ta¢nosti 1 struktura matrice ostaju ' 


isti kao na ravnomernoj mrezi. 


Received by the editauno November 6, 1987. 
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21000 Novi Sad, Yugoslavia 


Abstract 


In this paper sufficient conditions for a uniform convergence family 
of spline difference schemes for the problems ey"* р(х)у’= f(x), у(0) = а, 


y(1) = B, x e [0,1] are given. Numerical results are presented. 


1. Derivation of schemes 


We shall consider the singularly perturbed two point boundary value 


problems 


Ly(x) = ey"(x) + р(х)у’(х) = f(x), O«x«1, 
(1) 
у(0) =a, у(1) = В 
where < {s a small parameter іп (0,1], p(x), f(x) are sufficiently smooth 


functions and p(x) = p > 0. 
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We want to find an approximation to the solution y(x) of (1) in the 


form of a quadratic spline v(x) є ci [0,1] which has the form: 


(1) (х-х, )? (2) 
v (x) = у + (x-x )и + ———- ү“, = 0(1)n, 
J J ПАЛ 2 ) J Я 
where XT gh j= 0(1)п+1, В = 1/(n+1) are the points of ап 


equidistant mesh. 


Let us define the filting “comparison" problem associaled with (1) by: 


(2) L УО) = F (x, e)y" GO * p, G0y' (х) - f 60, x є I, j=0(1)n, 


y(0) =a, Уу(1) = В, 


where o(x,c) p(x), f(x) are piecewisse constant approximations to a 
fitting factor o(x,c), р(х) and f(x), respectively. o(x,c) will be 


determined. 


The unknown coefficients Cn k=1,2 are determined from the 
following conditions. 
1. v(x) satisfles (2) at the points x = (x +x )/2, J=0(1)n 


)+1/2 J J*1 
and the boundary conditions, 


2. v(x) e C! [0,1]. 


From the above conditions the famlly of difference schemes was 
derived 1n [7]. 

It 15 well-known that (1) under condition р(х) = p > О has a unique 
solution ([1], [2], [5]) у(х) which displays a boundary layer at х=0 for 
small c. For p(x), f(x) € C (0, 1] y(x) can be written jn the form. 


у(х) = u(x) + w(x) 


where 
(3) u(x) = ey’ (0)-exp(-p(0)x/e)/p(0), 
(1) 1-1 ; 
(4) || s € 1+ el ехр(-ёхис)), 1=0(1)4, 


where ó and C denote constants independent of c. 


Fitting factor 0(х,є) was determined in [7] from the conditior that 
the truncatlon error for the boundary layer function u(x) (3) is equal to 


zero for p(x) = p = const. So, 


9, (x, e) EH ”, ‚ xel, where wy cth (hp /(22::. 
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In that way a family of Implicit collocation spline difference 


schemes was obtained: 


(5) Гу +v erv =а Г+а Г, Jan 
J 3-1 ) J J Jel Ч, J 9; J J 
Ue a, V TAB 7 


where we denote by P) an approximation f(x)(p(x)), x € Da ( for 


every fixed j). 


Г = (1-179. ‚Га (1-19 )/һ, r=e-r -r , 

г, (1 тим | )/h г, ( и) г) ) з 
hp 

а = 1/(р w) g= (pw) i*= cth —J 

dy CPP e 9; Рун! ) 2c 


Scheme (5) has an abbreviated form 


(8) КУ, ago , 


where 


The choice of the approximation to p(x) and f(x) determines the 


particular scheme. 


== = 


y DE ine f, scheme (5) becomes the 
Allen-Southwell-Il'in scheme for which the first order uniform convergence 


Choosing that P= p, р 


"at the nodes has been proved in [3], [5]. The same scheme was obtained in 
[6] using a cubic spline v(x) є c [0, 1]. 
Choosing 


~+ 
(7) Ру -Р jt172 


at 
j f =f 
J 
„ме get the implicit scheme which, for є = с(х,=) = 1, becomes the scheme 
corresponding to the spline from [4]. 


The corresponding difference scheme for 
(8) p- = (г, +f )f 
Pym p Pee i= “+, ve 


has been analysed in [7]. The first order uniform and the second order 
classical convergence has been proved. The same order convergence (as the 
above schemes) has the following scheme, developed from (5) for 

(9) pt 2 ais mf 


Duas 


Jti 
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Choosing 
or 


the corresponding schemes have the first order uniform and classical 


convergence. 


2. Sufficient conditions for uniform convergence 


The sufficient conditions Гог a uniform convergence family of cublc 
spline difference schemes for solving (1) are given in [6]. 
The proof of the uniform convergence 15 based on the comparison 


method developed by Kelloyg & Tsan ([5]) and Berger et al. ([1]). 


Lemma 1. Let {v, } be a set of values at the grid points 4х, }, Ј=0(1)п+1 
satisfying vs 0, Е О апа Rv = 0, ]=1(1)п. Then Vs О for ]=0(1)п+1. n 


Lemma 2. If K (h,e) > 0 and K (h,e) > 0 are functions that satisfy: 


К Ch, 5), * Ki e)y) = Ritz) = tr (y) 


Zm = ‚ the 
where у y hen 
|2 | s К (һ,є)|ф | + К (В, €) |y | D 


As in [1] we use two comparison functions $ =-2+x Я v =-ехр(-Ьх, /с) = 


J 
= -(u(b))), where и(Ь) = exp(-bh/c), b > О will be chosen appropriately. 
Throughout the paper 5, М, м... will be used to denote generic 


constants independent of h and c. 


Lemma 3. There are constants M and м, such that for ъ= М, O«b« Н, 
апа ј=1(1)п the following holds: 


Mh/t , hse = Ми (b)hze?, hse 
Re = ‚ Ř = ; 
J н. esh 2 Mu’ (b)/h , csh 
і 
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Proof. See [7]. a 
Let in (5) 


a F- p- р'-р | s мп, j=1(1)n, 
(10) If | * Mh, |7, fil s Hh, IP; p IP; Р, | j 


jab 


The truncation error for scheme (6) 1s: 


= (y) eR. ба ба 
т, (У) Rly, vj У, Q j 


= Ry, - QLy,) +N= т, (У) +N 


where 


|N] s Mh°/ max(h,c). 


The standard Taylor expansion of x (У) Гог fixed є gives: 


LI " e. т = = 
(11) т (У) = TI + UE * r RX xy) + а, (x, 1. ХУ ) 
p, 44, R 965 XY у, 
where 
kei р 
(к+1) (Ь-а)“* 1 к (ket) 
= 24 - s)ds, ,b). 
(12) R (а,Ь, 8) = g (6) IH tid | (6-5) g (s)ds, Є є (a,b) 
а 


Lemma 4. Let (10) hold, then 


n? n? 
M(— + —- ехр(-ӧх /e)), hsec 
jz (у) = К 5 4 
: М (h + exp(-àx, ,/c)), esh, jel(1)n. 


Proof. Since тубу) = T (и) + TG) we shall estimate т (и) and т, (м) 


separately. 
А. ҮМ = нһ?/є, hse 
1З T = |A + = ) + - 5 
(їз). |т,| = |4 + рат а ар] Е ni. el 
where 
A-h(rí-r)-(pq*pq)so, jz ү 
(г, 3) РЧ} P,q,) J=1(i)n 
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(14) 


(15) 


(16) 
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2,~+ ~- = 
IT, | = |h (г, + г,)/2 c(q, j 
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For the coefficients the following estimates hold: 


Mh/e, 
[| ИВ, 
J. 


From (13), (14), (15) and (4) we get 


2 
н dm. 
£ 


h? 


|=, (w) | 5 є 


hse 


-z XP (-8x,/e)), 


M (h+ exp(-àx, ,7c)), 


Mh?/e, hse 
yl + 
Nh ; в = h: 
‚ J=1(1)n. 
Аже, 
= s h, j=1(1)n. 


Let us denote by e MO the truncation error for the boundary layer 


function u(x) (3) for p(x) = р(0) = const. Since T MO = 0, we get 
т, (и) = T (и) = Tow) = (Т, - т, „ч, vp T, o9; * 
ГЭ ~- ~+ ~ + 
+ (г, - гу) R(x ex, ou) * (г, - тж? R (X X ou) i 
Eae CY (2 = NORET T !) + 
(а, Ч, о) cR (x,,x, uU ) (а, 9 о)Р) Ry Gt x," ) 
+ Oi = Р(0))9, 0 R Gr, x, ри ae 
Using the estimate 
hp р ex, hse 
СБ 55 -v )+w 2653 ж J 
) » J "3,0 ),0 пх, е ћ 
after some Taylor expansions, ме get 
h2 
M = exp(-5x /e), hse, 
је uj = 4 
J 
M exp(-8x,_,/e), e<h, j=1(1)n. 


The statements of Lemma 4 follow from (16) and (17). n 


Theorem 1. Let 4", |}. /=0(0)л+1 be the approximation to the exact solution 
]=0(1)п+1 of (1) obtained by using 


у(х), 
р(х), 


f(x) e C (0,11, р(х) = р> 0, then 


(5). Let (130) hold and 
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(18) lv, - убх) | s Hh, ]=0(1)п+1. 


Proof. Using the estimates from Lemma 3 and Lemma 4 by Lemma 2 we get 
(18).0 


Theorem 2. Let the conditions of Theorem 1 hold, then 


n? 


(19) lv, - y(x )| *sH-— for hse, ]=0(1)п+1, 


If the approximations to p(x) and f(x) are (7), (8) ог (9). 


Proof. For scheme (8) where (8) holds, (19) is proved in [7]. 


Since 


2 
(Рузу + Р,)/2 = p + O(h“), and 


)%1/2 


2 
«ү + f 172 = f t172 + O(h“), 


the proof for schemes (6),(7) follows from the proof for the previous case. 


Let (9) hold, then, by expanding т, (у) up to the derivates of the 
fourth order, we get 
n? n 
(20) [е (y)| = M > + Н — exp (óx,7/c), for h 5 e. 
J a = J 


Using Lemma 3 and estimate (20) we get (19). 


3. Numerical examples 


We shall corisider the following problems. 


1 су" + у =x, хе [0,1], 
y(0) = y(1) =0, 
to which the solution fs 
у(х) = (e-1/2)(1-exp(-x/e))/(1-exp(-1/e)) - сх + x2. 
and 
11 ey” + (1+х23у’ = -(е* + х2), xe 10,11, 


у(0)=-1, y(1)=0. 
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For each problem the mesh length h=1/J was successively halved 
starting wiht J=16 and ending wiht J=1024. The maximum error at all the 
mesh points ` 

E= = ly, - val 
is listed under E The numerical rate of convergence is determined as in 


[2]: 


rate = (1п2 - lnz )/1n2, 
k,€ k+1,€ 
h72“ n72**! 
where z = max v^" - у“ || к=0(1)4, 
k,€ ] J J 
n72* 

and У denotes the value of У, at the mesh point х, Гог the mesh length 

k 
h2. 


Numerical results for scheme (8) applied to I and II are given in [7]. 


Tabel 1. Numerical results for (9) applled to I 


= 1/2 1/4 1/8 1/16 1/32 1/64 1/128 17156 


К J E rate E rate E rate E rate E rate E rate E rate Е rate E rate 
. © о о о о о со ao e 


16 1.5E-4 5.4Е-4 1.5E-3 3.9E-3 8.3E-3 1.5Е-2 2.1E-2 2.5E-2 2.7Е-2 
2.00 2.00 1.99 1.98 1.92 1.72 1-92 1.00 .95 


о 


32 3.8E-5 1.3E-4 3.9E-4 9.8Е-4 2.1E-3 4.4E-3 7.9E-3 1.1Е-2 1.3Е-2 
2.00 2.00 2.00 1:99 1.97 1.92 19072, `1.34 1.03 


- 


64 9.6Е-6 3.3E-5 1.0E-4 2.4E-4 5.5Е-4 1.1E-3 2.3E-3 4.0E-3 5.7E-3 


2 2.00 2.00 2.00 2.00 1.99 1.98 1.91 ilo и 1. 34 
128 2.4Е-6 8.4Е-6 2.5Е-5 6.2Е-5 1.3E-4 2.9E-4 6.1E-4 1.1Е-3 2.0Е-3 
3 2.00 2.00 2.00 2.00 2.00 1.99 1.98 1.92 1.72 
256 6.0Е-7 2.1E-6 6.2E-6 1.5Е-5 3.5Е-5 7.4Е-5 1.5Е-4 3.1E-4 6.0E-4 
4 2.00 2.00 2.00 2.00 2.00 2.00 1.93 1.98 1.92 


512 1.5Е-7 5.3E-7 1.5Е-6 3.8E-6 8.7Е-6 1.8E-5 3.8E-5 7.8Е-5 1.5E-4 


1024 3.7Е-8 1.3E-7 3.9E-7 9.7Е-7 2.1Е-6 4.6Е-6 9.7Е-6 1.9Е-5 3.9E-5 
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Table 2. Numerical results for (9) applied to II 


є 1/8 1/16 1/32 1/64 1/128 1/256 1/512 
K rate rate rate rate rate rate rate 
[6] 2.01 1.97 1.83 1.61 1.23 1.02 .99 

1 | 2.00 2.00 2.00 1.99 1.97 1.87 1.60 1.24 1.02 
2 | 2.00 2.00 2.00 2.00 1.99 1.97 1.87 1.60 1.24 
3'| 2.00 2.00 2.00 2.00 2.00 1.99 1.96 1.86 1.60 
4 | 2.00 2.00 2.00 2.00 2.00 2.00 1.99 1.96 1.86 
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DOVOJNI USLOVI ZA UNIFORMNU KONVERGENCIJU FAMILIJE DIFERENCNIH SEMA 
Ew IZVEDENIH POMOCU KVADRATNOG SPLAJNA 


w^ 4 
P me. зи dovoljni uslovi za  unlformnu konvergenciju familije 


ferencnih бета za problem єу"+ p(x)y’= f(x), у(0) =a, y(1)=B, 
хе [0,1]. Familija je lzvedena pomocu kvadralnog splajna. Prikazani su 
mnumerlék! rezultati. 
i : о 
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Abstract 


Quasilinear singularly perturbed boundary value problems are solved 
numerically by using finite - difference schemes on specie! non-equidistant 
meshes. The meshes are generated by sultable functions which redistribute 
equidistant points. Two similar approaches to mesh generation are compared. 
"Uniform" convergence 1s proved for two special types of problems. Numerical 


results lllustrate efficiency of the methods. 
1. Introduction 


We consider the following singularly perturbed boundary value problem: 


(1.1) Ти: = -eu" + b(u)u' + c(x,u) =0, хєГ= [0,1], 

(1.2) Ru: =(u(0),u(1)) = (Us. и) А i 
Ў ! 

where ' = d/dx апа c is a small parameter, є є (0,1] (usually c << 1). We 

assume: 


Е аНЫ A с-з эж ———-.— 
This work is supported by NSF and ZAMTES of Vojvodina through funds made 
avallable to the U.S. - Yugoslavia Joint Board on Scientific and Technolo- 
gical Cooperation, Project No. JF 799. 


AMS Mathematics Subject Classification (1980): 65110, 65150. 
Key words and phrases: Singular perturbation, boundary value problem, finite 


~ difference scheme, М - matrix, stability, consistency. 
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(1.3) bec(R), cecil xR), 
(1.4) c (x, и) 2 с,>0, xerl,ueR. 


Then there exist numbers и, и, such that u > и and: 
(1.5) c(x,u) = 0 = c(x,u), xel, 
(1.6) usU su, Ј0,1, 


and since the operator (Т, А) is inverse monotone, there exists a unique 
solution uer to the problem (1.1), (1.2), see [10], [11]. Moreover, for 
хє І ме have 


и (х) Е И: = lu, u] ; 
and 
| uE c( I) 
It 15 well known (see [4], [14], for instance) that и, may have one or 


more boundary or/and interior layers. Our alm is to solve (1.1), (1.2) 
numerically by using finlte-difference schemes on special. non-equidistant 
meshes. The meshes should be dense in the layers. On one hand this will give 
us а high percentage of numerical values in the regions where ue changes 
abruptly. On the other hand, we can prove a sort of uniform convergence 
(1.е. convergence uniform in =) of the numerical solution towards uer 
provided some additional information about bahaviour of Ue be available. 2 
Let us give some further details about our results and let us introduce 
some notation. First of all, we shall use (1.1) 1n the conservation form: 
(1.7) Tu = - ceu" + f(u)’ + c(x,u) = О 
where 


f (u) = Ми). 


We shall consider two different, but similar, ways of introducing non- 
-equidistant meshes. We refer to them as direct and indirect approaches. In 


the direct approach we discretize (1.7) on some non-equidistant mesh I, with ' 
the mesh points: 
0 = xi x <...< x= 1, neN. 


We shall consider meshes generated by suitable functions A, i.e.: 
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(1.8) x = АЕ), ба ih, 01...10, 


where h=1/n and A is suff!clently smooth function (at least from с*(1)}. 


which usually depends оп с and satisfies 
(1.9) A'(t) >20, tel; ^($)=5 , 5$=0,1. 


In the indirect approach we introduce a new independent variable t by 
x-A(t) and transform (1.7). Then the transformed problem 1s discretized on 
‚ equidistant mesh І, with mesh points t We use the notation (1.8) 1n this 
approach as well and assume that A has the same properties as above. 

Let 


> 
Ш 
x 
1 
х 
- 
и 
— 
N 
2 


ћ =(һ, *h/2, 121,2,...,n-l, 


and let м, v,» etc. denote arbitrary mesh functions on 140, 1} (or 


T М0, 1}) which will be identified with R 


n-1 _ column vectors. Thus, 


м = [W WW ] , (w:2 м ‚ 4=1,2,...,n-1). 


h 


B 
У меһ 


we shall denote the numerical solution with components Yo 1 which 


approximate ucc x). Let 


T 
а lu(x), и Сх) utn 0] T 
-1,5,n-1,n-1 
Let 1-1, апа 1-1, denote usual vector (matrix) norms in R" (R^ °” ). 
Define 1-1, : 
п-1 
ШАЛ =й н iv | > LAN Е 
1=1 
' * E 1 
where Н = diag(h,, h »---» hs Q). The norm [-1 is the standard L discrete 
: Lo 


norm оп non-equidestant meshes, cf. [1!. The corresponding matrix norm is: 
-1 

(1.10) lal, = [н4ҥ Dp. 

n-1,n- 1 


where A є R 


In both approaches we prove 
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(1.11) 


= SMRT 
= 


Men Че, ndn 


where м. stands for any positive constant which is independent of h (but may 
depend on c). We can prove (1.11) easily since we use steble discrete 
operators (Engquist - Osher and Lax - Friedrichs schemes, in particular). 
For instance, in the direct approach we prove the following stability 
inequality: 


-1 
(1.12) А - vil, < с. [7, v. - T vss 


where T, is a discrete operator corresponding to T from (1.7), ти." 1250797 
A similar result holds іп the case of the indirect approach, as well. 

The inequality (1.11) shows the linear discrete L' convergence of the 
numerical solution to the exact solution. The convergence is by ‘no means 
uniform іп є: a constant ЦА is involved and even the norm Į- l, depends on € ‚ 
M. h,'s depend on it (which is the case when the mesh 15 dense in the layers 
for all values of c). We can't avold both causes of the non - uniformity and 


our aim is to use a special mesh (i.e. a special function A) to get 


(1.13) = Mh, 


Fs Л gw 


where by M we denote any positive constant which 1$ independent of h and є. 
Although we use MN which depends on є, we shall refer to (1.13) as to the 
uniform convergence. Of course, it is not easy to obtain (1.13). We have to 
prove that the norm 1, of the consistency error of the discrete operator 
is bounded by Mh. This can be done only if we have sufficiently sharp 
estimates of the derivatives of и. (which occur in the consistency error) 
and if we use an appropriate function A which condenses the mesh in the 
layers. Essentially, any part of A which maps the mesh points into a layer 
behaves like inverse function of the corresponding boundary/interior layer 
function. Then, such parts are smoothly connected by appropriate 
polynomials. 


Let us now introduce some more notation. Let 
аер", 
п-1 = 
У = {wie Ro | ue м, = ue} - 


Tre inequality sign in КЗ! should be understood componentwise. 
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Finally, let g: R^ -> R, ge C(R?) . The following properties of р 
will be of interest: 


(1.14) g(uv)zOzg(uv), uveR, 
v u 
(1.15) g(u,u) = f(u), uel, 
(1.16) Габи, У) - & Cu, v) | 5 Glu, - и, | ‚ uu, v e и, 
(1.17) ACHA) - g (u,v) | 5 G|v, - А оини. € V 4 


with some G = 0. The function g will be used for discretization of the 


transport term in (1.7), e.g. in the direct approach: 


еса) (х) = [stuts, a). ибх 0) - 0005), щх А, 


cf. [1], [11-13]. 

The paper consists of 5 sections. After the Introduction, їп Section 2 " 
we consider the approach of direct discretization. First we prove the 
stability (1.12). This is a well known result Гог the class of schemes which 


we consider (cf. [1]), but we give different and simpler proof which uses 


Ta a^ 


the techniques of M - functions, see [3], [11-13]. Then we consider the 
consistency error and derive conditions on A which imply (1.13). However, 
from these conditions Jt Is not easy to see how to choose А. The indirect 
approach, which es consider in Section 3, gives more information about the 
cholce of A. Section 3 contains the analysis of stabllity and consistency, 
Slmllar to Sect!on 2. In Sect!on 4 we consider two special types of problem 
(1.1), (1.2), (a non-turning point problem and a boundary shock problem), 
which enables us to prove (1.13). A closer attention is kept on the direct 
approach, since these problems have already been solved numerically in [23] 
and [24} by the indirect approach. Finally, in Section 5 we present some 
Numerical results and give some concluding remeks. 

The mesh generation methods which we consider here date from 1969, [2]. 
In that paper the direct approach was introduced. The indirect approach was 
considered in [8] and [9], for instance. Other papers which use generated 
meshes are [7], [17-21], [25]. All of these papers deal with different types 
of linear or semilinear singular perturbation problems. 

In general, mesh construct!on methods can be devided into implicit and 
explicit methods. In the explicit methods the mesh is given in advance. 
Thus, the methods which we use here belong to this class. Another explicit 


IIT оо 120—141. > (5 ос. UM 
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method 15 the method of Ascher and Welss, see [26] for instance. The 
implicit methods, on the other hand, give as final numerical result both the 
numerical solution and the mesh points. To this class belong simultaneous 


methods, see [27], and alternate methods [6], [16]. 
2. The approach of direct discretization 


Consider the following finite-difference operators on the mesh IN 


Dizi т Ch a ea Б Я y п 2,1) Саһ, 11) 


Diz, Са pa) T Kzoe z) Љ М 


1 


where lub is a mesh function on Г, and g has been introduced is Section 1. 
n-1 


Let Т, T : R -> Кі, be given by: 


UN м, := (те), =- бин, + Dew. + с(х,, wi) ‚ 121,2,...;,n-1 


where Wo and Ln should be replaced by U5 and у, respectively. Then the 


discretization of the problem (1.7), (1.2) reads: 


(2.1) Ти =0. 


Theorem 2.1 Let (1.3), (without b c. € C(R)), (1.4) and (1.14) hold. Then ^ 
there exists a unique solution VENTA to the problem (2.1), and w € LAC 


, €,h 
Moreover, for any wey the stability inequality (1.12) holds. 


Proof. Let Tn) dengte the Frechet derivative of the operator T. The i-th 
X ^ 
column (1=1,2,...,п-1) of Ty Cw.) has the following non-zero elements: 


mom - 


Тим). 


h` h'i-1,1 j РИА Y LEA fot Dh 


TACE RA = 2e/(h h, |) * [acm v) - „©, О], + c (x м) 


1+1 
‚ i 78 RÀ E = 
TC E 1 CM a ol ee) Ао 4 
5 Ч = = 
where we take formally: Be Cea) ou i O and 7’ 949/28 Без QO. 


Then because of (1°14) T) 15 an L - matrix and: 
1 P 
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- 


ET OE AITO ) 


У тА) ч (^, h^t1*1,1 = сх») f 


1,1 
1=1,2,...,п-1, 
hence 
7 -1,T 
CHT) Cw )H ) е x LA 
Thus TO) is an M-matrix and 


Icom; Chor!) А 5 1/с, ° 
і.е. (see (1.10)): 


KC)! |, = ie, , 


Thus Т is a homeomorphism, [15], and because of 
: -1 
Пе ©, [кен 04 ССА - TY). А 


ме get (1.12). Finally, from (1.5), (1.6) we get: 
T (ue) £02 (Que) , 
hence w eW . o 
£,h h 
Now let us consider the consistency error г, 1=1,2,...,п-1, of the 
operator T 
г, = (Tu)(x,) - Ти (x) - 
We have 
Dam. tr 
where 


rt = (р^и (x) = исх )) , 


ri = f(u) (x) - D'u (x) . 


Ме shall use integral forms of гү and гү, cf. [5]. Let us !ntroduce some 


notation: 
2) 
JJO = | ва, 


х 
1 
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= н (u(x ),u.04)) . 


& 


Bu. c v,i 


= g Cu Cx ) u(x, )) S 


The following lemma 15 easy to prove: 


Lemma 2.1 Let (1.3) and (1.15) holds. Then for i-1,2,...,n-1 we have: 


OC NA г" = e(2n fi) "Ci, 171,3) * e(2h, ‚В, )  JC1, 11,3) 
п m T. = 4-1 -1 
г; MAC hy CIV 07,91,10) + Л) 


5, (СЕ п, „1 (25, В, D7 JU, 1-2,1) + ETSI 


“гч t. EC! 
cm (à, - E Gu (% )))95 + 
uly) 


the discretization mesh 1, given by (1.8).~ 
ne that 


ч > t 2-4 а 4 Гаж аб 
ubinterval of І м S t ) m en ме have | , 
à Рі А б 
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and from (2.3): 


(2.5) [= 1X0, - 2) + ace, жн, 


[21725 «v, П 


cf. [22, Theorem 8]. 


Theorem 2.2 Let (1.3), (1,4) and (1.14-17) hold and let the mesh IN be 
given by (1.8), where A satisfies (1.9), (2.2), (2.3). Then the convergence 
(1.11) holds. 


Proof. Since 


г zT vw -T u(x), пари 
1 [actas hrec 


the result follows from Theorem 2.1, Lemma 2.1 and (2.4), (2.5). п 


Finally, we shall give the theorem on the uniform convergence. The 


proof is obvious. 


Theorem 2.3 Let the conditions of Theorem 2.2 hold and let the following 
inequalities be satisfied for i-1,2,...,n-1 : 


(2.6) eh ^! |i, i-1,3)| , ch, [YC 161,3) | s м, 
- E -1 
(2.7) h TJG, i-1,1)] , h p, возни, 
(2.8) (A/h) | 1,1-1,2)| ,— (A/h) G1 191,2)| = м . 


Then the uniform convergence (1.13) holds. 


The following well known schemes satisfy the conditions (1. 14-17): 
- the Lax - Friedrichs (LF) scheme: 


g(u,v) = (1/2)(f(u) + f(v) + Еу-и)) , 


where B 1s such a number that 


|((u| 3B. ueV. 
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- the Engquist - Oscher (EO) scheme: 


gu, v) =Í b (s)ds al b (s)ds ; 
о о 


where 
b (s) = minlO,b(s)] , b (s) = max{0,b(s)} . 
In particular, EO scheme satisfies (1.16), (1.17) since: 
|» (Qu) - b Qu) | s [b(u,) - bQu| . 
lb (v) - b (| s |b(v,) - Бу.) |, 


Other properties can be checked easily. 


3. The indirect approach 


Let à € C^(1) and let (1.8) and (1.9) hold throughout this section. Let 
t and ü be new variables introduced by 


х= Аё), u(t) = u(A(t)) 
Let p(t) = 1/A'(t). Then the problem (1.7), (1.2) is transformed to: 


(3.1) Tu:= -e(p(t)u’)’ + f(a)’ + A’(t)c(ACt),u) =0, tel, 


(3.2) u(0) = U, , ü(1) = U, 


Here '- d/dt. By ü. we shall denote the solution to (3.1), (3.2); 
üt) = u CD). 


To discretize (3.1), (3.2) we use the equidistant mesh 1. The 
discretization reads: 


(3.3) Tw:=- єр" + Dew, + A(t CAE) ww) = 0, 


where 
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t = t + h/2, and Ё’ is the same as р’ from Section 2 іп the case of 
14172 1 h h 


equidistant mesh. As before, LA and w in (3.3) should be replaced by u and 
n 
Un respectively. 


Theorem 3.1 Let the conditions of Theorem 2.1 hold. Then there exists a 


unique solution LET to the problem (3.3) and We ne У, . Moreover, for any LAT 


VA the following stability inequality holds: 


n-1 


j i. EEE я 
(3.4) L А Ct) |v, vi] 5 с, UEA Tvl 


1=1 


Proof. Let us prove (3.4). We set z^ wat), y vA Ct), 1»1,2,...m-1, 


and introduce a new operator: 

Tz -T(z/'(t),. I-,2,...m1. 

Then' the Riccio’ derivative of T. satisfies: 
CAE s ме, , 


see the proof of (| heorem 2.1. Futhermore: 


^ 


e = 
ЕЗУ In, ШУ 3 
and (3.4) is immediate. The inequalities 
T (ue) = 0 = Т (ue) 
complete the proof. a 
Let us now consider the consistency error of the operator ie 
г = (Tu = тм 1:260. п-и 
Г, (Tu Ct) Tut) b cdm n- 


AS before, we set: 
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where 

те ра) - (2608.60) esl 
MES f(u,) Ct) - Dru (Е) 

Additionally to (1.9) and (2.2) we shall assume that: 


(3.5) РО sM, tel, 


and that A’’’ 1s ріесеміѕе continuous in I, in such а way that: 


(3.6) A QE айап LS RE n 
(3.7) [АШ (Об м; ге (201.01). 1=1,2,...,п. 
Let 

t 


J 
Xi, J, k) -[ (s - tO ul" (s)ds 


t 
1 


and let ES "Blu have the same meaning as in Sectlon 1. We can easily 
prove the following lemma, which corresponds to Lemma 2.1 in the direct 
approach. - 
Lemma 3.1 Let (1.3), (1.15) and (3.6) holds. Then for i=1,2,...,n-1 we 
have: 


i" = eh (бе) "Co! ) - (pit) "(07 ))/в + 


Y (eCt, Ue" CODD = СВАИ] É 


- - + + 
where о, е, є C pt) о, 8, € Gert oi 


), 
апа 


ayes A Б 
ri Е, JU, i+1,2)/h + g, „J.i 1,2)/h + 
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undone 
С 141 
-1 - 
+h | "i ECOSSE 
u(t) 1 
uate) 3 


[6060079004 


Theorem 3.2 Let (1.3), (1.4), (1.14-17), (3.6) апа (3.7) hold. Then we have 


the convergence (1.11). 


Proof. From (3.4) it follows: 
n-1 
P -z ET 
ў A Cow. EI е, Ind s. 
1-21 
Multiply this inequality by h, use u(t) = u(x) and 
= 3 
[|i 'Ct) - В, | = Mh 
(which is valid because of (3.6), (3.7)), and obtain 


2 
Iv. - ss 5 Hh + Mh, 


i - Е 
(since wey u(x) | 5 M) a 
Finally we can prove: 


Theorem 3.3 Let the conditions of Theorem 3.2 hold and let the following 


inequalities be satisfied: 


(3.8) clo (| =н, 0,1,2, 
~(k) — 
(3.9) ju. (H| <M, k1,2,3, 
where Ё e (t 9); 1=1,2,...,п . Then the uniform convergence (1.13) 
1-1' 1 
holds. 
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From this theorem we can conclude how to choose A. This can be used in 
the direct approach as well. 


Let S denote a layer of Ue. Very often uc behaves in the following way: 
и (х) ~ vO) LESS 
where Ve 15 the corresponding layer function. If we take 
Xt) = v. CO for tea (s) , 


then (3.9) follows for k=1 and x є S. With such a choice of A we can expect 
that (3.9) holds for k-2,3 as well. Оп the other hand, outside of layers we 
need (2.2), (3.5), (3.7), and іп these parts A can be a sultable polynomial. 


4. Two special problems 


4.1 A non-turning polnt problem 


In this section we shall consider the problem (1.1), (1.2) 1n the case 
when 


(4.1) - Щи = Ь, > 0, ue W. 


The proof of the followlng theorem can be found in [23], cf. [5]. 


Theorem 4.1. Let (1.3), (1.4) and (4.1) hold. Then for х є I we have: 
я 


(4.2) Ао | s М1 + в ку (х), k=0,1,2,3 , 


v O9 = ехр(-Ь.х/є) . 


Thus, in this case ue has a boundary layer at x-0. Let us apply the 
direct approach. Flrst we have to choose A according to (4.2). In view of 


the discussion at the end of Section 3, we take: 


wt), te [Oa], 


(4.3) a(t) = 
n(t):- öl t-a)? + o"(o)(t-a)?/2 + w'(a)(t-a) + ua), tela, 1], 


where a є (0,1) is given, ô is determined from m(1)-1, and w(t) corresponds | 
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to the inverse of v Cx). Essentially the following type of function was 
introduced in [2]: 


wt) = ©(4):= - Beln(1 - t/y) = Вейкт + t/(7-t)). 


; Where В is a positive parameter and 


Similar logarithmic funclions were used in [7-9]. However, It was shown in 
[17] that for this type of layer a certain approximation to w(t) would 


suffice, e.g.: 
(4.4) eX t) = w,(t):=Be thy - t). 


For the reasons of simplicity, we shall consider here functions of w(t) - 
type only. Functions of this type were used in [17-25]. 

It is obvious that A є c». From пон on we shall assume that the 
parameter В in (4.4) is given in such a way that 

óz0. 
It is easy to see that such a positive В, independent of є, exists. This 
implies: 
ОСАО, К,2, ИШЕ ШЕ 

„Moreover, because of the special choice of у we have 


AU) с) MK Ch. 
hence the conditions (2.2), (2.3) are satisfied. 


Note the following property of A, which we shall use later 


exp( -b à(t)/£) s M exp(-M/(7-t)), t€ (0,9) . 
Theorem 4.2 Let (1.3), (1,4), (4.1), (4.1), (1.14-17) hold and let the mesh 
т. be given by (1.8), (4.3), (4.4). If 


(4.6) nz=mine, 


with an appropriate constant m > 0, independent of h and =. then we have 
(15735 
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Proof. According to Theorem 2.3 we only have to prove (2.6-8). For instance, 

let us prove the first inequality from (2.8). The other inequalities can 

be proved.analously. We shall use the standard technique from [2], [17-21], 

[23-25], which consists of the following three steps (for i-1,2,...,n-1): 
o£ chen v 


2 t Sa - 3h, 
1-1 


3° a -3h< Я eet с 
Thus, since hi 5 Ay 1=1,2,...п-1 , we have to prove 
x 
1 
" 2 
(4.7) у:= (h, Zh) [ (s-x ]uXs)|ds = m? , 
x 
1-1 
d IE ilo ooo c 
Because of (4.2) we have 
2 -2 
Vs МВ, (1 += Jv (СЕ _,))) 
We shall use this inequality in steps 1° and 2° . 
In the step 1* it holds that 
2 -2 1/3 
Vs иһ, (1 + € v (Аа -e `))) 
and (4.7) follows from (2.4) and (4.5). 
In the step 2° we use (4.5) and 
-2 -2 
hi 1 He Cr "re = Mhel y Г trea y 


(since 1n this case « - СЯ = (а - t 4273. and (4.7) 1s proved again. 


Finally, in the step 3° we have 


| 2 -1 
| TESI П.С, 


)) = 


-1 
| s МВ? + he ‘у (Аа -3h))) s 


< МВ? + Ве ! exp(-Mn)) , 


3 


and (4.7) follows because of (4.6) and e`“? < зһ. п 
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Let us now consider the indirect approach. Besides (1.9), the functio: 
A should satisfy (2.2), (3.5-7). Because of that we take A from (4.3) with 


174 


(4.8) ox t) = o (t):= Bet/(a * € - t), 


where 


a = j/n for some J€11,2,...m1] , 


so that (3.6) holds. Again, the positive parameter 8 should be chosen so 
that 6 = 0. The same function A was used in [23], [24]. 


Theorem 4.3 Let (1.3), (1.4), (4.1), (1.14-17) hold and let the mesh A be 
given by (1.8), (4.3), (4.8). Then ме have (1.13). 


Proof. Because of Theorem 3.3 it is sufficient to prove (3.6) and (3.9). But 
these two inequalities have already been proved in [23]. п 


Let us mention that a more general problem has been considered in [23] 
- the case when b = b(x,u), and that the linear convergence uniform in c has 


been proved in the equidistant norm 1-1, = һ[-[,. 
4.2 А boundary shock problem 


Let us now consider the case when 


Би) = u b (и), c(x,u) = и с, (x,u) 
. 
b zib (и) = b,>0, ИЕН, 
c = с (х,и) вс, 20, xel, uewW, 


U =O, U, > [b'c' + tb'c'(o'c* - b.e 1 Mb.) 


These conditions together with (1.3) and (1.4) guarantee the followlng 


estimates of the derivatives of the exact solution: 
lut c | s М! + c “exp(-m,x/e)) ‚ xel, k-3,2,3, 


with a positive constant m, independent of є. For the oroof see [24], where 
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the indirect approach was used. Неге the solutlon behaves in the same way as 
in the case of the non-turning point problem, thus the same functions A can 


be used, and the resulls analogous to Theorem 4.2 and 4.3 can be proved. 
S. Concluding remarks and numerical results 


Let us consider the problem from [14], [23]: 
Pi. - eu” - exp(u)u' + ((п/2)51!п(пх/2))ехр(2и) = 0, 


и(0) = u(1) = 0, 


the solution of which is given by 


ч„(х) = у(х) + Ac) , 


в у„(х) = - Inl(1 + cos(1x/2)) (1 - (1/2) ехр(-х/(2=)))] 


We shall cozpare our numerical results with y, CO . Let 


E © b... > vL Ё Bs E bM а А А 
We shall use the function A from (4.3) with (4.4) and (4.8) in the direct 
and indirect approaches, respectively. In both approaches we take 
a = 0.5, В=1, < 


getting 24 - 33 % of the mesh points in the layer, (in dependence of =). The 
effect of changing a and В can be seen in [17], [23], [25], for instance. 
Both ЕО and LF schemes will be used, the latter with 


B=1. 


TABLE 5.1 Pi, direct approach, EO scheme 
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TABLE 5.2 P1, direct approach, LF scheme 


The numerical results show more than our theory gives: the pointwise 
convergence uniform in Е can be observed. We can see that there is no big 
difference between the results of Tables 4.1-4. However, the direct approach 
gives somewhat better result. This confirms that the condition (4.6) of 
Theorem 4.2 is not essential for the proof of (1.3). It is introduced for 
“technical reasons only - in the step 2° of the proof. (Mote that the proof 


of Theorem 4.2 could be simpler - because cf 4.6) we could use two steps 
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only: 1° tQ = «@- 9h and 2° tı 5 & - Эһ. By the proof which 15 given 
here we want to show that the condition (4.6) is needed in the step 3° only). 

On the other hand, EO scheme is better than LF, which is not 
surprising, since in this case EO scheme reduces to the standard upwind 
scheme which is here more natural than LF scheme. 

Similar conclusions hold in the case of the boundary shock problem, cf. 
(24). 

Comparing the two approaches we can conclude that the proofs of the 
uniform convergence are simpler and easier іп the case of the indirect 
approach. In particular, there is no need for some artifical conditions of 
(4.6) - type. However, the direct approach seems simpler for coding and tt 
uses simpler functions A. We illustarte this by the functions which should 


be used In the case of two boundary layers: 
w(t) t є [0,a! 
(5.1) A(t) = п, ( DES t є [«, 1/2] , 
ПИЛОТ В), В «vr (1/2, 1) 
where с e (0,1/2) and n (t) is а third order polynomial, such that 


à e С? [0,1/2] and n (1/2) = 1/2. It holds that A e C'[0,1] and A" is 
discontinuous at 1-1/2, but the direct approach allows this since (2.3) 
holds for t є IN 1/2}. In the indirect approach w(t) should be replaced by 
w t), and we should use a more complicated polynomial, which connects o Ct) 
and 1 - w (1-8) in such a way that (3.5-7) hold. 


Similar facts hold in the case of function 
w(t) 8 t e [0,a] 
A(t) = w(t) 5 t e [x ,1] * 
-A(-t) , te [-1,0! 


which should be used when the interval is [-1,1] and there is an interlor 
layer at х=0 . 
Let us use the function (5.1) to solve the following problem by the 


direct approach: 


P2. -zu" + ии’ +u + s(x) = 0, ц(0) =й, u1) = 0, 
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a e ee - __ __ 


where s(x) and Uj, О, are given so that the solution reads: 
1 


ux) = -exp(-x/e) + ехр((х-1)/є) 


In Table 5.5 а =0.25 and В=1. 


we give the results obtained by EO scheme for 


Гер E, and E be as before, except that here we take и. instead of yo Note 
iJ 


that here the error E decreases together with є. 


TADLE 5.5 P2, direct approach, EO scheme п=100 


Of course, in general it is not easy to know in advance where the 
layers are. In the case when locations of the layers are not known, one 
should apply a stable equidistant scheme to locate the layers. After that, a 


sultable mesh generaling function could be introduced. 
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Rezime 


METODI GENERISANJA MREZA ZA NUMERICKO RESAVANJE KVAZILINEARNIH SINGULARNIH 
PERTURBACIONIH PROBLEMA 


Kvazilinearni singularno perturbovani konturni problemi se resavaju 
numeri¢ki koriscenjem diferencnih Sema па specijalnim neekvidistantnim 
mrezama. Mreze su generisane pogodnim funkcijama koje prerasporeduju 
ekvidistantne tacke. Dva sli¢na pristupa generisanju mre2a su uporedena. 
"Uniformna" konvergencija Je dokazana za dva specijalna tipa problema. 
Numerički rezultati ilustruju efikasnost metoda. 


Recelwed by the editora October 10, 1988. 
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EXAMPLE OF A CONTINUOUS NON-MARKOVIAN 
PROCESS X(t)= W (t+ (OV (t) OF MULTIPLICITY TWO 


Zoran А. Ivkovic 


Institute of Mathematics, University of Novi Sad, Dr Ilije Duricica 4, 
21000 Novi Sad, Yugoslavia 


Abstract 


The continuous process X(t)= V. CO + pltw (В), 0551, is considered, 
where W(t) and W(t) are independent Wiener processes and g(t) is a 
version of the Cantor distribution of function. The multiplicity of the 
non-Markovian process X(t) is two. The proper canonical representation of 


X(t) is also given. 


0. Let 4{x(t), t=0 be a mean-square continuous and purely non- 
deterministic process. The proper canonical (or llida-Cramer) repre- 


sentation of {X(t)} is 


Not 
(1) x(t) =} [200 az o, 

1 0 
where 
- the so-called innovation processes 42 CO. t z 0}, n-1,...,N (N may be œ) 


are mutually orthogonal wide-sense martingals, 


- the mean-square linear closure of {X(u), и < tk H(X;t) coincides with 
N 
үў @ 2:0) for all t (HX) = У ЕО is the Hilbert space with the 
1 t 
inner product <X,Y> = EXY ) , 


m 

AMS Mathematics Subject Classification: 60С12. 
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~ the measures ағ (t) = az (ор are ordered by the absolute continuity 
n 
аты> ак ОЕ) >... > аЕ (Е) 
1 ~ 2 ~ ~ N 


Let Р be Lhe class of measures equivalent by the absolute continuity 
to ағ (1). The chain 


(2) рү 20,2. > P, 

is the spectra type of {X(t)} and М 15 the spectral multiplicity of |X(t)]. 
The correlation function of {X(t)} uniquely determines the spectral type. 
The ‘main result of [1] 1s that for an arbitrary chain (2) there exists a 


continuous process with the spectral type (2). 


In. connection with this result interesting are the examples of 
univariate continuous processes with М = 2. It was shown in [3] that the 
H-ple Markovian'process {Y(t)} with the proper Goursat representatlon 

H 
y(t) =) f(t) Z (0 
1 n n 
has the multiplicity Ne {1,...,M} depending of some continuity and 
smoothness properties of the functions f (t). For example, ( 13], [2]) the 
n 


process {Y(t)} with the representation 
(3) Y) =W (t) + £COV (t) , 
where LATO: and {W(t) } are mutually orthogonal Wiener processes, has 
the spectral type 
dt ~ dt, 
if f(t) is continuous but not absolutely continuous in any interval. In 


this case, {үс} is the 2-ple Markovian process and (3) is its proper 


canonical representation. 


1. In this note we shall give the example of a continuous non-Markovian 


process {X(t), 0 5 t = 1} with the representation 
(4) X(t) = M, CO + p(t) W(t), 


where ИА; апа 44,00} are multually orthogonal Wiener processes. The 
function g(t) is a modification of the distribution function on the Cantor 


ternary set. 
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Example of а continuous поп-Нагкоуіап process.... 
5 MEME =. n 


We define g(t), О s t = 1, in the following way: $(0) = 0, g(1) = 1; 


re 2 2 Yl ME 2. 
e(t)= 5 e(0) + $ ф(1)= L 55223 e(t)» 5 (0) + 5 ve) 59539: 
2272 1 57 8 
CE) — 6S E yee x 2429 and so on. 
Ф 5 (5) +391 = 5. 8556; 


In such а way g(t) is а continuous distribution function increasing 
only on the Cantor set C. Let us denote by L and R; L,R с C; the countable 
sets of left and right, respectively, end-points of removed open intervals 
in the definiton of C. According to the definition of $(Ё), It is easy to 


see that for t'e L 


lolt’) = Cr ES 


(5) lim © 
ho 
In such a way, for the process {X(t)} defined by (4), we have 
(6) XCt 97e XUE АТС re 
era e eT) E ШОР, 


hyo 


Indeed, (Ag = g(t’) - g(t'- h)), 


, 727 2 
Xu) xum yn = ES w(t) = worms 
Ap (Ap) 
; 5 ; 2 1 а 
+ p(t’- p) CU) - V, CU- mp = [1 +g (t’- h] 50 hyd. 
(Ap) 


Let us denote by РА the projection operator onto X(X,t) and consider 


the wide-sense martingal 42,00), O = t= 1} defined by 
2, (8) = P XC). 


Evidently, 1z cor is an innovation process of |X(t)]. 
{x(t)} being continuous, the space K(X) is separable. For arbitrary 


t, О < t < 1, consider the partition - t, ks1,..,2" of [0, t] for п=1,2,... 
. 2 


and the mean-square linear closure H (X;t) of 12а Е). Ее 2" } Ву 
А = . , . 
2 


Г 
the separability of 3(X;t) and H Gt) с HK Xt) c ...'we conclude that 


Ht) = у X OG t) 
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Let us denote by а the projection operator onto # (X;t). We have 
гп п 


(7) Ам. P XGDE. (7) 
1 nt 
п Э Р 
As 


Simplifyng the notations by h = t, we consider the projection of X(1) on 


№ 


random variables X(t), X(t-h), X(t-2h),...: 


P X0) = aX(t) + bX(t-h) + cX(t-2h) +... 


It is easy to see that 


<Х(1) - laX(t) + bX(t-h)], X(u)» = 0 Гог all ust-h, 


ЕЕ ЕН), ЛТ - 1. 


Аф Аф 


Rewrite 


Ky XU - m 


aX(t) + bX(t - h) = X(t) + (1 - e(t] ip 


Ву (5), we have for t’e L 


(8) , = , = , V , - , , 
zt ) X(t') + [1 e(t nx Ct ) = м, (Е J) F w (t ) 
Put 
(9) 35m I E 
zt ) LAC ) LAS: ) = 


We have <z (t), Z (t')» = 0. Using (8) and (7), we write 
as LEER A2) , 1 - g(t’) к 
(10) X(t Пек (Чы. litas ye, Ct Jas 


We conclude from (6) that w(t") € #(X;t’) and from (8) and (9) we 
conclude that Z (t'), w(t’), Z(t’) e HOG Е). In this way (10) is the 
proper canonical representation of {x(t)} at the points t'e L. 


Let (t^, t") be à removed interval and let t € СЕЧЕ Ме verify, by 
simple calculation, that 


t’) = , 
«xa - [z tque (диў XC 1. X(u)> = 0 for all us t. 
1 01249 (t) 
This way 
x(t) - x(t')), a(t’) = а (ttc 
й 1 + e*t") 
+40) = Z(t) and 216 


(11) Z (0) = Z (t) + a(t’ )C 


for te [t',t*] wth Z, C 59) = (ta): 
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———————————— = 
Let us remark that 2, (t^*0) * Z(t"). Indeed, consider the sequence 


of intervals (t’,t") such that t',t", n> e. Then Z (t7) V. CU) * V, Ct)» 


г КЕЛУ + W(t"), 1n the mean-square as n э = and 
2 


j 2 " MITIS Р ‚ ry ^ 2. 
lim [Z (t7)- Z (t) j =] IW C) + W (t”)J-[Z C) + alt’) X(t") - X(t I 
n-xo 
{1 - e(t')]? 


5 (t"- t') #0 
1 f'erct2) 


Rewrite (11) in the form 


; 1 3 ; 
X(t) = XC) + ау (Z(t) - 2,060) 
or 


21-7 H 7532 x ; 
(12) x(t) = Ie (В - c Z(t? yo init) Z(t’). 


(12) is the proper canonical representation of {X(t)} for t e (t',t"]. 


There remains to find the proper canonical representation of 4x(t)} 
for t'=se C\(L у К). Consider two sequences of removed intervals: the 


sequence (t',t") such that Ё”Т$ (then in fact t'^ós, because t"- t'— 0) 
Dorn “n 7n Tn — 


and the sequence (t^ t7) such that trys. It follows from the continuity of 
n 
{xX(t)} and jw (t)} that 


1.1.м. X(t?) = X(s) = 1.1.m. X(t") 


n> n 
or 
1+ eC) 1 - e(t) 
aa [ —2— 2, (4) + 5 ze] = X(s) = 
n э о 
СОМ 1 - p(t’) 
= l.i.m [ 5 2,06) + 5 2 c] 
> E 
and 


үч 2 E & 2 
ATEKA] = Е) м (079) - I CU) + Vn] = 
=2(t’-t) 99, nae. 

n -n 
We conclude that 
X(s) = —— 2, (s) + € Z (s), 2. (5) = Ы (s) + М (s), 1=1,2, 


is the proper canonical representation of {X(t)}. 
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Let us summarize: 


The process {X(t), Os t 5 1} given Бу (4) has the following proper 


canonical representation 


1 + p(t) La ett) 
—*— 2) + Z(t), Ее C\R 
X(t) = 
1+ (t) (1 - g(t’))? ; 1 - g(t’) " c 
EN ON A cues mAh - nU» bE CYR 


" 


where t'- t'(t) is the left-end point of the removed interval (t',t 
РАС] 


The innovation processes 42,00), 0515 1} 1=1,2 аге 


W(t) + W(t), Ce с\к 
ZG) 7 
ЕАО СО ТА PUE Coe C). Серые y cer), 
1+ ф (Е) 1+ y(t") 1+ g(t") 


teCyR, 


Eb W(t) -W (t), te C\R 
2 7 А c 
WU CO Ce VR. 


Let us make two remarks at the end. 

The process {x(t)} is not Markovian. According to the definition in 
13], a process {Y(t)} 15 M-ple Markovian 1f for ail а = b set РУСЬ, teb} 
contains exactly M linearly independent elements. In our example, the set 
{P x(t), t 2a} for a=t’ contains two linearly independent elements 
W (t), V, CEU) and for a = t Е (t',t"] contalns three linearly independent 
elements W 06), CU), V, CU). 


Concerning the spectral type 


of the process {хо}. the measure dF, (t) = alz, сер? belonging to Р, isa 
discrete measure on the set R, the measure dF, (i) = alzi сер? belonging to 
Р; is the sum of a measure equivalent to the DER Lebesgue measure dt 


and a measure equivalent to dF (t). 
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Rezime 


PRIMER NEPREKIDNOG NE-MARKOVSKOG PROCESA X(t) = W (t) + eC CO 
MULTIPLICITETA DVA 


Posmatra se neprekidni proces X(t) = м, (Е) + plt)W (t), ОЕ =; 
gde su W (t) 1 W(t) nezavisni Vinerovi proces! 1 g(t) Je Jedna varijanta ' 
Kantorove funkcije raspodele. Multiplicitet ne-markovskog procesa X(t) Je 


dva. Takode Је data ¢isto Капопіска reprezentaci Ја za X(t). 


Recelwed by the editana December 23, 1987. 


СС-0. In Public Domain. Gurukul Kangri Collection, Haridwar 


Бу Arya Samaj Foundation Chennai and eGangotri 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


Univ. и Novom Sadu REVIEW OF RESEARCH 
Zb. Rad. Prirod.-Mat.Fak. FACULTY OF SCIENCE 
Ser.Mat. 19,2, 203-217 (1989) MATHEMATICS SERIES 
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Abstract 


The structural theorems for generallzed random processes from L(A, Z) 


and Y;* are given. 


1. Introduction 


In [11] Zemanian introduced the space 4, the space of test functions 
and its dual Space) 4'. Using his ideas we construct a scale of spaces я, 
where К is an integer, whose elements have ап orthonormal expansion. Next, 
we define a generalized random process (g.r.p.) as а continuous linear 
mapplng from 4 toZ-a separable Hilbert space of random variables with 
finite second moments. We denote the space of all g.r.p. by L(A .2). In 
the definition of g.r.p. we follow [4]. This definition is different from 
the definitions given in [1,2,7,8,9,10]. In Section 3.2. we construct the 
Space vers where k is an integer, a subspace of L(4 .Z). Giving the 
structural theorems for elements in У" and 104.2), ме establish the 


relation between them. 


Since elements from the spaces A have orthonormal expansions, this 


enables us to give simpler structural theorems than in [4], where Sobolev 


ААА 


AMS Mathematics Subject Classification: 60H 
Key words: generalized random process, the Zemanian space 4 
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spaces were observed. The proofs of Theorems 4.1. and 4.2. are given 
following [4]. The given structural theorems can be applied in solving 


some classes of stochastic differential equations similar as in [7]. 


2. Spaces й and 4' 
k k 


2.1. We shall follow the notation as in [11, Ch. 9.]. Let I be an 
open interval in the set of real numbers R, 12(1) the space of the 
equivalence classes of square integrable functions with values in the set 


of complex numbers С. The norm in L* (I) is defined by 


2 172 
It], = [J lect) | а) 
І 


Denote by С(1) the set of infinitely differentiable (smooth) functions 
and by Nu, and М sets {0,1,2,...}, {1,2,...}, respectively. 


Let R be a linear differential self-adjoint operator of the form 


where D-d/dx, n. k=1,2,...,v, are non-negative integers сяб k-0,1,...,V, 

smooth complex functlons with no zeros on I. Suppose that there exists a 

sequence of real numbers {А п є Not and a sequence 19... ne Not of 

smooth functions in [2(1) such that I. | 3o for nə% and r 
Ry = AY ne м, 2 

Furthermore, suppose that iv... ne NE forms an orthonormal system (o.n.s.) 

in 12(1). We can enumerate A, and ф so that ja | = |^, | 5А] =... 

Put 


A if A*0 
AS n n ne м, 
E 1 if А=0 
n 
{А п є NE is a non-decreasing sequence which tends to infinity. 


Denote 5 
*!= RR), ke к, 


where R= J and J is the identity operator. 


Now, we shall define the scale of spaces 4 ke м: Our construction 
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2 t е 2 £2k 
a= [ве Ма: eN awe L [а | А. <=}. ken. 
n= n= 


We see that nm L^(1). The space я, is the Hilbert space equipped with the 


scalar product 


and the norm г 


о e 
where +=) aw. v=} by. 
n=0 n=0 
po, 
Note that the orthonormal system in 4 is У, = E Je No: 
a 
J 


2. Put 


С) aj: пей, acc}. 


i The set S is dense in A КЕ М: The operator x, me н, is defined оп $. 
From the fact that the mapping X: S э 12(1) is linear and continuous, it 
follow that К", m s К can be extended linearly and continuously to the 

e 
space A. Denote this extension by X, m = К. Let ўз» ү) awe S and 


n=0 
© 


= A, 
$ Уң ай < 4. Ме have that фэф, рэ, in so 


wew (F ao) ue fe [м] Вах»: 


n=0 n=0 =0 


Let $ € 4 n) and <, 4» = (6 Xy», msk, пен, where 


<$. > = = Í ФСЕ) vCt)dt, ¢,w € L'(I). Then = $$, n 3 К. 


I 
Next, we shall define tha spaces 4, Кє N, in the following formal 


‘way: 


I Is 2 y-2k 
4 = fer rade b y. n Lape e} ‚ ken. 


The set A y 19 a vector space (with operations defined in the usual way). 
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We can define a scalar product and a norm on it. 


о e 
Namely, let f = I b y s я = ) су, then 
пп 
=0 


со 2 2k 14 
Ir, " [ L |b, | Aa ] 
n=0 
It 1$ obvious that 4. 15 a Hilbert space. 


Let a be Lhe dual space of 4e ke н. We have 


Theorem 2.1. There is an isometry between spaces a and A 


Proof. Let Г є A’. Denote by b = (f, ) = f(y ) = <f, >, ne М, and let 
k n n n n о 


о 
$ = } aw. Е A. Since f 15 linear and continuous, we have that 
п=0 
= — 
(2.1) (ro) = ab. 
neo nn 
It follows from [6] that 
е 2--2к 
(2.2) ув < 
п=0 
So, there exists ап element л є A x such that g - D b y . Conversely, if 
- nn 


о 
we have g = yoy, € я, such that relation (2.1) holds, then the mapping 


п=0 


о о 
$ = AE > QUE ġe A defines an element from я, . Denote this 


element Бу f. It is obvious thal b = (f,p ), ne No: Hence, we have a 
n n 
e 
one-to-one mapping Ге dA’ э Lè y er , where b= (f,p ), 'neN. 
х L nn -k n л о 


Obviously, this mapping is linear. 
Next, we shaJ] prove that Wap IL, ‚ where Ifl; is the dual norm in 
A’. 
k 
We have 


p^ © 1/2 
Ie ot = яг (бее у [лал 
=O 
[GE - 


It = шр. 
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т 
Furthermore let ф = ) b яр єй. We have 
m n n k 


д "m n=0 2-2] ^^ е 2-20}? 
елы о ЧЕН 
п 


[t follows that |Г|/= [f] , 


We shall write ХС» Y Lo denote Lhat a topological vector space X can be 
embedded linearly and continuously into a topological vector space Y. 


One can prove easily that 


я GAG... ооо 
k*1 k 1 о -1 -k 
Let 
xd 2 Ы Є 2~2k 
a= па, = {ee CD: ¢=) aw; ve а, <=}. 
k=O n=0 n=0 
x: e е 2--2к 
~ 415 n o dd fr: hee L вх DE L LM Ал s ) ; 
к=0 п=0 n=0 


Note that the space 2 is dense in A КЕ No: because it contains the set 
S which is dense in each Ay КЕ NS. So, A, КЕ NS 15 the completion of 
A with respect to the norm Е. From Theorem 2.1. it follows that 4' is 
the dual of A, 6. From 11, Lemma 9.3.3, p.316 it follows that the spaces 4 
and 4° are identical to the spaces defined in 11, ch.9.3. and 9.6. and 


denoted by the same letters. 


Definition. An element from я (i.e. a) is called a generalized function 
of R-order К. An element from 4' is called а generalized function of 


R-finite order. 


2.3. Let mk e М. In Section 2.2. we defined the mappings Rid > 12 (1), 
m 5 К. We define the mappings QC»? o) Ay n 5 k,in the following way 
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(2.3) ((#°)'г.ф) = (,X 9), msk, ged, Ге О) 

eo e 
If ге 1(1)1з the of formf=)bw, ) |b |= =, we have 
һ=0 n n n 


п=0 


e 
(2.4) (Ry r=) b му. 
n=0 n n n 
It 15 obvious that (X")' сап be defined on я р є М, in the same way as 


со 
in (2.3) and that (X): A >A . As it. formally (R")’rf = ү} ba™y, 
тр -p-m R nnn 


e 


fe A m s k, we shall denote QU) by К, ms к, 


c 
Put A= 4пе\: A= 0}, and A= м \^. It 15 easy to prove the 
following representation theorem 


со 
Theorem 2.2. Let f € 4 be of the form f = » bw, and F=) (b AD. 
-k DO n n AD nn n 


Then, we have that F € L*(1) and 
f= ЖЕ + ЖУ; 
n€A non 
So 


fed o3keN, JF є 12(1), ЗЬ ЕС, пел, г = RF+) dW 
п 


3. Generalized random processes from L(4 ,Z), ke М. 


3.1. Let (Q,%,P) be a probability space. Denote by Z the space of all 
the P-equivalence classes of complex random variables with finite second 
momenta. Z is the Hilbert space with the scalar product and the norm 
defined in the usual way. For &, пе Z, 


(Е, т), = ЕЄл = | E(w)nlw)dP(w) , 
Q 


zi 172 
D 161, = (& 6) °- 


We suppose that 2 is separable, so there exists o.n.s 45, ne м} апа 


e o . 
foe Е є 2 we have € = DER ‚ ся (8,5), пећ. L le, 1< о. 
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In the definition and assertion which are to follow in Section 3. 
and 4. we follow [4]. 


Definition. Random process €(t) on I is a family {€(t), t e 1} of random 
variables from Z. 


Denote by L(X,Y) a vector space of all the linear and contonuous mappings 
from a topological vector space X to a topological space Y. 


Definiton. Generalized random process оп 4 is an element from L(4,2Z). 
Denote A= L(4,Z), and by (€,¢) the value of ЕЕ И’ at ф є й. A sequence 


{6 п є М} converges to € є И’ for each $ € й, lim (Е 0.9) = (£,9) In 2. 
no 
We can define the operator 3 on the space A in the following way 


(Ep) = (6,794), кем. 
Denote A’ = L(A ,Z). The norm on 4. 15 defined in the following way 


Inl, = sup flo ged, [0] = i} 


The space 4. is completa because Z is complete. The relation я, = Ao a 
holds, and for f є 4. we have МГ, = | |f|. Since for nz m 0 ме 
have 4 O ага jø] < |4], it follows that 4 O 4'. Also, 4O A, and 

n m m n а n. z k 
every convergent sequence in 4 1$ convergent in 4 so 49 4 . Therefore, 
the spaces 4 satisfy: 


u*a»'- £o 4 T 4o 2.6 4 


' 
and moreover 


. - LJ 
A=U 4, (in the set theoretical sense) 
k=0 


Definition. An element from a= L(4 ,Z) 1$ called the generalized random 
process of R-order К. 


3.2. Denote by Y" a space of random processes on I of the form 
TT:S 


? n(t,o) = a (op (t), а (6) е2, tel. 


n=0 . 


Obviously Sc ү". 
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Lemma 3.1. Y" is a subspace of и, кє М: 


т m 
Proof. Let n € Y? be of the form п = y a (wo)y . For $$ es, ф = l b y 
n n k n n 
п=0 п=0 
ме have 


(m, Ф) zl ЖО) =} а (©) (у Ф) = Y a (wb, ; 


п=0 п=0 п=0 


ѕо (п,$) є 2, Гог еуегу ф є Ac Linearly is obvious. 


о 
To check continuity, let ф ,$ € 4, n € N be of the form $=) Бу, 
n k n үш 11 


ao 
ф X у, and let $ converge to ф in 4, і.е. 
m) 1 n k 
IS 2 
L [Ж = Xt 50, nə% 
120 
Therefore, 
m 
(Mm - $) = ү) а (ш)(Ь“-Ь)эоО, n>% 
n 150 1 1 1 
in 2. 


Denote by У“ the space obtained by completing Y? in 4. with respect 
to the norm LU, › 


Lemma 3.2. 4 is a subspace of yaks, 


e 
Proof. Let fed T be of the form f - L aw and т< Y" of the form 
2 ~ оп m 


n=0 
m 


DERE а < С, пе М: We shall show that the sequence п, convergence 


to f in Y'*. 


[ғ и I ae D * = e 2--2X 172 
ZA E. 3 | Ре чл] у= L la, | ae pio: Doa 


-m*i 
Tbeorem 3.1. ү“ is а proper subspace of 4. ke н. 


Proof. га. 45, ДЬ N p and JV, пем | be o.n.s. іп 2 and 4, respectively. 


Let ф = ) HED с. 9. Define an element ne L(A Z) by 


n=0 =0 


о 
(3.1) no = уфф) Е. 


п=0 


The mapping is well defined since 
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In", ФЕ =} 16.0), 1? -È Ie PRX <, 
п=0 


where 
= 2k 
у © сл 
~ n n n = xk | 
(v. 9), Е sen ; А es, | = At z Cine r | 
n z n H 
Linearly is obvious and if фэ Ф ind, then 
‹ E 2k 
Itn .$ - ré zb als Bee 50, moo, i 


so that n 15 continuous and ne " с 


The mappings фэ ($. $) пе н, are linear and continuous, with norms equal 
to 1, so there exist fe Ч, пе н, (Theorem 2.1.) such that y= and 


(# ,$) = (£9), nen, 


— a 


and 
о 


à (no) =) М.Е. 


——— + 


Let п be an arbitrary element from Y" of the form 


nit, o) =) d (a) $ (0 . 
For t € 1, fixed, we have 


` 
a 


n(t,o) =} g(t) £ (v) 6 


n=0 
where 
g (t) = (906,9), £(9),, пен. | 
We shall prove 44 4 
(3.2) Гы (oae. ' 
JE т ^ 
We have that 


f eog at = f [ ni 


n 
1 
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=} [о 9 Code [ а, coa (w)dP(w) = 
1,)5m Ч J d : J 
I 


Furthermore, since 


со 
2 2 
|} lg CO Г а = J Intt, oe) |7dt <<, 
1 I 


and according Lebesgue's theorem 


I 2 E 2 
со аг = 
ОЕ. ае < 


(3.1) follows. 


2 2 
Непсе, ЖЕЛ ры fleo] dt> 0, n э œ. Since |f | ,-1 and |5 | „58 lo? 0. 


1 
we have 


. #2 . 
№ - »L, = sup d] - т,$) 2, фел, [els 1} = 


со 
= sup { У |07 -z.0l5. фея, [$] 51} = 
п=0 


= lim sup СА - &,.$)|?, ged, 191, = 1} = 
nx 


= lim sup {|(f 9) |7 - 2|07.,)|- |08,9) + IG,.l?, e e 4. Dol s 167 
л Эс 


д 2 
= lim Г - 2 |=. 
n-»» 
o -k -k . 
Since Y is dense in Y , we have that for any ne Y , [т -п[_ >= 1. It 
follows that the element т, defined in (3.1) does not belong to Y. so 


у" is the proper subspace of 4. 
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4. Structural theorems 


4.1. Definiton. Let M ne Nt and lo... ne NI be sequences from A’ and 


Z respect ively.Then l 6 ee. is a generalized random proces in A’ defined 


пто 
Бу 
LI 


о 
( DC 2dim j (,.00., Weed, 
п=0 


m3 п=0 
provided that the limit оп the right-hand side exists in Z for each фе 4. 


Linearity is obvious and continuity follows form the Banach Steinhaus 


theorem, so that our definition 1$ correct. 


Theorem 4.1. Let п €:4' and 16, п є н} be o.n.s іп 2. Then п belongs to 
4. ke м, if and only if т 15 expressible in the form 


(4.1) =) г @E. 


n=0 
Where ГЕЙ , ne М and for every ф є A 
n -k о k 
E 2 
(4.2) у [Gol «e. 


n=0 


Proof. Let n € 4. Then the mappings фә (m, $),& 0), are in a= Я Гог 
еуегу 5, Z, ne М: So, there exist fe aye ne b" such that 


(m, g), & ),, = (1.9). Уф € 4, ne м, 2 


апа 


(л.ф) = ў ((q,9).& ),£ = [ ў (1, 9 &).e. Weed. 
n=0 


n=0 


So (4.1) follows. 
Further, we have 


e о 
æ> [nof = [C060 12= Y wl. wea. 
п=0 п=0 
which proves (4.2). 


о 
Conversely, let т = үў г, Gs. fi є 4 


‚уе. < =, мел 


к 
п=0 а сы ЖАР. 
Since ne 4 we have 
> к AF.. “Ж 
, Н TA «9r cum 
CC-0. In Public Domain. Gurukul i aridwar = «7 


= У M 


Digitized by Arya Samaj Foundation Chennai and eGangotri 


214 2. Lozanov-Crvenkovic and S. Pilipovic 


e 
(п,$) =F DEEZ, vee A. 
п=0 
Consider the sequence 


LE "bn e a 


It is easy to prove that п is a Cauchy sequence in и. Namely, it is 
= 
obvious that у є 4. m є м, and Гог $ € я, апа 1 > К. 
a 


2 2 
I,.9 - (oI =) [Cr .e|?< в, rk > к (е). 


1 
n-k*1 


. . . 
Since A is complete, the sequence п converges in 4. to an element „© A. 
LJ 


m 
Let e рое We shall show that ay a- 


Since тә N in и, Гог еуегу п є н, we have 


O'= lim (Cn, E nae Ý) S) = lim CHIAN TOETER = 
в Эс з Эс 
E (C, 9),& )., - ((7,$),5 )„ - G9) = (f 9). 
So we have 


(1,9) = (Г,#), VneN, and vee #. 


со 
It follows that у =n, пэт т A and п is of the form т = y f Е. 
о LJ k AE n n 


Theorem 4.2. Let тє 4 and К € к: Then п belongs to У" if and only if 


it can be represented in the form 


оо 
(4.3) n=) ГОЕ, б 
n=0 
e 2 
where fe 4 and ‘for every $ € 4. D < œ, and the sequence 
a 
а) » £4.08, - 


n=0 


15 a Cauchy sequence in Y'*. 


Proof. Let п be in Yau From Theorem 3.1. Y*c 4. so according to Theorem 


LÀ e 
4.1. n= ў f ФЕ, where fe 4. and l рсе, [2< e for every ф < 4. То 
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prove that 1n, me м} 15 the Cauchy sequence in y* we shall show that 
пе УЕ me н, first. Since the set $ is dense in A it follows that 
И 
Гог vee ГЕЯ, PEN p, there exists a sequence {г ie м} in $ such 
that Jf -f |] 50, i +o. 
n п-к 
Define 


; МЕН. 


m 
1 1 
В e cem тем о 


0 
п=0 
For every i,m є Noe n. is 1n Y? because fe п, є н. are in $. 


Furthermore, 


m m 

1 .*2 1 *2 142 

bh - mb tbh, е e р-п |2 эо, гэе. 
п=0 п=0 

So, Гог every me м, т, is in Ye ©. 


Next, we shall prove that {л пе н} is а Cauchy sequence in Y'*. 
Since п is in Y “, there exists a sequence le,. Je н} in Y'* such that 
со 
. 2 J 
In - ө, lo 0, J э =. Each 9, can be represented in the form ө, yc Є 


where f= (0.6), are all in S. Since {€ ne н is the complete o.n.s. 
0 
in Z and 0, is in У” we have 


о 
3 2 332 ч 
(4.5) J Jo, I? at ay In. ; 
I 


For arbitrary m and j there holds 


. . 
I» - EN ЕЛ ЕЈ ТЕЗ ЕС 


We have 
. о 2 
(4.6) le,- [ге = sup Liu = г, $) | ‚ ged, 141, i}. 
(4.7) ]e Kc ice - г 0+) [002,90 ]2, фей, [Ф| 51 
à | HA ESS SUP 4l n п’ ОН n’ $ k’ k t 


m 
E sup{ Kc = г..9 |2, фед. lels: }. 


о 
+ suf Y Ic. op. Ф є 21200). 161,3 J < 


+1 


` 
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а © 
5 sup{ ) А - Г.Ф, фе A 11, = i} + Jo I? = 
n 


=0 п=м+ 1 


e 
"2 jy2 
= Jo - Ww? + p ug 
n=m+1 


So, from (4.6) and (4.7) it follows that 
e 4 ^ e o руг 1/2 
Boxe [ТА 
п=т+ 1 
51псе 959. т in Yes. for arbitrary є > О there exist Jg" Jg Ce) such that 
LJ 
Jn - ОЕ. 5 є/3 don every j = J: 


Furthermore, from (4.5) it follows that there exists my m, GO? such 


that ) МЕ < 3c?/9, for all m = т. Hence, for every j = Jo and m >= m 
п=т+1 , 


2 1/2 
e Е Є 3c S 
In nl, =§* {5+ 2) ue 
Since є was arbitrary, it follows that the sequence {n , m є м} converges 
m 


to n in Yas which means that it is the Cauchy sequence. 


Conversly, let п and uL be defined as in (4.3), (4.4). We shall show 
that п is in Y™*. Since 1n, me Nt is a Cauchy sequence in Y*, at 
m 
converges to an element; denote 1t by Ny? in YE. We have that 


m=), 29s =] OR e nÈ OG. 


50, 
O = lim ((т, - n,9),& ), = lim [(о- $), E) ((т- ө, „| 2 
m3 т Эс 
- E T ca z o ps 
EO #),& ), - ((л- ф),&)„ = (62,9) - (Г ,ф), Упє М, f ed. 
Че һауе (5,0) - G9), Уп Е NS. Уф є 4 l.e. nan’ which means т 
-к 
is in Y . 
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Abstract 


Different types of convergences of a sequence of generalized random 


processes on the Zemanian space 4 are defined and compared. 


1. Introduction 


Generalized random processes (g.r.p.) were defined by several authors 
(1,2,4,5,7,8,9, 10,11,12]. Different types of convergences of a sequence of 
g.r. p. -s were introduced and Investigated in [4]. In [1,2,4,5,7,10,11, 12] 
spaces D and км} were taken to be the spaces of test functions and in 
[8,9] the Zemanian space 4. In [1,4,5,7,8,9,10,12] the representation 
theorems for a g.r.p. were obtained. 

For а space of test functions we take the space 4, whose. elements 
have an orthogonal expansion. The space 4 and its dual space 4' were 
introduced in [13]. Our construction of the spaces 4 and И’ is different 
from [13], and the details are given in [8]. 

In [4] the representation theorems for a sequence of g.r.p. on юн} 
converging almost surely, in probability and mean (K') were obtained. 
Following [4], in [9] representation theorems for a sequence of g.r p.-s 
on converging almost surely (4') are obtained. 


AMS Mathematics Subject Classification (1980): 60H 
Keywords: Generalized random process, convergence in mean. convergence in 
probability 
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In Sectlons 2., 3. we shall give the basic definitions and properties 
of space 4 and of a g.r.p. on И. In Section 4. we shall define various 
types of convergences of a sequence of g.r.p.-s and give representation 


theorems for sequence of g.r.p.-s converging in probability and mean (4'). 


2. Spaces й and J’ 


We shall use the notation from [13]. Let I be an open interval of the 
real line В and L*(1) be the spaces of the equivalence classes of square 
integrable functions with values in the set of complex numbers, C, with 
the usual norm. Denote by С°(1) the set of infinitely differentiable 
{smooth) functions, by N the set {1,2,...} and let N= N u {0}. Let R be a 


linear differential self-adjoint operator of the form 


х= өр ‘0 рө, 
1 v 

such that 

5 ny п. п, 

R = ө (-D) soo (1D) TEL (ер) Ome, 

v 1 
where D=d/dx, ne к, К=1 2л. D Ө k-0,1,...,v, are smooth functions 
without zeros on I, and 0, are complex conjugates of EAD k-0,1,...,v, 


We suppose that there exist a sequence of real numbers 1A. ne N, }, апа а 

sequence of smooth functions {у » nen } such that ЖЖ = лу, nen. 
n о n nn о. 

Furthermore, suppose that the sequence ДА ne к} monotonically tends to 

infinity and that у, пє м} forms a complete orthonormal system in 

2 D 

L'(I). We can enumerate the sequences LUE ne м} апа LAE ne м. }, зо 


that ja | s |А | = ЈА | ж... . Put =à 1f A «0 and A =1, if A =0, 
о 1 2 п n n n n 


п є М. The sequence 4, , ne н} ls nondecreasing and IX. | э ә. Let 
Rte RIR), ke NS. where R°= 9, 9 is the identity operator. In [8], the 
scale of spaces A ke Ny is defined in the following way: 


4 (е ео ve pav, Wh = А <=}, кєм, 


Put 
© со 
и-п 4 = [ве r=) ам, мк, [Ф], <a}. 
k-0 m=0 
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The set 


п 

= {+ =) (a + у, se н, а,Ь € o} 
m=0 

EO is the set of rational numbers), is a countable dense set in each Ac 

k € Ч, and hence in 4. Also, since S c A, 4 is dense In each A. ke н: 


Thus 4,, Кем, 15 the completition of 4 with respect to the norm [:],. 
Let A (7) be the dual space of the space 4, (и) ke LE 
Then we have 
e 
| =U A 
| k=0 У 


From (13, ch. 9.3. and 9.6.] 1t follows that 


where for 


ФЕЯ, ГЕИ’, (Е, $) = 40). 


3. Generalized random processes оп 4 


| : 

(p, $) = (RW .ф), mkeN, фей 
| 

| 

| 


Let (0,9,7) be a probability space. Throughout this paper we shall 
assume that (0, 9,7?) is fixed. 


Definition 3.1. A" generalized random processes on A is а mapping 
£: Q x 45 € such that 


| 
| 
| 
(i) Wee A, &(-,ф) is a random variable on 9, 
(iD Vo є Я, Е(ш.-) is an element from A’. 
In 19] representation theorems for a g.r.p. on 4 were obtained. In 
thls paper we shall need only the representation of a g.r.p. on A on a set 
Bef with arbitrary large probability. 
Theorem 3.1. Let Е be a g.r.p. оп 4. Then for every Е > О there exist a 
set В є $, with P(B) = I-c, an integer ko =k, (ede н, and a sequence of 
random variables on Q, ic. ‚ТЕМ n Suc: that 
© ыы dat, 2 oe А de >t 
| бей) E(w.) = im с. "m sto ie INF a re em 
==9 t= e ч - 
d = Ра) <E 
` = } P m b е Š 1 
Ney y p М ~ 
x = Eod 272. dm be 
i RENE e — 
r CC-0. In Public D n ection, Haridwar г. = к 
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and 
о 2 < Xe 11/2 
(3.2) H3 [е (w)|* à | К Pote BT 
m m o 
m=0 
The proof is given in [9, Theorem 3.1.]. See also (1,11, 13] 


We define the differential operator (f )*, КЕ м, оп the set of 
g-.r.p.-s by 


(R’)* £(,9) = Е (wu, R$), oen, ped. 


(qu)! wq, ке н (GU? 


3 


We shall denote R’ by R. Put Л = {пем : А =0}, A=N\A. 
о п о 


Theorem 3.2. Let € be a g.r.p. on 4. For every є > О there exist a set 
B e 3 with P(B) = 1-c, an integer kis k Ce), a function Х, : Qx I+C and 


random variables 4с, ше к} such that Гог every К = ko : 


(3.3) &(.$) = J x (o, t) Re(tydt + cw ,$), weB, фей, 
m 


€^ 
I 


(3.4) Ix (о. 014 <k, 
L 
The proof of (3.3) is the same as in [9, Theorem 3.3. and 3.4.]. We 


note only that here, we shall take X. in the form 


со 
X (в, t) = y b (о) (t , tel, wen 


m-o 


where 


с №)“, weB 
b (о) =} " Е шем . 
= о ‚ we B 


We have that px, (6, -)] SUUS Я is a random variable, since 
L 


Е sup 4 [8(6,$) [фе 5, Ie, bh "98 | 
o, * = - 
k 2 

b o 


= 


[ ў le, C» |? x IF ‚ UEB 


в=0 


0 4 яв 
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In [9] the following conditions were posed on sequence b. ne м} 
апа iv. me Not in order to obtain the representation with a continuous — 
process Xi By а continuous process on Я х І we shall mean the process 


that is, for almost every w є N, a continuous function on Г. 
(*) There exist 5 n. and a constant К such that, for 5 2 50 


sup м COZXT | ame N сеток, 


(**) There exist P £ м, such that for р = Py 


ў IR 72° сә. 
=0 


Theorem З.З. Let € be a g.r.p. on й. Then, for every € > О there exist a 
set Вє 9, with P(B) = 1-6, an Integer ko k (€? random variables 
t т є A, and a continuous random process X Co, t) on О х I, such that 
for кек, P= ро, SERS © 
(3.5) E(w, p) = f x Go, t) R*P* gc ejat 2 c (v)(9 ,$), we B, ged, 
n€A 
I 


(3.6) оК wen. 


The proof is similar to the proof of Theorem 3.5., [9], where the same 
representation as in (3.5) was obtained on a set A є 9, with Р(А)=0, under 
an additional condition. Relation (3.6) follows in the same way as in 
Theorem 3.2. . Again, we note that X. has the form 


eo ПРО) ‚ wes, tel 


m=0 


X (ш, В) = 
k о ‚ e€«B, tel. 


4. Convergence of generalized random processes on 4 


We shall give the definitons of CEERI types of convergences, of a 
sequences of g.r.p.-s оп 4, following [4]. 


Gn ke Ж ЕВ Cee 
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lim P t є Q| sup |& (a, 9) - €(v,¢)| 2 є } = 0 
n 30 lel, a1 


In short, we shall write 


€ Е Qn) 


Definition 4.2. The sequence 18,1 of g.r.p.-s оп A is said to converge to 


the g.r.p. & im mean (4' ) if there exists ke N, such that 


lim sup [& (0, Ф) - €(w,¢)|dP(w) = 0 
no a lel, = 1 


In short, we shall wrlte 
Е bew) 
Obviously, convergences in probability [mean] (4') given above imply 


the weak convergences in probability [mean]. 


Definition 4.3. (see also [9]). The sequence {€ } of g.r.p.-s оп 4 is said 
n 
to converge to a g.r.p. Е almost surely (4'), if there exists a set Zef, 
with P(Z)-0 and for о є AZ, Е (ш,-) э E(w,-) weakly. 
n 


In [9] representation theorems for a sequence of g.r.p.-s on A 
converging almost surely (4') were obtained. To obtain representation 
theorems of g.r.p.zs converging in probability and mean (4') we need a 
bound condition as in B(ii) of Theorem 4.1. of [9]. See also [4]. Thus we 
give: 


Definition 4.4. The sequence {5} of g.r.p.-s оп 4 is said to converge to 
ithe g.r.p. Е boundedly in probability [mean] (4'), if 


() 6 е (м), в ew) 
(11) there exists a set Z € 9, such that P(Z)-0 and for о є 9\2 АСАЛ; 
is bounded in (4'). 


In short, we shall write Є РЕ (d), 16 -b» € (4701 


Obviously, Е Е (4) ЗЕ >E (W) Е, up & Gs de Е 


We have that (see 14,9]) condition (ii) of the above definition is 


equivalent to 
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(ii’) For every є > O there exists set B є F, with P(B) = 1-c, an integer 
k € N,, independent of n, such that for every o € B, $ € 4 & (o, 9) |sk] a], - 


Since = [2 Suc Е э 0,we shall consider the case £? о. 


Theorem 4.1. Let Los be a sequence of g.r.p.-s on й. If &£ э О boundedly 
in probability [mean] (4'), then for every є > O there exist a set B є 3, 
such that P(B) = 1-5, an integer кє br independent of n, and for every 


ne NS. a sequence {с ‚тє n] of random variables on 2, such that 
m,n 


о 
(4.1) & (9) =) c, (wb), weB, ged 
m=0 , 
о um TO 1/2 
(4.2) [ M le, n l Al ] ck, A oles. 


(4.3) for each 5 > 0 
о 5 сако 
т [ьев: | È |с „РИ, | 28} >o, nro, 
Г m=0 ” 


со ко 172 
[ Y de co) |? Х| ] dP(w) э 0, n> | 
- m,n m 


(4.4) p{weB: |с w> 8 } 50; nyo, meN 
m,n 


`a 


Proof. Assume that є > о (A’), [6 > 0 (4')] and let є > О given. From 


equivalence (ii) and (ii'), there exist a set В є Ff, with P(B) = 1-є and 
an integer Кє N such that for each о є B and $ є 4, |€ (e. €) | = к], - 
о 


Thus, (4.1) апа (4.3) follow from Theorem 3.1. 


We have that (see the proof of Theorem 3.1. of [9]) 


eo | РА [e 172 
sup Е (w,¢)| = [ с (0) | ‚ ШЕВ. 
lel, =1 | jj D Zo Е 
4 о 


Thus, for 8» 0 


о оона ee. 
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р [сев : sup l& 9| » г } = 


s P[ueo: sup фраз } oo, noo. 
<1 n 


lel, = 
о 
© а с тк 112 
Lil ) [< (о) [*]А | | dP(w) = [ sup |Е (о, Ф) |dP(o) = 
„% т,п m le <1 n 
B B k 
з [ sup [6 (v, $) | dP(w) 20 , n») 
n МЫ 51 


Putting = in (4.1) we get that, for me Noe $ > 0 


р [ьев: le, (np » 8 } +0. n20. 


To prove the converse, we need an additional assumption. 


Theorem 4.2. The sequence 45 converges to zero boundedly in probability 
[mean] (4'), if the following conditions hold. 


There exist К є bs such that for every р є ЇЧ there exists a set Bre $, 
with P(B) = 1 - - ‚ such that 


(4.1’) & 00.9) =} с (e)(U,Q, weB, ged 
п zo m,n m P 


o -2k 1/2 
(4.2") [ Ў le, 2] | | ак ев 


Р 


(4.3') for every à»0 


© $ -2k 4172 
р [оев, : |) |с (о) [|А | ] >s}—o, n>o, 
р m=0 m,n m 


© -2k 1/2 
[ | ) le, (w) |? à. | dP(w) —> 0, noe | 


Proof. Put e=1/p. Then we have that for every^p є N there exists а set 
Be 3 with P(B) = 1 - 1/p , such that (4.1'), (4.2'), (4.3') hold. Let 
[2 


w 
Q = U В, . We have that Р(Я, )=1, and Гог ше Я, фє 4 
р=0 i 
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I; ce] E е ох ГА, . = not, 


m=0 


thus (11) is satisfled. 


To prove (i), let є > О be given. Then, there exists, ре М such that 
P(B) z1- 5 . Also, from (4.3’) it follows that there exists п, п(є,б), 
such that for п 2 п, 61770 


о 2.9? L 
piece: [E te, wr! ] 8} 5 


Since 


E >ле 
sup |= (w,ġ)| = [ с (ә) [|А | ] ‚ wEB 
ЖООДО | 


we have for every б > 0, and п> п, * 


о 2 -2k 1/2. 
Р : - c A >57 + 
Fee. ee она | 


о 
+ P {ш є B^: sup [Е (o.9)| > ё © л Чип (2 
р’ = бео o 
k 
o - 
[For є > О there exist p є Н and Be 3, P(B) = 1 - ES . From (4.3') 


it follows that there exists n? n (=) such that for nz по 


J [i cp, a 12 1 172 ] «o <§ 
B 
р 


^ 


Hence, 


sup |& (о, $) |аР(ш) = | sup JE (о, $) |dP(o) + 
l lel, =" J Isl, =" | 
1 
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Theorem 4.3. Let {5} be а sequence of g.r.p.-s on A. ІГ Е => о (4') 
bi 


D 
le Ро (4')] then for every є > О there exist a set В є 9, with 
P(B) > 1-6, an integer кє м, both independent of n, for each тє Ла 
sequence of random variables {с ‚ ne NL and for every К > К a 
m,n 


o 
sequence of functions X. of Q x I, such that 
n 


(4.5 Е (u$) = | XQ, t) 00а: + Ye, (who), wEB, ged, 
n k ЕЛ m,n in 


(4.6) Ix, 


1 
. (4.7) |x (о, |, — 0, [іх nt, о | 


(4.8) for every 5 > 0 pfo eB | L |c (o) |» ap О, пэж 
m€A нА 


HIR lc, n C) [ар SO, ms =| 
m€A 2 


B 


Proof. From Theorem 3.2. and the equivalence of (ii) and (ii’), (4.5) 


follows where for пе к, К = к 


e 
i Le и, фа tie I 
=o m,n m m . 
X (о, = 1 
oe o 520 ва! 
Thus we have, 
Є 2 -2k 
к ale ЙЫ . ee B, tel 
1X, (о, -) =" <k 
кур 1.2 o Ж OCH С ав 


and, for o€B, фєй 
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and therefore 


i p{wea: Imp uoa } = 


Р [оев: jx (о, -) ха) -Р[оев: sup Е.Ф > 8} = 
k,n 12 TP 


<p {wea: sup ИСЛЕСЕ п > o. 


k 


Thus, IX, Co 701 2: On 


dk: Ix, (o аро) = f Dx, (o 0] аро) = 
о Р В | 


= f sup [E (a, $) |dPCo) = | sup [E (o, Ф) [аР() 50 ] Я 
; в lel, <! a Ї#Ї, =1 


Hence (4.7) follows. 


For m є A put ф=ф in (4.5) and we get Pf v € B| Je I > 5} э 0 


т є А. Since Л is finite, (4,8) follows. 


Theorem 4.4. Е p о (4') (є 19 O (4')) if there exist к € N, such that 


Гог every р є М there exist Be $ with (ECB?) > 1- 1/р such that 


(4.9) & (0,4) = [x GO X rtOdt +} с (6) 4..9), шєВ, ged, 
ЄЛ ' 
1 


(4.6') IX Фор. <k, wea 
по 


k,n 


(4.7’) Ves Cordi —0,n»»e, [Is eo 1,0, n» a] > 


(4.8) for every 5 > О pefo EB :[ pe OM > JE 0, пэе 
n р. - 

-e Дени. беде е M ON = 

"ЖУ; © [ж ра 


mar 
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The proof is the same as the proof of Theorem 4. 2. 


Since 


sup J£, (в, $) | ‚ ше в, 
(и. = le], 51 


Suppose that (*) and (**) are satisfied. 
Theorem 4.5. Let 45} be а sequence of g.r.p.-s оп 4. ІГ Е > о (4) 
I 15 0 (4')], then for every Е > О there exist a set В є 3 with 
P(B) = 1-Е, an integer кє NS. both independent of n, for each це Ла 
sequence of random variables le, n) ne м, }, апі Гог еуегу К = к а 
sequence of continuous random processes x. non П х I, such that, for 


neN 
о 


(4.9) & (u,¢) = | X, (о, OR P'"ecDat + e. (wily), we D, фей, 


m€A 
I 


where s = s = А 
у 19 f 


(4.10) 1x 
k 
(4.11) Ix, 0H is equicontinuous on I, for p > Ро, 


(4.12) for each t Е I, and k > К, X СЮ: п эло, 


[x opi) =O. n > e] 
k,n 


(4.13) for every 5 > 0 pfo € B, : | y le. NO > a} > 0, noo 
ЕЛ у 


[Лук (a) [dP > 0. n | 
А 20m) 
в 
Proof, From Theorem 3.3, and equivalence of (ii) and (ii’) (4.9) Follow, 


where for ne N, кек 
о о 


А ў с NO РОО , weB, tel 


X (o,t)= 4 "° 
Ы 0 ‚ o€B, tel 
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(4.10) and (4.13) follow in the same manner as in Theorem 4.3. The proof 
of (4.11) is given in Theorem 4.3. of [9]. 


To prove (4.12) it is enough to see that 


o Tk 
IX, (a | 5 boe fal) TAE МОНА, FIXE 


5 № c [ ў le, co) |? [КЫ I weB, 


m-0 


[^] 
where 7 |x jr C. Since X, „©, 0) = 0, wg В we have, for every 6 > 0, 
m , 
m=0 


and t eI 
о 


I 215 172k VA 
ZEE || x „= ы] > 8} ар ев: [ L len (1 А | ] ШЕ 
m 


=0 


веса: sup Ie to e] > a} 50, now. 
T MET 


о 172 
[fi (ty) Jaen. [|Х, (o ЕР) = JL le, (0) |2 | г") dP(w) = 
, nm =0 m, m 
а B B 


= | sup [& (o, ) | dP(w) 90, noo. 


о М =! 


The converse of Theorem 4.5. is not true. 
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ABSTRACT 


In this paper a theorem on coincidence points for f, S and T 
is proved, where f is a multivalued mapping and S and T are singlevalued 
mappings. The obtained theorem generalizes Theorem 1 from [3}. 


1. INTRODUCTION 


Many authors proved fixed point theorems or theorems 
on coincidence points in convex metric spaces [1], [2], [3], (4], 
[6], [7], (91, [10]. 

Let us recall that а metric space (M,d) is convex if 
for each x,y € M with x # y there exists z € M, x ў 2 Ў y such 
that 

d(x,z) * d(z,y) » d(x,y). 


I 


In [3] we introduced the notion of a weakly commuta- 
tive pair (f,S) where £ is a multivalued and E is a singlevalued 
mapping in the following way, where d(a, в = г 
€ M, B c M. 


Definition 1. 


AMS | Mathematics EN C 
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set of M, СВОМ) the gamily of al nonempty, closed and bounded subsets 
of M, Е: K > CB(M) and S: К > M. The pair (£,S) А said te be 
weakly commutative i and enly ik for every y € К and z є К such that 
у © fz and Sz є К, the following inequality holds 


d(Sy,fSz) $ d(£z2,Sz). 


For singlevalued mappings f and S the notion of а 
weakly commutative pair is introduced by Sessa in [8]. There 
are examples of mappings which are weakly commutative but not 
commutative, 

We shall give the following generalization of the 
notion of a weakly commutative pair (f,S) where f is a multi- 


valued and S is a singlevalued mapping. 


Definition 2. Let (M,d) be a metric space, K a nonempty 
subset of M, Е: К + CB(M) aud $ : К + M. The pater  (f,S) is said 


to be compatible if for every sequence (х) пем блот К флот the леба сопа 


lim d(Sx_,fx_) = 0 and Sx ЕК, пе IN 
n n n 


noo 


dt gollows that 
lim d(Sy_,f£Sx_) = 0 
айе Yn n 
бол every sequence (у) ep, флот К such that Yn € fx,, пе М. 


For singlevalued mappings S and f the notion of the 
compatibility is introduced by Jungck [5]. It is obvious that a 
weakly commutative pair (f,S) is also a compatible one. There 
are examples of compatible pairs which are not weakly commuta- 
tive. 

In [3] the following result is obtained, where H de- 
notes the Hausdorff metric. 


Theorem A. Let (M,d) be a comp£ete convex metric space, К 
a nonempty cLosed Aubset of M, S, T : К + M continuous mappings, f : К 
> CB(M) H-continuous mapping, ЭК c SK n ТК, ЕК n K c SK n TK, 
(7,5) and (Е,Т) weakly commutative pains and the &oLRowing implications 


held: 
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Tx є ӘК => fx e К; Sx © OK => fx e К. 
16 thexe exists q € (0,1) љо that 
Н(Ех,Гу) 5 qd(Sx,Ty), for every x,y © К 


then there exists z € К љо that (Tz,Sz) n fz 7 Ø. 
14 S,T : М > M але continuous then there exists z € К such 
that Tz € fz and Sz e fz. 


Remark. IF S: M^ M, we suppose in Definition 1 
that y = fz implies d(Sy,fSz) $ d(fz,Sz) for every z © К such 
that Sz є К. А 
In this paper we shall prove a generalization of 
Theorem A using the notion of a compatible pair and a result 
from [7] stated here as Theorem B. 
4 In Theorem В, R' stands for the nonnegative reals. ‘ 
Theorem B. Let c : R' > rR! be an increasing function 
such that e(t) < t бол allt > 0 and ZEcP"(t) is inite for all 
Е > 0. Then, there exists a strictly еже function р : R'> m 
such that c(t) < w(t) < t, for al t > 0 and хр") is finite бол 
CIBO 


+ 


Theorem. Let (M,d) be a complete convex metric space, K 
a nonempty closed subset об M, S, T : К > M continuous mappings, Е 
К > CB(M) H-conténucus mapping, ЭК С SK n TK, fK N К < SK N TK, 
(6,5) and (f,T) compatible pairs and the folPowing inplications holds: 


Tx € ӘК = > fx € К; Sx © ӘК => fx є К. 


Th there exists an increasing functicn c : в! > Rt such 


Mat c(t) < t, {ол all t > 0 and Xc"(t) is inite, бол all t > 0 
so that 


H(£x,fy) $ c(d(Sx,Ty)), фол every x,y ЕК, 
then there exists z € К 40 that 


072,520 Даба ER * Cote а ы à 
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14 S,T : M > M aae continuous then there exists z € К 40 
that Tz © fz, Sz € fz. 


Proof. Аз in [3] let хе 3K and ро EK such that x = 
= Тру. From Тро € ЭК it follows that fpo ЄК П ЕК c SK. Hence, 
there exists P ЕК such that Spi Е ЕРо c К and let Sp, = р: Further 


d(p,,fp,) 5 Н(ЕРо, fpi) 5 c(d(Sp,,Tpg)) 
and if d(Sp,,Tp,) > 0 from Theorem B we conclude that 
1’ "Ро 
d(p},fp,) < ¥(d(Sp,,Tpo))- 


So, there exists р) € fp, such that 
а) d(p},p3) S ¥(d(Sp,,TP9))- 


Suppose that d(Sp4,Tpg) - 0. Then c(d(Sp,,Tpg)) = Н(ЕРо,ЕР1) = 

= 0 and if we take that P3 = Pi we obtain that (1) holds. If 

P2 € K then P3 Е KN fK с TK and so there exists p, € K such 

that Тр, = P3- If р} # К then there exists P ЕК such that 
d(Sp,,Tp,) + d(Tp,,p5) 5 d(Sp,,p5)- 

Then d(p5,fp,) 5 H(fp,,fp,) $ c(d(Sp,,Tp,)) and if d(Sp,,Tp,) > 

> 0 it follows that 


d(pj,fp,) < ¥(d(Sp,,Tp,)) 
which implies that there exists P3 Е Ер, such that 
(2) d(p5,p3) 5 V(d(Sp,, Tp5)). 


If d(Sp,.Tp,) = О we take that P3 = P} and so (2) 
holds. 


In this way we obtain two sequences {рд лє апа (Pi neN such 
that: 


1. For every n € N : pras fPn-1- 
С 2. For every n € М : pj, € К => pj, = Тр); 


P2n É K => Тр) € ЭК and 


(3) d(Spa, 1, TP2,) + d(Tpo,,Pj,) = d(SP2, 3: P2n)- 
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ыыы 


3. For every n € N + руу © К => pi, ~ Рон 


22 1+1 £ K => SPon41 € ЭК and 
(о) dCTP an SPanti) + 9 (РР на “ОРУ ЕН ИИ 
^. For every n € N: 
d(pjn; P2543) 5 V(d(Spo, ,,Tp5,7), 


d(P5544:P2n42). 5 V(dCSpos 4 Tp5,))- 
Let Ро, Р), Qo and 91 be defined by 


Pus Ри, пенала P2n = Тра), 
р Pan? n € М and P2n f TP25) ; 
Qo = (Рон п М and pj, 44 = Spp); 
91 = (pogq441: n € N and pj, # Sp2,,4). 


It is easy to prove that 
(P2n:P2n41) É Ру Qj, 7 (Po Pg) f Q4 * Ву 


If ху = Teo, and хоу = Spo,,j;, n € N we shall 
prove that 


w(d(x__,,x_)),p' ЕК 
(5) deco 5} абу б; 
Ф(4(х_/,х -1)), п2 2, Ра # К. 
1. (Pon Ponti? © Po х 90; 
Then we have that 
dCTP n: SP2nt1? = d(p2, P2541) 5 V(d(Spa, 4, Tp5,2) 


which means that 
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ААА 


аз іп сазе 1. 


3. (Pon Pans? 6 Py * 90: 


Then 
dCTP oy Раца) 5 d(TP п,Р2л) ® d(P3n’P2n+1? 5 
S Ч(ТРп,Р2 п) l V(d(Spo,4 1 TP542) з d(TP 9+ P2, 1 
: (Ро, -1,ТР2п) 
and from (3) we obtain that 
dCTP) SPo ny) $ 9(5Р2п-1’Р2п). 
Since руу = Qo we have P2n-1 = SPo4-1° This implies 
that 
A(TP 7 SPont1) $ 9(Р2п-1'Р2л) $ %09(5рәп-1'ТР2һ-2)) 
and so 
d, X55 431) $ %(9(%21-1,Х2п-2))- 


4. (р _1,Рэ ) € Q ХЕР, i 
2n-1'*2n 1 0 
Then 


d(Spo, i.TP2,) $ d(Sp54 P241) + 90Р2п-1'ТР2а) 


E d(Sp5,-,:P25-1? ч d(p55-,»P25) 5 


їл 


5 d(Spo, 4, P2431) + V(d(SP5,.,  TP24- 2)? 


5 d(Spo,. 1; P25-1? + Ч(5Р2п-1,ТР2п-2) 


and since py,_, € Оу we obtain that 4(5Роп-1’ТР2п) $ Ч(ТРоп-2, 


P2n-1)- ; 
From p44.1 € Q1 it follows that p54., € Ро and so 


ТР2п-2 = Р2п-2- Hence 
d(SP2n-1'TP2n? $ d(p54.2»P2n-1) s V(d(Spo, 3. TP552)) 
and so 
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d(x (d(x 


2п-1'Х2п) я 2n-3'*2n-2))* 


Using 1., 2., 3. and ^. we conclude that (5) is pro- 


ved. It can be proved that (5) implies that for every n € М 


> k(n) 
а(х X1? 5 у (d(xg ,x1)) 
where 
15 п = 1 
К(п) = { 
(n/2) e2 
Since = w(t) is finite for t > 0 we conclude that 
п 
(х апел is а Cauchy sequence, and so there exists 2 © К such 
that 


z= lim T - lim S 2 

Рота ролат 
Аѕ іп [3], suppose that there exists a subsequence (ралу kem 
such that P2nę € Ро Гог every К € IN which means that Трал є 
Ёр -1' К є N. We shall prove that Sz є fz using the com- 
patibility of (f,S). Since Tp 


2nk S fPonk-1 ШЕ SP2ny-1 Cm 


SCP ВОР “Spy peer) Sad бЕр 0982010 


.we obtain that {im d(£P on. -1'SP2n,-1) = 0 and from the compati- 
bility of (f,S) it follows that jim Ч(5ТР2пк, fSp2ny - 1) = 0. As 
in [3] it follows that Sz Е fz and so (Tz,Sz) n fz 7? Ø. The 


rest of the proof is similar to that in [3]. 


Corollary [7]. Let (X,d) be a comp£ete convex metric space, 


К a nonempty, closed subset of X and S : К > CB(X) be such that Sx c К 
фол столу х € ЭК and 3 


H(Sx,Sy) < c(d(x,y)), ќола? x,y © К 


where с: Ж? > к! 44 as in the Theorem. Then $ has а fixed point. 
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REZIME 


O TACKAMA KOINCIDENCIJE U 
KONVEKSNIM METRICKIM PROSTORIMA 


U radu je dokazana teorema о tačkama koincidencije za f, S i 
Т, gde je f višeznačno preslikavanje a S i T jednoznačna preslikavanja. 
Dobijena teorema uop$tava teoremu 1 iz rada [ 3]. 


fRecelsed by the editono August 15 1989. 
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